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ON THE SYMMETRIC HILBERT’S INEQUALITY
AND ITS APPLICATIONS

ZENG FANFU, GAO MINGZHE AND HE LEPING

(communicated by J. Pecaric)

Abstract. In this paper, it is shown that some improvements on Hilbert’s inequality for double
series can be established by means of Schwarz’s inequality; Hilbert-Ingham’s inequality can be
sharpened, Hardy-Littewood’s inequality and Fejer-Riesz’s inequality can be refined.

1. Preliminaries

Let {a,} and {b,} be complex numbers. For convenience, let us introduce some

notations and define some functions as follows:

oo oo o0

mbn
Il = >~ b S(a,b) =33 —
n=k m=0 n=0 m + n + 5
= = m_n = = Wlbﬂ
r(x)—zz Bl e T(a’b):ZZrZ—n’ #n
m=0 n=0 (m+n+ _) m=0 n=0
2
o~ o by = amby
u(a,b):;;m_’_n W(a,b)_};);m+n+l
b

In particular, when b = @, the above notations are reduced to u(a), v(a), S(a), T(a),
W(a) etc. In such case, the complex number b, contained in each equality is replaced

by a,.
The inequalities of the form

lua,b)]* < 7*|lall7]b]}
v(a, b)) < 7°[|all|bl}
(W(a,b0)]? < 7*|lall3l15]15
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and
IT(a, )] < 7*|lall3]B5 4)
are called Hilbert’s inequalities (see [1]).
The inequality of the form

18(a,0)* < 7*|lall3lI5]5 (5)

is called Hilbert-Ingham’s inequality (see [2]).

The main aim of this paper is to show that these inequalities can be refined by
considering suitable functions.

We shall see that u(a, b) and v(a,b), S(a,b) and T(a,b) or W(a,b) and T(a,b)
appear in pairs in the results obtained. And they are obviously the symmetric forms of
elegance.

Therefore the new results related to Hilbert’s inequality are called the symmetric
Hilbert’s inequality.

2. Main Results

In order to prove our theorems, we need the following lemma.

LEMMA Let {a,} and {b,} be two arbitrary sequences of complex numbers. If

Z a, and Z b, are absolutely convergent for any k > 0, then

n=k n=k
oo o0
(1) 3 > awby is absolutely convergent for any k > 0;
m;f n=k -
(ii) 3 |an|* and " |bu|? are convergent for any k > 0.
n=k n=k

Proof. (i) For any k > 0, we have

ZZIamb | —Z\an\Z\b -

m=k n=k

o0 (oo} (o olNe o)
Since Y |a,| and Y |b,| are convergent for any k > 0, clearly > 3 |anb,| is
n=k n=k m=k n=k
convergent.

(ii) Notice that
S < (z ) S k< (zb,)
n=k n=k n=k n=k

o0 o0
> lan| and > |b,| are convergent for any k > 0, hence (ii) is true.

n=k n=k



ON THE SYMMETRIC HILBERT’S INEQUALITY AND ITS APPLICATIONS 47

THEOREM 1. Let 0 < Z lan| < 400 and 0 < Z |bn| < 400. Then

n=1 n=1

lua,b)* +v(a,b)]* < 7*|all7]6]F- (6)

Proof. Define the functions f; and g; respectively by

= Zam sin(mt) and gi(b,1) an cos(nt).
Then we have

fila,t)g1(b,1) %ZZ (sin(m + n)t + sin(m — n)r).

m=1 n=1
It is easy to deduce that

21
m-+n

2
/ tsin(m+ n)tdt = —
0

and

2
/ tsin(m — n)tdt = — 2n . (m#n).
0 m

Since the both > |a,| and Y |b,| are convergent, by Lemma the double series

n=1 n=1

oo oo
> " |ambn| is convergent. In view of the fact that

m=1n=1

Zmeb sin(mt) cos(nt)

m=1 n=1

<SS Mlanbd <2233 fawbl, 1€ 0,27,

m=1 n=1 m=1 n=1

|tf1(a,t)g1(D,1)|

Whence |tf1(a,t)g1(b,t)| is uniformly convergent in the interval [0,27]. Hence the
interchange in order of summation and integration can be made. Thus we way write
|u(a,b) 4+ v(a,b)| in the form

2n
julab) + vl b))l = 2| [ sitensi(bun ™)

Applying Schwarz’s inequality to (7) we have

2 2
u(a,b) +v(a, D) < — ( / <ﬂvl<a,r>><ﬁg1<b,r>|>dt>
0

1 2

27
<z | dn@oba [ daeopa
e Jo 0
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Similarly, the interchanges in order of summation and integration are justified in the
following equalities.

