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CERTAIN IMBEDDINGS OF WEIGHTED SOBOLEV SPACES
PANKATJ JAIN, BINDU BANSAL AND PAWAN K. JAIN

(communicated by R. N. Mohapatra)

Abstract. We characterize weight functions for which the weighted Sobolev space W' (€, dﬁ)

[and also W' (Q, so(dps))] is imbedded continuously or compactly into the weighted Lebesgue
space L9(Q, df) [and also LI (L, 51 (dpy))] where 1 < g < p < oo and M C 9Q. Some of
the imbeddings are also extended to the higher order weighted Sobolev spaces.

1. Introduction

The purpose of this paper is to study the continuous imbeddings of the type
WP (Qiv) — LI(Q;w) (1.1)
and the corresponding compact imbeddings
WP (Q;v) — e LI(Q;w) (1.2)

for certain specific weights v, w and the domains Q € RN

We shall be concerned with the weights which are some form of the distance djy
from M C 0Q, the boundary of Q.

Three situations arise :
(a) the distance, to be denoted by d, is taken from the whole boundary 0Q ;
(b) the distance, to be denoted by dj, is taken from a point xo € 9Q; and
(c) the distance, to be denoted by dyy, is taken from a set M C 0Q.

As regards situation (a), Kufner [5] has studied the imbedding (1.1) when p = ¢
and with weights which are either power type d* or some function of the distance d .
For 1 < p < ¢ < o0, Gurka and Opic [1] have studied (1.1) and (1.2) with certain
more general weights and for 1 < g < p < oo, again, Gurka and Opic [2] studied (1.1)
and (1.2) but for power type weights. The case of the weight s(d) has been discussed
in [3].

Situation (b) has been dealt by Kufner [5], again, for p = ¢, the weights being
power type and continuous imbeddings were considered. The case 1 < g < p < o0
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has been studied in [4] and [3] for respectively power type weights d and the weights
of the type s(dp) .

Regarding situation (c), Kufner [5] conjuctured a sufficient condition for the
imbedding (1.1) to hold when p = g and the weights are of power type. This conjucture
was proved by Rakosnik [9].

In the present paper, we further investigate situation (c¢) in respect of both the
imbeddings (1.1) and (1.2). More precisely, we consider weights which are either
power type or some function of the distance dj; and obtain conditions which are both
necessary as well as sufficient. Consequently, in the particular cases, when M = 0Q
or M = {xo}, xo € 0Q, the situations (a) and () are obtained. We also extend some
of the imbeddings obtained to the higher order weighted Sobolev spaces.

2. Preliminaries

Let Q be a domain in RN. By a weight function, we mean a function which is
finite, positive and measurable almost everywhere on a domain €. We shall denote by
S, the set of weight functions defined on Q. Throughout the paper, we shall assume
that Q is a bounded domain in RN with boundary Q.

For w € S, 1 < p < 0o, the weighted Lebesgue space L”(Q;w) is defined by

P(Qw) =<u: | |u(x)Pwx)dx < ooy,
e |

[l = (/Q |u(x)[” w(x) dx) l/p.

It is noted that with the above norm, L7(Q;w) is a Banach space.
Let w € S be such that w € L} (Q) and that wp e Ll (). Here and also

loc
throughout the paper p’ = p%l, the conjugate of p. For 1 < p < oo, the weighted
Sobolev space WXP(Q;w) is the set of all u € LP(Q;w) such that all the distributional
derivatives up to k™ order also belong to L”(Q; w) . The norm of the space W*?(Q;w)

is given by

with the norm

1/p
lullepoa = | D ID%ull) .q (2.1)
|l <k
The space W*?(Q;w) is a Banach space with respect to the norm given by (2.1). Further,
we shall denote by Wg’p(g; w), the closure of C5°(Q) in the space W*?(Q;w) with
respect to the norm (2.1). The norm of W,” (Q;w) is, again, given by (2.1). Itis noted,
in general, that W, (Q;w) C W*(Q;w) and that Wi (RY; w) = WA (RV; w).
Let M C 0Q be a closed set. Put

Cip(Q)={ueC®(Q);suppunM=0}.
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We define by Wf,,’p (Q; w), the closure of C5¢(Q) with respect to the norm (2.1). It can
be seen that C3°(Q) = C53(Q) and that Wy (Q; w) = Wih(Qiw).

