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AN EXTENSION OF A GEOMETRIC INEQUALITY OF FINITE POINT
SET ON A SPHERE IN THE CONSTANT CURVATURE SPACE

HANFANG ZHANG

(communicated by V. Volenec)

Abstract. In this paper, we first prove an algebraic inequality, then use it obtain an extension of
a geometirc inequality in the n -dimensional constant curvature space.

1. Introduction and an algebraic inequality

Let E" denote an n -dimensional Euclidean space, SZ_I denote n— 1 dimensional
sphere with radius R, A = {A,As,...,Ay} (N > n) be a finite point set in Sp ' C
E". The Euclidean distance between two points A; and A; will be denoted by |A;A;| =
aj (1 <i,j<N),and m; (1 <i < N) will be a positive number. The paper [1]
proved the following result

N
Z mim;(4R* — aj)a; < 2n 1) (Z mi)2R4- (1)

- n ;
1<i<j<N i=1

To give an extension of (1) in the n-dimensional space of constant curvature,
we first prove the following algebraic inequality which extends the famous Newton’s
inequality and Maclaurin’s inequality.

THEOREM 1. Let pi denote the elementary symmetric mean of degree k of the
positive real numbers ay, az, ..., a,, 04, Oy, ..., Oy be non—negative real numbers,
and oy + 0+ -+ 0y = 1. Iffor k; € N (1 < i< m) wehave ouk; + ok, + -+
Ok = ko € N, then

m
Pk = Hpgi7 (2)
i=1
where equality is valid if and only if a; = a, = --- = ay.
Proof. By Newton’s inequality in the paper [2], we know
Pt = Ph— 1Pkt (3)
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where equality holds if and only if @) = ay = --- = a,.
So that, from the paper [3] we know that {p;} is logarithmically upper convex
sequence, that is f (k) = Inpy is upper convex function, hence we have

m

f (z’”: a,-k,-) > af (k),

i=1
where equality holds if and only if k1 = ky = -+ =k, .
Therefore we have
lnpko > Z (04} ll‘lpki,
i=1

where equality holds if and only if @) = ay = --- = a,.
The inequality (2) follows immediately. The theorem 1 proved.

1
COROLLARY 1. Under the same condition of Theorem 1, if o; = —, (1 < i< m),
m

and Y k; = mk, then
i=1

plrcn P Hpkia (5)
i=1

where equality is valid if and only if ay = ay = --- = a,.

It is not difficult to see that in the case when m is an even number, a;, as, ...,
a, can be any real numbers, and when m =2, ky =k—1, ky =k+1, kg =k, (5) is
famous Newton’s inequality (3).

COROLLARY 2. Under the same condition of Theorem 1, we have

1

>pl. (1<k<I<n), (7)

N

p

where equality holds iff ay = a, = --- = ay.

2. Several Lemmas

Let C"(K) denote the n-dimensional constant curvature space whose curvature
is K. We stipulate that C"(K) denote an n-dimensional Euclidean space E", an
n-dimensional spherical space S"(K) and an n-dimensional hyperbolic space H"(K),
whenever K = 0, K > 0 and K < 0 respectively. We use d = (a,b,c) to denote,
relative to E", S"(K), H"(K) space, d =a, d =b, d = c, respectively.

Let S"~! denote the (n — 1)-dimensional sphere of radius R in C*(K), A =
{A1,A;,..., Ay} (N > n) beafinite pointset, and A C S"~!. The Euclidean distance
betwen two points A; and A; will be denoted by |A;A;|, the spherical surface distance

and the hyperbolic distance betwen two points A; and A; will be writed by A,-AA ,
put a; = (|Ai4;|, AiAj, A/A;). In the hyperbolic space H"(K), suppose that O is

. B : s
circumcenter of $"~!, and write JA;0'A; = @, g = (cos Ey’ cos v Kajj, cos o) .
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LEMMA 1. Let S"~! denote the (n — 1) -dimensional spherical surface of radius
R in Euclidean space E", A = {A|,As,..., Ay} (N > n) is a finite point set, and
A C §""!'. Choosing k + 1 vertices Ajy, Ai, ..., Ay, from the set A, denote by
Vioir...i, the k-dimensional volume of the k-dimensional simplex A,-O,-I“‘,-k spanned by

the points A;y, A;,, ..., A, and denote the circumradius of Ai0i1~~~ik by Riyi,..i, . Then
we have 5
a;.i k k!
alp _ : 2 2 2
det(COS R )O(,ﬁ:() - W ! (R - Rioil.,.ik)‘/ioilmik' (8)
Proof. For the k-dimensional simplex Aj;,..i, = {Ai,Aq,...,A;} inspace E",
we have
0 1 1\ ¢
1
det | i = (D 2%V, i
1 o,f=0
det(afaiﬁ)gﬁzo = (71)k+12k+1k!2Riilmik Vz%)ilmik?

