athematical
nequalities
& Papplications

Volume 6, Number I (2003), 163-175

ON WEIGHTED WEAK TYPE MAXIMAL
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Abstract. Let @ be a Young function and (u, v) a pair of weights on a probability space. We
consider the inequality

AGS(EF)OO)Q(A)E uw: {Mf >x}} gE{@(c[fod)v}

for martingales f = (fu),cz, » where Mf = sup,cz_ |fn| and foo = lim, [y as. We give
some necessary and sufficient conditions for this inequality to hold, and extend Uchiyama’s
result.

1. Introduction

Let u and v be (strictly) positive integrable random variables (r.v.’s) on a prob-
ability space (Q, A, P). Such r.v.’s will be called weights. Let 1 < p < oo and let
F = (Fu)nez, be afiltration, that is, an increasing sequence of sub- o -algebras of A.
In [5] Uchiyama proved that the inequality

sup APE[u:{Mf > A}] < Cpuy E[|fol” V]
A€(0,00)
holds for all uniformly integrable (P, F)-martingales f = (f,)necz, if and only if there
is a constant K > 0 such that almost surely (a.s.)

sup E[v"/0=V| £ )7 Elu| F] <K, (Ap)
n€Zy
where Mf = sup,, |[ful|, foo = lim,f, as.,and E[u: A] = E[ul,].
Let @ be an N -function. In this paper, we give some necessary and sufficient
conditions for the inequality

Sup @GIE[uws (MF > 4] < B[@(Clfxl) ] (Wo)
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164 MASATO KIKUCHI

to hold, where f = (f,) is a uniformly integrable (P, F)-martingale and C > 0 is a
constant independent of f = (f,). We show that (W ) holds for all f = (f,,) if and
only if there is a constant C’ > 0 such that a.s.

M%WW’(%) el

where ¥ is the complementary N -function of @.
Under the assumption that ® satisfies the A, - and V; -conditions, we also show
that condition (1) holds if and only if there is a constant K > 0 such that a.s.

ol @l
nez,

where @ is the right-derivative of ® and ¢! is the right-continuous inverse function

of @. Note that if ®(r) = ” (1 < p < 00), then condition (Ae ) (or (1)) coincides
with (A, ). We also study some norm inequalities in weighted Orlicz spaces.

2. Preliminaries

We shall work with a complete probability space (Q, A, P) with a filtration
F = (Fu)nez, . We denote by M the collection of all uniformly integrable (P, F)-
martingales, and by 7 the collection of all F -stoppingtimes. For f = (f,)nez, € M,
we let

Mf = sup |f,] and fo = lim f, as.
n€Z, n—0oo

If x is a nonnegative r.v. that is not integrable and if B is a sub- o -algebra of A,
then we define
E[x|B] = lim E[x An|B].

n—o0

If u is a weight, then P, denotes the measure defined by
P,(A) =E[u: A] =E[ul,] (A e A).

The integral [, xdP, of x € L(P,) is denoted by E,[x], thatis, E,[x] = E[xu].
Now let @ be a Young function with the right-derivative ¢ . In other words, let ¢
be a nonnegative, nondecreasing, and right-continuous function on R , and let

o (1) :/tho(s)ds (teR,).

As usual, we call @ an N -function if ¢ satisfies the following three conditions:
o ¢(0)= lim ¢(s) =0;
e 0<s<oo <= 0<o(s) <oo;
e lim ¢(s) =oco.

§— 00
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Note that every N -function is strictly increasing and has the inverse function.
The right-continuous inverse function of ¢ is given by

o~'(1) =sup{s e Ry : @(s) <1} (1€Ry).

It is clear that

The Young function given by

v = [ 0M9)ds (1eR.)

is called the complementary function of ®. Note that ¥ is an N -function if and only
if sois ®. It is well known that

st < D(s) +P(r) (s, r € RL). (3)

This is called the Young inequality (see e.g. [3, p. 12]). We also use the following
inequalities (see [3, p. 13] and [1]):

<O O (1) <2t (t € Ry); (4)
O(P(1) /1) (), ¥(@(1)/1)<@(r) (1€R). (5)

We say that @ satisfies the A, -condition and write @ € A, if there is a constant ¢ > 0
such that

D(2t) < cD(1) (teRy). (6)

It is well known that @ satisfies the A, -condition if and only if there is a constant
¢’ > 0 such that

p(2) <co(t)  (reRy)

(cf. [4, p. 211]). We say that @ satisfies the V; -condition and write ® € V, if ¥
satisfies the A, -condition, namely

V(2 <d¥() (teRy) ™)

for some constant d > 0.

