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GEOMETRIC INEQUALITIES INVOLVING TWO SIMPLEXES

YANG SHIGUO

(communicated by V. Volenec)

Abstract. We estabish some geometric inequalities on the inradius and circumradius of two
n—dimensional simplexes.

1. Some inequalities for two simplexes and applications

Let Q, and Q] be two n—dimensional simplexes in the n—dimensional Euclidean
space E,, t{A¢p,A,...,A,} denote the vertex set of Q,, V the volume of Q,,
aj = |AiAj| (i,j = 0,1,...,n) R and r be the circumradius and inradius of Q,,
respectively. For i =0, 1,...,n let m; be the lengths of the i th median of Q,,, A; the
altitute of Q, from vertex A;, p; the radius of ith escribed sphere of Q,,, F; the area
of the i thface fi = Ag...Ai—1Ai41 ... A, of Q,. Let 0; be the dihedral angle formed
by two faces f; and f;, T; the area of the bisection plane 7; ((n — 1)—dimensional
simplex) of the dihedral angle 0; of Q, . Let 7., be the inradius of k—dimensional
simplex A;,A; ... A; (0 <ip < i <--- <ix < n). For the second simplex Q;, we
use the analogous notations, for example, R’ and ' are the circumradius and inradius
of Q! , respectively.

Recently, Leng Gangsong estabished some inequalities involving two simplexes
as follows [1]

R 2 aj;
B — = 1
nr~ nn+1) (m)

— _ Qjj
0<i<j<n

R n+1\"! Tigiy ...iy
fLr) x e 5

i
0<i0<l‘1<*“<ik<n fot--Ig

Equality in (1), (2) holds if the simplexes Q, and Q! are regular. In this paper, we
establish other inequalities involving two simplexes, and give some their applications.
Our main results are the following theorems.
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THEOREM 1.
n /11/2
m

R\ 1/2 1 /
- 2 1 9 3
(nr) n+1 Z m,-l/z (3)

i=0

with equality if the simplexes Q, and Q| are regular.

THEOREM 2.
ﬁ h{l /2
J

RN2 1 RN
nr n+1 — B2
1= I j
Jj=0
J#
with equality if the simplexes Q, and Q| are regular.

THEOREM 3.

/\n—1 T/,
R (R_) > _2 Zi (5)
nr \nr nin+1) 0<iTen T;

Equality holds if the simplexes Q,, and Q| are regular.

THEOREM 4.

no 12

R'N\N1/2 /R (BP—n—1)/2 1 i
(E) (E) Zar 12" (©)
i=0 Pi

Equality holds if the simplexes Q, and Q| are regular.

Now we give some applications of the theorems stated above. If take Q] = Q,,
then R' = R, ¥’ = r, and obtain the following important inequality [2, or 3]

R > nr, (7)

with equality if the simplex €, is regular.

Let A(x;) and G(x;) denote the arithmetic mean and the geometric mean of
positive numbers x;(i = 1,2,...,m). From the theorems stated above we obtain
following inequalities for a simplex.

THEOREM 5.

n n

S RRIRS)

i=0 i=0 i

1/2y72
R A(m;
> { (ml/z)] > 1. ©)
B(m;"")

Equality in (8), (9) holds if the simplex Q, is regular.

Proof. Taking Q] = Q, in Theorem 1, and let my < m; < --- < m, , we get

(R)1/2> 1 <m(1)/2+m}/2 n er,l,/z)
nr T (n+1) m,l/z mrll/_z1 m/?)
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Applying Chebishev’s inequality (see [4, II, 2.5]), we have

(%)1/2 > ﬁ (Zg‘ m!”?) (; #) (10)

i=

Thus inequality (8) holds. Using inequality (8) and the arithmetic—geometric mean
inequality, we derive inequality (9).

THEOREM 6.

n

2 | G [ e | T

=0 j=0 i=0 - B2
i io
A
n 2/n
A(H h}/2>

R i
— > ’17 > 1. (12)

j=0

i
Equality in (11), (12) holds if the simplex Q, is regular.

Proof. Taking Q! = Q, in Theorem 2, and let hy < iy < -+ < hy,. Applying
Chebishev’s inequality (see [4, II, 2.5]), we have

R\ n/2 1 " " 1/2 “ ( 1 )
5 R ST
<nr) (n+1)2 ; g J ) — ﬁh;/z
i io 7
J#

Thus inequality (11) holds. Using inequality (11) and the arithmetic—geometric
mean inequality, we obtain inequality (12).