Set dy(x) =dist(x,M), x € Q. In the particular situations, we shall denote dapq
by d and di; by do. It can be easily verified that any powers d*, df and dy;,
o € R, are weight functions on Q. Further, let s = s(¢) be a continuous positive
funtion defined on (0, c0) such that either tlg% s(t) =0 or ,IE,% s(t) = co. Then s(d),
s(dy) and s(dy) are also weight functions on Q. For details, one may refer to [5].

A positive continuous function f = f(r) defined on (0,00) is said to have
Property (H) if for every pair of positive constants ¢, c;, there exists a pair of
constants Cy, C, > 0 such that

t f(n)
<—<a=>C< < G
Cl lz (&) 1 f(lz) 2
Put Q = (0, 1)V . Define, for m = 0,1,....N — 1,
O(m) ={x€ Q0 :xps1 =Xpi2=...=xy =0} .

We say that a closed subset M C JQ is a manifold of dimension m and that the
bounded domain Q is of class Q%'(M), if there exists an open covering {Ui}i_, (k
may be finite or infinite) of Q with the following properties:

k
(i) M C | U; and there exists ng € {3,4, ...} such that every system of no + 1 sets
i=1
U; is disjoint;
(ii) there exists 0 > 0 such that dy(x) > 9, x € Uy;
(iii) there exist numbers C; > C; > 0 and a system of one-to-one mappings

T,:Q— QNU;i=1,2,..k suchthat T;(Q(m)) = M N U; and

C1|X—y‘ < |Tl(‘x) - Tl(y)| < Cz‘x_)’|7 X,y € Qa i= 1727"'7E'

We shall heavily depend upon the following concept of partition of unity:
Let us denote by {¢o, ¢ s rery @}, a partition of unity corresponding to the open
covering {Uy, Uy, ..., Uz} of Q,i.e., let

¢; € C*(RY), Jtextsupp ¢; C Us, 0< ¢i(x) <1,

and

For —co < a < b < oo, we denote by AC(a,b), the set of all functions
absolutely continuous on every compact interval [c,d] C (a, b) . Further, we denote by
ACp(a,b) and ACg(a, b), the sets of all functions u € AC(a, b) for which, respectively,
tlim+ u(t) =0 and liI;l u(r) = 0. For further details about the different concepts used

—
one may refer to [5,8,9].
We shall be using the following lemmas in the subsequent sections:
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LEMMA 1. Let 1 <p<g<oo, 0<b<oo, T€RYU{0} and wi,w; € S.
Then, the inequality

(Iu( )q/OTWI dr + Iu O wi(t+7) ) (/ ' () wa(t + 7) dt )W

(2.2)

holds with a constant C > 0, independent of u, in the following cases :

(i) for u € ACL(0,b) if and only if
n , 1y’
([T ar) <.
0

b+t
sup / w (¢) dt
ne(0.6) \J/n
1/

(ii) for u € ACg(0,b) if and only if
n 1/q b+t ,
sup (/ wi(t) dt) (/ (wa (1)) dt) < o0.
ne(0,b) \Jo n

LEMMA2 Let 1<g<p<oo, 0<b<oo, 7€R"U{0}, wi,w, €S and
1 é — ;. Then, the mequaltty (2.2) holds with a constant C > 0, independent of u,

-
in the following cases :

(i) for u € ACL(0,b) if and only if

1/q

q /1" /r
/0b+‘r (/anrTWl(t)dt)l/ (/On(wz(t))l—l"dt)l/ (W2(n))1_p/dn 1 .

(ii) for u € ACg(0,b) if and only if

l/l]/ r l/r

/0b+r (/On () d[) 1/q (/nb+‘f(wz(t))l—pl dt) (Wz(n))l_”/ dn -~

(2.3)
REMARK. In Lemmas 1 and 2, we assume that u(0) = lir(r)l u(t) exists. Further,
t—0t

if fo wi(7)dt = oo, then essentially u(0) = 0 and we shall use the convention that
0.00 =0.