so that from cosine law in E?, we find

2
Qigig \ k a; i\ k
det(cos B ) zdet( 1— “JB)
R /ap=0 2R? / a,p=0
1 —1 .-~ —1\F*
1
= 2
=det . _aiaig
. 2R2
1 a,f=0
0 -1 I\ K
1 X al-zaiﬁ k
=det £ d t(f )
e ' _alalﬁ + de R ) apo
. 2R2
1 o,f=0
0 1 1\ *
1
(—1)k+1 (— 1)+ .
B (2R?)* ‘det : alzaiﬁ + (2R2)k+1'det(aiaiﬁ)a,ﬁ:o
1 o,f=0
k12 2 2 2
:Rz(k+1) (R — Rioilmik)vigil...ik-

The proofis finished.
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LEMMA 2. Let A = {A1,Az,...,Axv} (N > n) denote a finite point set in an
n-dimensional spherical space S"(K). Choosing k+ 1 vertices A;,, A;,, ... A, from
the set A, denote by Pigiy...i circumradius of the k-dimensional subsimplex .A,-O,-I,,,,-k
constitued by the points Ay, A;, ..., Ay, the k-dimensional Euclidean space E*,
Viir...i, denote k-dimensional volume of .A,-O,-l,,,,-k , then

k12

det(cos VKdigig o, p-0 = s - c08”(VEKPigir..ig) - Vigiy iy )

Proof. Let Ay, Ay, ..., Ay denote n+ 1 points in the n-dimensional spherical
space S"(K), p is the circumradius of spherical simplex {A;,As, ..., A1}, then [4]

detA
2 /Ko — —
cos" VKp = ———, 10
p detA (10)
where
0 1 1
1
A= (cosVKay)it; A= A
1
Consequently, from (8) and (10) we get
k2 2 2 2
cos? \/Epioi“ik == T—Hl))k. i RiUilA“ik) Voi-i
g (CDRH2KRVE,
2 p2
R =R
=
hence
0 1 1\
1
det(cos VKaiyig ) p—g = — €08 VKpiyi,..i, - det | cos vKaiyi,
1 o,f=0
0 1 NG
1
= — cos® \/Epioihik - det al.zaiﬁ
: 2R?
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1 ... 1/F
1
_ (*l)kJrl cos? \/I?pigilmik )
- (2R?)* | dp
1 o,=0
(_l)kH 2 k+17k7,127,2
= (2R2)k - €os \/Epioilmik ’ (_1) 2%! Vioilmik
k12
TRE cos? \/I_<pi0ilmik ) Vt%)ilmik'

The proof is completed.

In the hyperbolic space H"(K), we write

det(ch V'—Kaigig o po = (= 1)k - sh®(V=KVigi, i), (0<k<n). (1)

LEMMA 3. Let Sp~' denote (n — 1)-dimensional sphere with radius R, A =
{A1,Ay,...,Ay} (N > n) is a finite point set, and A C H"(K). Choosing k + 1
vertices Ay, Ay, ..., A from the set A, denote by Riyi,...i, » the circumradius of the
k -dimensional simplex .A,-O,-I,,,,-k, constituted by points A;,, A;,, ..., A;, . Then

k!> ch? /=KR — ch® V=KRiy;, i,
(sh® /=KR)k+1 ch® V=KRiyi,..;,

sh> V=K Vi, iy,
(12)

det(cos aiaiﬁ)’fxﬁ:o =

Proof. Suppose that A = {A|,A,,..., A1} is hyperbolic simplex in the n-
dimensional hyperbolic space H"(K), its circumradius is R, hyperbolic distance of
vertices A; to A; is a;;. By the paper [5] we have

detB
ch?/—KR = ———. 13
detB ( )
where
0 1 1
1
B = (chv/ fKa,-j)Zv“, B= B
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According to 2—-dimensional cosine law and (13), we get at once

ch® V=KR — ch v/=Kaji; \ ¢
)aﬁ 0

det(cosiig )Ifx,ﬁzo = det(

sh? V—KR
1
= T e VR e e g
1 —ch*yV/—KR --- —ch®*V/—KR|f
1
1
~ W VRRT | SR
1 e
1o L
(=)' ch?> V=KR
e O P
1 “p=0
GtV hv/=Kaigiy )t
M R C e
k12 h® V=KR — ch’ V=KRiy...
ch? /=K ch® /=K 01~<k,sh2\/jvioil..,ik-

" (sh? VKR ch® vV=KRiyi,..i,

Lemma 3 is proved.