THEOREM 7.
R 2 2/n 1 1/n
Ll s P e
nr [n(nJr 1)] [( Z v Z T; (13)

0<i<j<n 0<i<j<n
R A(Tl]) 1/n
— > > 1. 14
nr |:G(Ti‘):| (14)
Equality in (13), (14) holds if the simplex Q, is regular.
Proof. Taking Q! = Q, in Theorem 3, and let T}, T», ..., Tipnin) be the

sequence of the areas T,-j(O < i <j < n) in non—decreasing order, we have

n Ti,n
(5) > 2 ( Ty n T, oy §(+1)>.
nr n(n+1) T%n(nJrl) T1nnr1)—1 T

1
2
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Applying Chebishev’s inequality, we get

; sn(n+1) $n(n+1)
B> [ (0 )

Thus inequality (13) holds. Using inequality (13) and the arithmetic—geometric
mean inequality, we get inequality (14).

THEOREM 8.
R 1 2/(n*—n)
s - 1/2
nr = (n+ 4/ (n2—n) |:(Zp )(; pll/Z):| ’ (15)
2/(n*—n)
R A(p;
N [ (pl/z)] > 1. (16)
e LG(eT)

Equality in (15) and (16) holds if the simplex Q, is regular.
Proof. Taking Q] = Q,, in Theorem 3, and let py < p; < -+ < Py, we have

(R )(nzfn)/z S 1 p(1)/2 + pi/z + + p}ll/z
nr T (n+1) p;11/2 prll/fl p(l)/Z

Applying Chebishev’s inequality, we have

(B ) (5 )

i=0 M

Thus inequality (15) holds. Using inequality (15) and the arithmetic—geometric
mean inequality, we derive inequality (16).

2. Proof of theorems

To prove the theorems in previous section, we need some lemmas as follows.

LEMMA 1.
l)n+1
Z (H by ) wr ol g (17)
i=0 Jj=0
J#
with equality if the simplex Q,, is regular.
Proof. For k = 0, 1, ..., n, let F; denote the area of the kth face f; =

Ag...Ak_1Ar+ ... A, of the simplex Q,. The n—dimensional sine of the kth vertex
angle of Q, was defined by F. Eriksson [5] as follows

(n!- V)=t

. (k=0,1,...,n). (18)
[1((n—1)!-F)
”

"'sin 6y =
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Yang and Wang [6] proved an inequality as follows

S ersing < () () ()" (19)
i=0 i=0 i=0

Where x #0 (i =0,1,...,n) are arbitrary real numbers. Equality in (19) holds

if the simplex Q, isregularand xo =x; = --- =x,.
Taking xo = x; = - - - = x, in inequality (19), we get
n 1 (n+1)/2
> sin6; < % (20)
n}’l
i=0

Substituting F; = nV - h;%j =0,1,...,n) into (18), we get

"sin6 = (n!- V)" [[ (i=0,1,...,n). (21)
j=0
J#

Combining (20) with (21), we get

n n n - (n 1 (n+1)/2
> ([]w) < nt (DT (22)
; , n"/2
i=0 J=0
J#

Using inequality (22) and the known inequality [3]

- (l’l+ 1)(n+1)/2

n! - n/? B, (23)

we obtain inequality (17). It is easy to know that equality in (17) holds if the simplex
Q, is regular.

LEMMA 2.

n 1 2
S 8 g
i=0 n
with equality if the simplex Q,, is regular.
Proof. Applying the know inequality [3], we have
n ) n 5 1/2
Zmié(n—l—l)l/ (Zm,) . (25)
i=0 i=0
Combining this with the known result [3]

n

, n+l 2
Emi_ " E a;,
i=0

o<i<j<n
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we get

Zml < nt 1( Z al-zj)l/z. (26)

0<i<j<n

Using inequality (26) and an inequality [3]
> ap<(n+1)R, (27)

0<i<j<n

we get inequality (24). It is easy to see that equality in (24) holds if the simplex Q, is
regular.

LEMMA 3.
- nn/Z(n+ 1)(n+1)/2

=

. (28)

n!
Equality holds if and only if the simplex Q, is regular.

For the proof of Lemma 3, the reader is referred to [3].

LEMMA 4.

2 (n+1)"

i < WRZ( 1), (29)

i=0
with equality if the simplex Q, is regular.

Proof. Using the known inequality [1]

>R < (2 @)

0<i<j<n

and inequality (27), we get inequality (29). It is easy to know that equality holds if the
simplex Q, is regular.

LEMMA 5.