Lemmas 1 and 2 are obtained easily by making suitable substitutions in the usual
Hardy’s inequalities e.g. in Theorems 5.9, 5.10, 6.2, 6.3 of [6].

LEMMA 3 [7]. Let Q be domain in RN and 1 < p,q < 00. Let {Q,} be a
sequence of domains in RN such that Q, C Q,,, C Q, Q = U Q,, n € N. Further,
v

n=1

suppose that for wi,w, € S

WP (Quiwy) —— LI(Quwy), n€N. (2.4)
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Then, the imbedding
WP (Qiw)) < LI(Q;w»)
holds, if and only if

lim sup  ||uf|gumon =0,
e ””Hl.pwl;ggl

where Q" = Q\Q,.

3. Results concerning power type weights

THEOREM 1. Let 1 < g<p<oo, o, BER, 0<m<N—1,Q¢e Q" (M) and
M C 0Q be a manifold of dimension m. Then, the imbedding

WP (Qidb) — LU(Q;df)

holds if and only if
B>p-N+m  a>B+N-m-1)I -5 _Nim
or Py
~-N+m<B<p—N+m, o> —N+m, (3.1)
or
B<—N+m, a>w+N—m—ng—§—N+m

Proof. Let us first assume that (3.1) holds. Using the partition of unity, it is
sufficient to prove the result for V;(= U; N Q) instead of Q.

Case 1. i>1

In view of the definition of Q*!(M), we have
Cidgm)(y) < du(Ti(y)) < Cadgm)(y),  y€Q

and consequently, the mapping u — v, v(y) = u(T;(y)) is a topological isomorphism
between LI(V;) and LY(Q) or W'*(V;) and W'?(Q). Therefore, there exist positive
constants C3, Cy4, Cs, Cg such that

Col¥lgag, 0 < Iullgaz < Callvlgaz 0 (32)

and

< < .
Colvl 8 < Il < Collvl (3:3)
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Defining v to be zero for y; > 1, i = m+ 1, ..., N, using cylindrical coordinates
y€Qw— (y,0,r), where y = (y1,y2,..,Ym), 0 = (01,02, ..0n_u_1), T = do(m)
and applying Fubini’s theorem, we get

IIVHZ,dg(m);Q=/ / (/0 |V(y'>97r_)|qflvmlr'“df)d9 dy  (3.4)

O™ [(0,m/2N—m-1

Since v = 0, for large 7, we can restrict the upper limit of the inner integral
in (3.4) to a finite number, say b, and consequently, v € ACg(0,b). In view of the
condition (3.1), Lemma 2 (with 7 = 0, w;(¢) = “"N="=1 and wy(r) = P+N-m-1)
gives that the inequality

b 1/q b g p
(/ V(y’,GJ)"Fler*"dr) <C</ Ia—_v(y’,e,r)”#lerﬁdr>
0 0 I3

(3.5)
Now, by (3.4), (3.5), Holder’s inequality and using Fubini’s theorem again, we get the
estimate

o .9 < (
Hv“qqu(m),Q X ||V‘|l’p’dg(m);Q’
which further, using (3.2) and (3.3), gives

¥l ga < €l (3.6)

Lp.dbvie

Case 2. i=0
In view of the definition of Q*!(M), there exist constants C;, Cg > 0 such that

0<C7 <duly) <G, NSO

and consequently, we can use the results which hold for classical Sobolev spaces
WP (Up) establishing the estimate (3.6).

Conversely, assume that (3.1) is not true for some o, . Then, (2.3) (with
T =0, wi(t) = (**N="=1 and w;y(t) = tP*N="=1) does not hold and consequently,
by Lemma 2, the inequality

b 1/q b
/ lu(2)|9 N1 gy <C / ! ()P PN gy
0 0

does not hold. Thus, in view of Remark 9.2 in [2], there exists a sequence {u,} in
C*>((0,b)) with b ¢ suppu, such that