27 21
/ (@) di = 7af? and / g (b 1) dr = 72 b2
0 0

These two equalities can be obtained by some simple computations.
Hence we have
lua, b) + v(a,b)]* < 7*||al|3]o]I7. (8)
It is important to notice that
u(b,a) =u(a,b) and v(b,a) = —v(a,b).
Interchanging a, b in (8) we have
lua, b) — v(a,b)]* < 7*||b|[3all7- ©)
Adding (8) and (9), we have
ju(a,b)? + |v(a, b)* < 7*all7|B]3.
Thus we complete the proof of the theorem.
The inequality (6) is obviously an improvement on both the inequality (1) and the

inequality (2).

o0
COROLLARY 1. If 0 < )" |a,| < +00, then

n=1

u(@)? + [v(a)]® < °|lall}.

THEOREM 2. Let 0 < Z lan| < 400 and 0 < Z |bn| < 400. Then
n=0 n=0

S(a D) +17(@ D) < 2alRIbI - —ra)r(®) (10)

where r(x) >0, x =a,b.

Proof. Define the functions fy and g respectively by

= 1
at):Zamsin<m+Z)t and go(b,1) = Zb cos(n+ )

m=0

In a similar way as the proof of Theorem 1, the double series ¢ - fo(a,1)go(b, 1) is
uniformly convergent in the interval [0,27]. The interchange in order of summation
and integration is justified in following relation established.

2n 2
S(a ) ~ T(@ ) = — ( / |ff0(a>f)8o(b7f)|df>

1 2

27
<z | dn@nbar [ dam.oPa
= Jo 0
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It follows from Lemma that the double series > > fa,a, sin <m + Z) tsin <n + Z) t
m=0 n=0

o0 00 _ 1 1
and > > tbyb, cos (m + Z) tcos (n + 4_1) t are uniformly convergent.

m=0n=0
It is easy to deduce that

2 2
| ol de =2l @) and [ doo,f di = 26l r(5).
0 0
Hence we have
1

|S(a7b) - T((Z,b)|2 < 2

(m*[lallg + r(a))(?||B[§ — r(b)). (11)

Notice that
S(a,b) = S(b,a) and T(a,b)=—-T(b,a).

Interchanging a, b in (11) we have
1
1S(a, ) + T(a, b)* < — (*|II§ + (b)) (w* all§ = r(a))- (12)
Adding (11) and (12), we obtain after some simplifications
1
18(a,b) +[7(a,0)* < 2 |lalgl1Blg = —5r(@)r(®)-

It is easy to see that r(x) € R. By our assumptions, ||a||3 # 0 and ||b||3 # 0,

1 1 /u o .
rix)=[ - Xt
W=/ >

whence r(x) > 0, where x =a, b.
Thus the theorem is proved.

o0

2 —
di | du=Y" X

1 2
m,n=0 -
<m +n+ 2)

COROLLARY 2. With the assumptions as Theorem, then

1
S(a, b)|* < 7°||all5]|b][5 — 7 (@)r(b) (13)

and 1
T(a,b)]* < 7*||all5llbll5 — —7(@)r(b) (14)

where r(a)r(b) > 0.

These are immediate consequences of the theorem.

The inequalities (13) and (14) are obviously improvements on the inequalities (4)
and (5).

We obtain easily from (13) that

www><n(r—JﬂT9l)7mﬂwmm.

ml|all3lIB 13
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This could be used as an alternative proof of the best nature of the constant 7 in this
inequality by considering

1

() )}

sup {[(a, )] : lall3 < 1, ]2 < <nsup(1—7
{ o< Lo <1} =L

:n(l—inf{%})% =T

o0
COROLLARY 3. If 0 < " |a,| < +o0, then
n=0

2
S@P + TP < (xlal?)? - (ﬁ) . (15)

T

Clearly, we have the following results from Corollary 3.

o0
COROLLARY 4. If 0 < " |a,| < +00, then

n=0
2
s(@f < (- (") (16)
and
2
T@F < (rlalfy - (%) (1)

o0 o0
THEOREM 3. Let 0 < ) |a,| < 400 and 0 < ) |by| < +00. Then
n=0 n=0

W(a,b)[” + |T(a, b)[* < (mllallol|bllo)*. (18)

Proof. Define the functions f and g respectively by
- 1
at)zz_;)amsin<m+§>t and g(b,1) = Zb cos<n+ )

Its proof is similar to the proof of Theorem 1, so it is omitted here. Clearly, the inequality
(18) is an improvement on the inequality (3).