3. Main result and its corollaries

Suppose that the points A; € A are corresponding to the positive real numbers m
(I<i<N). Put

§ :E : § : 2 2
ek+l mj,mj, . mlk R RlUll lk)Vl[)ll zk’

I<igp<ip <---<ip <N

My = =R’ Z Z Zmlomll s COSZ \/_pluu g loll i (K >0),

I<ip<ip < - <ip <N

2 2
M B ch™ /—=KR—ch” /—KRyy, .., o2 VRV,
hk+1 = to mj,my, ...m; - h2 \/_R iod .0 s
1<ig<ip<---<ipg <N ¢ fofr ik

(here K < 0).

For k = 0 we have
N

el—Rzzmb bl—RZZml, Mhl Sh \/jR Zml

i=1 i=1
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We write

M1 = Mejey1, My gyt My i),
f(R) = (R,R,shv/—KR),
Q = (Vmi,mjqi)nxn, rankQ =r
THEOREM 2. Let A = {A},As,...,Ay} (N > n) denotes a finite point set on
a sphere in the constant curvature space C"(K), the points A; corresponding to the
positive real numbers m; (1 < i < N), oy, 0, ..., Oy a set of non—negative
real numbers, and oy + o + -+ o = 1. For ks € N (1 < i < m), denote
oqky + axky + -+ - + Ok, = ko € N. Then we have
m
Mko+1 = (p(O!,k) : HM1?'+1> (14)
i=1
where equality holds if and only if r non—zero eigenvalues of matrix Q are the same

where

Cko+1 m

(ct, k) L
olok) =~ (W)
kol* NG

r!
n-(r—=>0n"
Proof. Tt is easy to see that Q = (, /miqu,-j)NX N 1s a semi—positive matrix and
rank Q = r =rank (n,n+1,n+1). Let I be N X N unit matrix, then the characteristic
equation of Q is det(Q — xI) = 0 we obtain by expanding it
N =g (DR TR+ (= D)Ngy =0,

for this equation, deleting N — r zero roots, we obtain the equation

and Cl. = (I=ki+1ky+1,. . kn+1).

X —ax o (D - (1) a, = 0.

By the relation principal minors of matrix and coefficient of characteristic equation
and lemma 1 to 3 can get

(k— 1)1
[f (R)]*

ar = 'Mk7 (1<k<r),

consequently
k!?
el = [F (R
By Vieta’s theorem and Theorem 1 we yields

'Mk+1, (nggr—l) (15)

k0!2 m O(,'
IF (R) %o+ 'Mku+1 H k,+1 MkHrl
EALY vy -

C/r60+1 (16)

Ck,+1

substituting (15) into (16) we can obtain (14). The necessary and sufficient condition
of the equality is not difficult to see. Theorem 2 is proved.
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COROLLARY 3. Under the same condition of Theorem 2, if o; = %, (1<ig<m),
and Y k; = mk, then
=1
o = o(k) - [ M (17)
i=1

where equality holds if and only if r nonzero eigenvalues of matrix Q are the same,

where o . ,
m N
q)(k) = (C/;r!z ) ’ (H C];;l+1)

i=1

In (17), when m is even number, from the paper [6] we know that m; (1 <i < N)
may be arbitrary real numbers in matrix Q = (\/mm;q;j)nxn -

COROLLARY 4. Under the hypotheses in Theorem 2 and Corollary 2, we have

ML 112 \k+l , OhHL 1+
”1>( ) (, ) . (0<k<i<r—1). (18)

=
Mﬁrll C£+ 1 k12

where equality holds iff all nonzero eigenvalues of matrix Q are equal.

Suppose that in (18) A = {A|,A,,...,Ay} (N > n) is a finite point set on a
sphere in the n-dimensional Euclidean space E". For k = 0, [ = 1, taking into

a;j . . . .
account R; = —, we can obtain immediately (1). Therefore, (18) is an extension of

(1) in the n-dimensional space of constant curvature.
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