1/p

b
/ uw, )P PN =1,  neN (3.7)
0

and

b
/ lu, ()7 2N dt — 00 as n— oo. (3.8)
0
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Write z = (z1,22,..,2v—1) € RYN"!. Consider a function ¢ € C>®(RN"!)
satisfying
{0<9(zx) <1 ,zeRN!
0(z) =1 ,zi<%f0ralli:1,2,...,m (3.9)
#(z) =0 7zl~>%forsomei:1,2,...,m
Fory = (1, -+« Ym, Ymils- - -, ¥n) € Q,define asequence {v,} suchthat v,(y) =
0 whenever y; > 1 forany i =m+ 1,...,N. Introduce cylindrical coordinates y €
Q0+ (y',0,r) where y = (y1,...,Ym), 0 = (01,6,...,0y_pn—1) and 7 = dg(y)-
As v, = 0 for large 7, we can restrict the upper limit of 7 to a finite number, say A .
Set

va(y) = val(y', 0,7) = (', 0)un(7),
where u, is as given in (3.7) and (3.8) with A instead of b and consequently u, €
C>*((0,A)) with A ¢ suppu,. Now, on using the estimate |¢| < 1 and Fubini’s
theorem, we get

(6, O)un(r) P 7P dr a6 dy

Il o=/
Py @ (0.1 (0,F V-1 x (0.4)}NSUPP &

A
< [l At ar (3.10)
0

Working on the same lines as above, it can be shown that

A A
|9, <c (/ e TG dr-> (3.11)
P @ 0 0
Now, from (3.7), (3.10), (3.11) and Lemma 1 (with 7 = 0,b = 4,p = q,
wi(t) = wa(t) = PN="=1) we find that the sequence {v,} belongs to Wl’p(Q;dg(m>)
and is bounded in W'”(Q; dg(m)) -norm.
Further, using (3.9), we obtain as earlier that

1 A
q 1inv-1 g AN—m—1 g
ool o2 €GN [ (el

which from (3.8) yields that the sequence {v,} is unbounded in L?(Q; dg(m>) -norm.

Thus the space W!?(Q; dg(m)) is not continuously imbedded in the space L?(Q; dg(m)) .
The proof is now complete in view of the discussion towards the begining of the proof
of this theorem regarding topological isomorphism between spaces.

REMARK. In the particular situations, the results can be obtained when, in Theorem
I, M = 90Q or M = {xo}. Some similar results are avilable in the litetrature, e.g.,
see [2, Theorem 9.3] for k¥ = 1 and [5] for p = ¢q. Also, the case p = g of Theorem
1 has been studied by Rékosnik [9] but he gave only a sufficient condition for the
corresponding imbedding to hold.

In view of the above remark, we have the following corollaries of Theorem 1 :
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COROLLARY 1. Let 1 < g < p < oo, a, B € R,Q € Q"(9Q). Then, the

imbedding
W' (Q;dP) — L1(Q;d%)

holds if and only if
B>p-1, a>pl-ZL_1
or
-1<p<p-1, a>-1,
or
B <1, a>pl -2 _y
p P

COROLLARY 2. Let 1 < g < p < oo, a, B € RQ € Q% ({x0}), Then, the
imbedding
WP (Q;dl) — L9(Q;dg)

holds if and only if
B>p-N, >@B+N-1nI-L _n,
p p
or
—N <B <p-—N, a > —N,
or
B < —N, >@B+N-1DI_L _N
p p
THEOREM2. Let 1 <g<p<oo,a, BER, 0<mN—1,Q¢€ Q™ (M) and
M C 0Q be a manifold of dimension m. Then, the lmbeddmg
Wi (Qudyy) — L9(Q:dj))
holds if and only if
B ER, a>m+N—m—Ug—£ N+m.

Proof. The proof is analogous to that of Theorem 1 with the observation that as
veCy(Q), veACL(0,b) as well.