3 Tj\”JrlZFZ (30)

0<i<j<n

Equality holds if the simplex Q, is regular.

For the proof of Lemma 5, the reader is referred to [7].

n
LEMMA 6. Put F =) Fj, then we have
=0

. (l’l — 1)1’13/2 nrl (n*—1)/n
[[(F =2 > I B B

Equality holds if and only if the simplex Q, is regular.

For the proof of Lemma 6, the reader is referred to [8].
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Proof of Theorem 1. Using Cauchy’s inequality, Lemma 2 and m; > h; (i =
0,1,...,n), we have

n ;1/2 n 1/2 n 1 1/2 +1) n 1 1/2
Zmlﬁ < (Zm,‘) (Z E) < ("nl/z )R (Z E) . (32)

i=0 M i=0 i=0 i=0

Substituing >~ A7 ! = r~! into (32), we getinequality (3). Itis easy to see that equality
i=0
in (3) holds if the simplexes Q, and Q! are regular.

Proof of Theorem 2. Using Cauchy’s inequality and Lemma 1, we have

n

h{l/z

= n n 1/2 n 1 1/2
Z J#i Z H
1 L2 S { ( hfl)} [ (" )}
= . i=0  j=0 /
’ g J 0 i
J# J#

Il
=}

n n

R >(I13), E (33)

i=0 Nj=o 7
A

Using (33) and Maclaurin’s inequality [3], and > ;' = r~!, we get

i=0
LSSYe)
I B
Z i ot 1)("H>/2R’n/2 , 1 < i)n
n = n/2 n—1)/2 .
P thl/z n (n+ 1)1/ P hi
j=o
J#i
R/ \n/2
e 5"
(n+1) nr

Thus inequality (4) holds. It is easy to prove that equality in (4) holds if the
simplex €, is regular.

Proof of Theorem 3. For the simplex Q, = ApA;...A,, let d; be the distance
from the point A; to the (n — 1)—dimensional plane o containing the bisection plane
t;j of the dihedral angle 0; formed by two faces f; and f; of Q,, and d; the distance
from the point A; to the plane oj;, then

nV = (dl +d])le < (lijT,'j (0 <i <j < n) (34)

Thus

1 1
Y LY a (33)

o<i<j<n ¥ 0<i<j<n
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Using (35), (27) and (28), we get
1 ny R
=< = 5. 36
Z T2 nn+2(n + l)nfl 2n ( )

o<i<j<n Y

Applying Cauchy’s inequality, inequality (36), lemmas 5 and 4, we get

T s\ 1/2 1\"2
Z TU < ( Z Tijz) (Z T2>
0<i<j<n 0<i<j<n ogig<n ¥
n
n! ) R2 ] (Vl+ 1 F;Z)l/z

4 <
0

< n(n+2)/2(n + 1)(n—l)/2 o

n(n+1)R (R')"—l
= 2 ar \nr '

Thus inequality (5) holds. It is easy to see that equality in (5) holds if the simplex

Q, is regular.
Proof of Theorem 4. Applying Cauchy’s inequality and the known formulas [3]

1 n—1 ’ nVv
- o= F)
= Pi r i = 2F’ ( Z
we have
n ’1/2 " ,
n—1 nVv
@ pf/z) (Zpl) <§pi) T ;F’—2Fg
n—1 nV/ n n
Ty ZH(FlszJI) (37)
[[(F —2F7) =0 s
i=0 J#

Using (37), Maclaurin’s inequality [3], lemmas 6 and 3, we get

i:}0/1/2 2 nn—1) (n!)l/n(n+1)(n71)/2n:|n+1><
i=0 pzl/z oo (n—1)n32
/—(nZ—n—l)/n.; - r / n
Ve 3 2
" 1 ! n
i e | Y (F - 2F))]
i=0

<
\(n— l)nnn(n+2)/2(n+1)(n2+n—4)/2 p.pnt—n—1

)" I(ZF')

:n”(”+2)/2(l’l+ 1)(n2+n 4)/2




GEOMETRIC INEQUALITIES INVOLVING TWO SIMPLEXES 153

Applying the known inequality [3] and inequality (29), we have

n n L. n?+n)/2
\" ]2 (Vl + l)( )/ ! (n®—n)
(Z(;F) <[+ 1)2(;5 |7 < P (39)

Combining (38) with (39), we get
2

2
R’ R/ \n"—n—1
R

nr \nr

172

(2 /01'.1/2

0

Thus inequality (6) holds. It is easy to prove that equality in (6) holds if the simplexes
Q, and Q] are regular.
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