3. Weak type inequalities

Throughout the rest of the paper, we assume that o(F) = o(|J, Fu) = A. Our
main result is as follows:
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THEOREM 1. Let (®, W) be a pair of complementary N -functions and (u, v) a
pair of weights. Then the following are equivalent:

(i) There is a constant C > 0, independent of f = (f,) € M, such that

i )¢(7L)IP’11(Mf > 1) <E,[®(Clf«|)].

(ii) Thereis a constant C > 0, independent of f = (f,) € M and n € Z.., such that
a.s.

O(|fu]) E[u| Fo] SE[@(Clfscl) v| Fa].

(iii) There is a constant C > 0, independent of f = (f,) € M and Tt € T, such that
a.s.

O(|f:|) E[u| F:] < E[@(Clf|) v| F£].

(iv) There is a constant C > 0, independent of A € (0, 00) and n € Z,., such that

s PRELs 1)

e e RS TES!

COROLLARY 1. Let (D, V) and (u, v) be as in Theorem 1. If ® € AyN\V3, then
the following are equivalent:

(i) Thereis a constant C > 0, independent of f = (f,) € M, such that

S )@(A)PM(Mf > 1) < CE,[@([fol)]-

(ii) There is a constant K > 0 such that a.s.

ot C L EA) REEA R
n€Zy

Here ¢ is the right-derivative of ® and ¢@~! is the right-continuous inverse
function of ¢@.

REMARK. We cannot replace (Ag ) by the condition that a.s.

sup (p(E[qu(l/v) ]}'n])E[u\}'n] <K

See Appendix.

Before proving these results, we note thatif x > 0 a.s. and if B is a sub- o -algebra
of A, then E[x|B] > 0 as. Indeed, since E[x : {E[x|B] = 0}] = 0, we see that
l{IE[x\B]:O} =0 a.s.

In order to prove Theorem 1, we need the following lemmas.



ON WEIGHTED WEAK TYPE MAXIMAL INEQUALITIES FOR MARTINGALE 167

LEMMA 1. Let B be a sub- 6 -algebra of A and C a positive constant. Then the

inequality
PA)E[u|B
E{‘I’(%)v’lg} < O(A)E[u|B] (8)
holds a.s. for all A € (0, o) if and only if the inequality
d(n)E[u|B
E{‘P(%)v’[ﬁ} < &(n)E[u|B] 9)

holds a.s. for all B -measurable rv.’s 1 such that 0 < 1 < oo a.s.

Proof. Suppose that (8) holds for all A € (0, co). Then it is easy to verify that
(9) holds for simple B-measurable r.v. 1 such that 0 < 1 < co. If 1 is any positive
bounded r.v., then there is a sequence {n,} of simple r.v.’s such that 7, | . Hence,
from Fatou’s lemma, we see that (9) holds for such 7. Finally, using the monotone
convergence theorem, we obtain (9) for any B -measurabler.v. 1 suchthat 0 < 1 < oo
a.s. This completes the proof, since the converse is trivial. [

LEMMA 2. Let B and C be as in Lemma 1. If (8) holds a.s. for all A € (0, o),
then
O (E[x|B])E[u|B] <E[®(C'x)v|B] (10)
a.s. for any nonnegative r.v. x, with C' = 2C.
Proof. To prove (10), we may assume that x € L, . In view of the dominated

convergence theorem, we may assume in addition that x > 0 a.s.
Let C' =2C and set

n_q)l(IE[CD(C’x)v‘B])'

E[u|B]
Then ®(n)E[u|B] = E[®(C'x)v|B] as. Using the Young inequality (3) and
inequality (9) (which is valid by Lemma 1), we find that a.s.
M\B /
E[x|B] = 200 M\B E[ -C'x-v B}
@(n)E[«|B]
<2 M\B { oo v|B|+E[®(C'x)v|B]
<
< M‘B {q> Elu|B] +E[®(C'x)v|B]}
=,

so that a.s.
O (E[x|B])E[u|B] < ®(n)E[u|B] =E[®(C'x)v|B].
This completes the proof. [