THEOREM 3. Let 1 <g<p<oo,a, BER, O<m<N—1,Q € Q™ (M) and
M C 0Q be a manifold of dimension m. Then, the lmbeddmg

WP (Qidl) — L9(Q:d%) (3.12)

holds if and only if

B €R, a>Bgf§fL (3.13)
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Proof. Let us first assume that (3.13) holds. Using the partition of unity, it is
sufficient to prove the result for V;(= U;NQ) instead of Q and that too only for i > 1.
We have

1
Mg o= / /\v )1 d% 0y () dyrdy, (3.14)
(O,I)N 10

where [ € {m+1,..,N} and ¥ = (y1,¥2, s Yi—1,Vi+1,---,Yn) - 1t can be proved that
for 1€ {m+1,..,N} and y € Q, dy(m)(y) is equivalant to y; + €, where

1/2
N
e=| >
Jj=m+1

#l

Thus, there exist constants C, C, > 0, such that
Ci(yi+€) < dgm)(y) < Cr(yi +¢€). (3.15)

From (3.14), (3.15) and Fubini’s Theorem, we get

1
M o<C [ | [0 oo | av.

(O,HN¥=1 N0

The imbedding (3.12) is now obtained as in the proof of Theorem 1 (with some obvious
modifications).

Conversely, let us assume that the condition (3.13) is violated for some «, 3.
Then, taking 7 = ¢, b = 1, wi(f) = 1% wy(t) = # in Lemma 2, we find that the
inequality

€ 1 1/a 1
<|u(0)‘1/0 to‘dtJr/O |u(t)‘1(t+e)adt> éC(/O [’ ()| (t+e)ﬁdt>

does not hold. Therefore, in view of Remark 9.2 in [2], there exists a sequence {u,} in
C5°((0,1)) such that

1/p

1
/ Wl (O (1 +e)f dr =1, neN
0
and .
/ lun ()7 (t 4+ €)%dt — 00 as n— oo.
0
Forn e Nand y = (y1,- -, Yi—1, Y, Vi+15 - - -, yN) € Q, define a sequence {v,}

as follows :
a(3) = { OO un(v) yE€Q
"0 ,y €Q\0



114 PANKAJ JAIN, BINDU BANSAL AND PAWAN K. JAIN

where ¢ € C5°(RV™!) satisfying

and y/ = (yl> e s V=15 Vi1 - - 7yN) .
If we fix n € N, then supp v, C Q and there exists a domain G, such that

suppv, C G, C G, C Q.

Using (3.15), the estimate |¢| < 1 and Fubini’s theorem, we obtain

|| Vn ||P - / |¢(y/)u"(yl)|pdﬁ m (y) dy/ dyl
Py, 0 QNSupp ¢ Q(m)

1
< [ bl or+ 0P a.
0
The result is now, obtained as in Theorem 1.

REMARK. Results corresponding to Corollaries 1 and 2 can also be obtained in
respect of each of the Theorems 2 and 3 which we omit here for conciseness.

REMARK. Inwhat follows, we give the conditions under which the spaces W' (Q; df,,) ,
W, (Q;df,,) or Wé’p (Q;df,,) are compactly imbedded into the space L7(Q;dy).
Suprisingly but true that we obtain the same necessary and sufficient conditions for
compactness which were there for the continuous imbeddings of the corresponding
spaces. It turns out, in other words, that either the spaces W'”(Q; dﬁ), W;f (Q; dﬁ)
and Wé’p (Q; df,,) are compactly imbedded into the space LI(Q;dy;) or they are not
even imbedded continuously. The condition 1 < ¢ < p < oo is playing an important
role for this fact.

THEOREM 4. Let 1 <g<p<oo,a, BER, 0<mN—1,Q¢€ Q™ (M) and
M C 0Q be a manifold of dimension m. Then, the compact imbedding

WP (QidP) < L9(Q;d%) (3.16)
holds if and only if (3.1) holds.
Proof. Let the imbedding (3.16) hold. Then, it is continuous as well and by
Theorem 1, (3.1) holds. To prove the converse, let {Q,}, Q, € Q%!(M), be a sequence
of domains such that

{x € Q; dy(x) > %} cQ,C {x € Q; dy(x) > nJ%l} (3.17)

Clearly, Q, C Q4 g Q and Q = Q,,. Let us first assume that
1

n=

S

B>p—N+m, o>B+N-m—-1)=—=—N+m. (3.18)

/

4
p

hS]
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Then, there exists 0 > 0 such that the numbers 8 and @ := (o0 — §) satisfy
(3.18) with a replaced by & . Consequently, by Theorem 1, the continuous imbedding

W (Qidb) — L9(Q:d%)
holds, i.e., there exists C > 0 such that for u € WI’P(Q;dﬁ) , we have

il gz < Clll g (3.19)

Let u € W'?(Q;db). Then, by (3.17) and (3.19), we get

1
”u”qdﬂt Qn < 5 ” ”qda -Qn

C4
<l g

This gives
Jim - osup [ gagn = 0.
llull 5 <1
lAp.dM;Q

Now, as 1 < ¢ < p < o0, the local imbeddings (2.4) are guaranteed (cf. [4]) and
consequently, by Lemma 3, the imbedding (3.16) holds.