COROLLARY 5. If 0 < " |a,| < +00, then
n=0

W(a)* + |T(a)* < (nal3)*. (19)
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3. Applications

Let f(1) € L*(0,1] and f (1) # 0. If @, = [, #'f (1)dt, n =0,1,2,... then we
have the inequality of the form

lall < m / () ar (20)

This is Hardy-Littlewood inequality (see [1]).
Using Corollary 5 we can obtain a refinement of the inequality (20).

OO
THEOREM 4. With the assumption as the above described, if 0 < > |a,| < +00,
n=0
then

lall§ < =(1 =a®) [ Vilf (1) dt (1)

r(lal) S

s r(lal) = R
fapm el = 2 0 ( 1)2
m+n+§

Proof. By our assumption, we have

where o =

1
anf < || / £1f (1)) dr.
0

Using Schwarz’s inequality and Corollary 4 we have

0o 1 2
2* a n
lall3 = (Z/ lanl 2 1f (1) dr)
1 o] 2
- (/ (Zr ) (i) dr)
1 o0 2 1
n—% 3 2
</0 (Zlant ) dt/ot I (1) dr

n=0

[SSINe'S) _ 1
_yy el / S0 di
m=0 n=0 m+n+§ 0

NI
<<n2|a|3—(r('7“))> [ evora 22)

where r(la|) = > > |

2
m=0n=0 mtn+ 1
2

Thus the theorem is proved.
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THEOREM 5. Let f(z) be analytic in the unit dise |z| < 1. If f € H,, p > 0,
then

1 2 7 2 2n 2
p 1 i\ |P 1 ir\ |P
(/ ) dr) + (5 [rreerar) < (z ") dr> @)

Proof. We first prove the theorem for the ease p = 2. Suppose that

= Zamzm (Jz| < 1).
m=0

It is easy to verify the relations of the form

) 1 2n .
- it
lallo =37 | IF(<")]

1
:/0 V(t)\zdt and —iT(a) = %/ tlf (—e )‘

These relations are shown as follows:
Consider the function
oo
t) = Z at".
n=0

o0
Since f(z) is analyticin |z] < 1, " a," is uniformly convergentin [—1,1].
n=0
Hence we have

/Olvmf dr=/

Consider the function of the form

Zan”

n=0

dt = szi}ﬂ;:l w(a).

m=0 n=0

o0
7) = Z anz".
n=0

Then we have
f(=e" =) a, (cos(n +1) 4 isin(m + t)) = Z an(cosn(m+1) +isinn(mw+1)).
n=0 n=0

o0
The series Y a,z" is uniformly convergentin |z| < 1, hence
n=0

1 1 7 i\ .ooooaﬂ'lan .
[P = o [T = 30y 2 ira)

1 .
In a similar way, we have o 02” If (e")]* dt = |ja]]3.
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By Corollary 5, we have
W@+ = iT(a)P = W(a)]* + T(a)]* < (z]all3)*.

Consequently, for the case p = 2 the inequality (23) is valid.
If p # 2, by the decomposition theorem f(z) = B(z)G(z) where B(z) is a
Blaschke function and G(z) # 0, |B(z)| < 1in |z] < 1, |B(e")| = 1.
p

Owing to F(Z) = (G(Z)) e H, . Hence by (23) for p =2, we have
([ vor )« (g e ay

</01 IF(1))? dt)2 + (% /_Zt|F(e”)|2 d;)2

(

N

Thus the proof of the theorem is completed.
In the second term of the left-hand side of (23) is replaced by zero, then Fejer-
Riesz’s inequality (see[3]) of the form

1 1 2n )
[rarass [CreEra (24)
0 0

is obtained. Consequently, the inequality (23) is a refinement of the inequality (24).
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