Similarly, it can be shown that the imbedding (3.16) also holds if the other two
estimates in (3.1) hold.

REMARK. Analogously, it can be proved that the imbeddings in Corollaries 1 and
2 are also compact under the corresponding conditions.

Working on the lines of theorem 4, we can obtain the conditions for the compactness
of the spaces W,” (Q;dﬁ) and Wé”’ (Q;dﬁ) into L9(Q;dy;) and further special cases
(corresponding to Corollaries 1 and 2) can be derived.

It is also possible, in certain situations, to extend the continuous imbedding
whr(Q; df,,) — L1(Q;df;) to the higher order weighted Sobolev spaces. More pre-
cisely, we have

THEOREM 7. Let 1 < g <p < oo, 0, BER, a > ,0<m<N-1,Q¢
Q"' (M) and M C OQ be a manifold of dimension m. Then, for B >p—N+m, the
imbedding

WhP(Q; dly) — WH(Q; dgh)
holds if and only if

o> (ﬁ+me—1)g - 1/ —(k—s—1)g—N+m,
p p
where k and s are non-negative integers.

Proof. Take B = o, p = po and let u € Wk (Qdﬁ”) Then, using Theorem 1
for functions D%u, || = k—1, we find that, for By > po—N+m, 1 < p; < py < 00,
the imbedding
WEP Qs dif) s WAL (Q;dly)
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holds if and only if

Bi>Bo+N-—m—1E 2L Ny (3.20)
Po Dy
Let B; > Bo. Then, B; > Bo > po — N +m > p; — N + m, and, again, by
Theorem 1, for 1 < py < p; < o0, the imbedding
WAL Qs di) s WR2P(Qs dhy)
holds if and only if
Bo>Bi+N-m-1E2_P2_Nym (3.21)
P11 D

From (3.20) and (3.21), we obtain that for Sy > po—N+m and 1 < p, < pp < o0,
the imbedding
Who (Q; d) — w2 (Q; df%)
holds if and only if

ﬁ2>(ﬁo+N—m—1)p—z—%—p2—N+m.
0

Further, let 8, > B;. Similar arguments yield that for Sy > po — N +m and
1 < p3 < po < o0, the imbedding
WA (Qy ) s WA (s dfy)
holds if and only if
Bs>(Bo+N-m—1)E B9 Nim
0 Po
Continuing in this way, we obtain that for Sy > po—N+m and 1 < p, < py < 00,
the imbedding
WhI (Qydi) s WEPr(Q dli)
holds if and only if

Br>([30+N—m—1)&—p—f—(r—l)pr—N+m.

Po Do
Taking B, = a,p, = g,k —r = s, we get that for § > p — N+ m and
1 < g < p < 00, the imbedding
WhP(Qdby) < W(Q;d3)
holds if and only if
o> (B+me—l)g fl%f(kfsf 1)g — N +m.

REMARK. Results in corollaries 1 and 2 can be formulated for higher order Sobolev
spaces. The compact imbeddings in higher order Sobolev spaces are also obtained in
view of the fact that the composition of a compact map and a continuous map is compact.
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4. General weights

In this section, we shall assume that the functions sy and s; satisfy Property (H).
Moreover, throughout the section we assume that % = é — % .

THEOREM 8. Let 1 < g<p<o00,0<b<o00,0<m<N-1,Q¢cQ%(M),
M C 0Q be a manifold of dimension m and

/ N7l ()dt < oo, ¢ >0. (4.1)
0
Then, the imbedding

whp (Q;s1(dy)) — L1 (Q;s0(dy))

holds if and only if
b n g / p 147"
{/ /zfv*m*lso(t) dt /(zfv*m*lsl(t))lfp dt
0 0 n
1/r
N—m—1 1-p'
(n si(n)) " dn < 0.

(4.2)
Proof. In view of the definition of Q%!(M) and using the fact that the functions

so and s, satisfy Property (H), there exist constants C;, Ca, C3, Cy4 such that
ClH"”q,So(dQ(,,,));Q < Hqu],So(dM);Vi < CZHVHq,SU(dQ(,,,));Q (4~3)

and

Clvll1p.51 gm0 < Nl psitanivi < Callvllip,si om0 (4.4)
The proof, now, is step by step same as that of Theorem 1 if we use (4.3)
and (4.4) instead of (3.2) and (3.3), respectively, and using Lemma 2 with 7 = 0,

wi(t) = 1N Lso (1), wy(t) = tPHN="=15, () instead of T = 0, wy(¢) = *N-m=1
wa(t) = tPHN=m=1 respectively.

THEOREM 9. Let 1 < g<p <o00,0<bhb<o0,0<m<N—1,Q¢e Q" (M)
and M C 0Q be a manifold of dimension m. Then, the imbedding

Wy (Qs51(dm)) — L? (R 50(dm))
holds if and only if (4.1) or

b b
{O/ n/zN so(1) dt

l/q 1/!1’ r

n
/ (Vs (1)) =
0

1/r
(""" ()" " dn} < o0,
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hold.
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Proof. 1t follows on the lines of that of Theorem 8 with the observation that as
veCy(0Q), veACL(0,b) as well.

THEOREM 10. Let 1 < g<p<o00,0<b<o0,0<m<N-1,Q¢ Q" (M)
and M C 0Q be a manifold of dimension m. Then, the imbedding

Wy (Qis1(du)) — L7 (R 50(du))

holds if and only if
Lie[ /14e Va s n 147 v
[ ] ([ a) | sy anp <o
0 n 0

or
e[ / a /14e 1/4'7 v
[ Jswar| | [ oo a] | sy <o
0 0 n

hold, where the number € is as given in the proof of Theorem 3.

Proof. Itcanbe shown, as in Theorem 3, that dy,, (v) is equivalant to y,+e€. Since
functions sy and s; satisfy Property (H), there exist constants C;, C,, C3, C4 > 0 such
that

Ciso(yi + €) < 50 (doum)(v)) < Caso(yi + €)
and
Cysi(yi+e) < s (dQ(m>(y)) < Cys1(yi+¢€).
Now, we argue as in Theorem 8§ to get the result.

Let us, now, mention certain specific situations by way of examples which suit
Theorems 8, 9 or 10.

EXAMPLE 1. Take either

S()(l) = atq—Ner’ S1 ([) = B(I—P> t(l_P)(l_ql)—N+m+l (45)
with 2 < g <p < oo, a, >0, 0r
so(t) = ot =N s1(t) = BU=P) ga' —pd/+p—N+tm (4.6)

with 1 <g<p<oo, o, >0.

Each of the above functions satisfies Property (H). Also, the weights so and s;
in (4.5) satisfy conditions of Theorems 8 and 9. Consequently, we have the following
corresponding continuous imbeddings:

Wl,p (Q;B(lfp) t(lfp)(lfq/)7N+m+l) s 14 (Q, atquer)
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Wnl/l,p (Q;B(l—p) t(l—p)(l—q')—N+m+l) s 14 (Q, atq—N+m)

Further, we note that s; in (4.6) does not satisfy (4.1) while both the weights in
(4.6) satisfy conditions of Theorem 9. Therefore, the existence of the imbedding

wle (Q; pU—r) tq'—pq’er—Ner) o L (Qaf N
is not guaranteed while the imbedding
WAI/IJ) (Q;B(17p> tqlqu’+p7N+m) o 4 (Q, atquer)

holds.

EXAMPLE 2. Take either
so(t) = o™, s1(t) = U= f1=p)(1=d)
with 2 < g <p <oo, a,f>0,o0r
so(f) = o™, si(r) = =) (=)’ =1)

with 1 <g<p<oo, o, >0.
In this case, conditions of Theorem 10 are fulfilled and we have the corresponding
continuous imbeddings.
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