As the following lemma shows, the converse of Lemma 2 is true.
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LEMMA 3. Let B be a sub- o -algebra of A and C’ a positive constant. If (10)
holds a.s. for all nonnegative rv.’s x, then (8) holds a.s. for all A € (0, 00), with

c=2C".
Proof. Given A € (0, 00) and k € (0, c0), we let
_ D(A)E[u]| B] v n
=gy wmdoxs EW(E) 14

where A = {n < kv}. Then by (10),

2 B[ ¥ (g ) v1a | B] E[®(C'x)v|5]
CD(A)CE[M\B} = ®(Elx18]) < =575

On the other hand, by (5),
®(C'x) = @(%IV ‘P(%) 1A> < ‘P(%) In.
Combining (11) and (12), we find that
() ls] (L)oo

Clv < C'y
D(A)E[u|B] Elu|B]

This, together with (4), implies that
Aefr()onls] (L)
D(A)Efu|B] E[u|B]

ZE[\P(%)HA‘B]

<

E[«|B]
Since E[¥(gk)via|B] <¥(&)E[v|B] < o as.,
(B () B ew)
E[u|B] S

and hence by (5),

(12)
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From the definition of 71, we conclude that

(A) E[u|B]
E[\P(T Vi)

Letting k — oo, we obtain (8) with C =2C'. O

B] < O(A)E[u|B.

We are now in a position to prove Theorem 1.

Proof of Theorem 1. (ii) <> (iii). It is obvious that (iii)=-(ii). To prove the
converse, suppose that (ii) holds. Setting foo = A (A € R.) and then letting n — oo,
we see that

OPA)u < P(CA)v (A eRy).
Therefore, if T € 7, then

O(|f:|) E[u| Fr] = Zd) [fal) Elu| Fu] Lirmny + @(|focl) # Liz=oo)
n=0

ZE (Clfssl) v [ Fa] Lizmny + @(Clfsc|) ¥ Lir—ooy
n=0
=E[®(Clfwl) v| F: ],
as was to be shown.
(ii) < (iv). Lemma 2 yields that (iv) implies (ii), and Lemma 3 yields that (ii)
implies (iv).
(iii) = (i). Let A € (0, 00), and define
t=inf{n€Z; :|fu] >A} €T.

Here and elsewhere we follow the convention that inf@® = co. Then {7 < oo} =
{Mf > A} and |f¢| > A on {7 < oo} . If (iii) holds, then

OA)P,(Mf >A) < [ ( )u {’L’<oo}]
[( ) [u|F:]: {T<oo}]
gIE[ (Clfscl) v: {7 < o0}]
< B [0(Clxl) .

Thus (i) follows from (iii).
(i)=(ii). Suppose that (i) holds, and let f = (f,) € M. If A € F, and if
A € (0, 00), then
PA)E[L{yp, o0y ut Al = q’(ﬂ)Pu({an > A} m\)
< O A)Pu({EWOO\ | Fu] > A m\)
(AP, (sup]EUfoo| IA|Fu] > Z)
E,[®(Clfec|14) ]
E[®(Clfsl) v: Al

N
S

//\
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Therefore we have:
D) 1yyp, o0y Elu| Fu] SE[®(Clfoo]) v| Fu]  as.
This implies that

O(|fn]) Elu| Fo] = . S(;lp )‘1’(%) Lijpusay Blu| Fal
€(0, 00

SE[®(Clfl)v|F]  as.,
which proves (ii). O

We now turn to the proof of Corollary 1. Note first that if ® € A,, then (i) of
Theorem 1 and (i) of Corollary 1 are equivalent. Hence it suffices to prove the following
lemma.

LEMMA 4. Let B be a sub- o -algebra of A and suppose that ® € AyNV,. Then
(8) holds a.s. forall A € (0, o) if and only if

sup )5¢<E[¢1($)‘BDEW|B]<K (13)

e€(0, 00

a.s. for some constant K > 0.

Proof. Suppose that inequality (13) holds a.s. Then, by (2),

sl (D)[s) <o (gufar) (e

As in the proof of Lemma 1, we can show that the same inequality holds for any
nonnegative 3-measurable r.v. 1. Note that, since ® € V;,

W(1) < 1o~ (1) < W(2) <dW(0),

where d > 0 is the constant in (7). Hence, if 1 is nonnegative and 5 -measurable,

then
s[¥(})v|5] <2[ne (D) 5] <no” (gufa)

d Kn
<E‘P(uz[uus] Elu| 5]

< (ot ) Elul Bl
(

where C = (£V 1)K =dVK. Setting n = (CA)~'®(A) E[u| B] and using (5), we
see that

B (PR ) v 5| < (B ) Elul 5] < o) 5l )

forall A € (0, 00). Thus (8) holds a.s. with C=d V K.
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Suppose conversely that (8) holds a.s. forall A € (0, co). Then (9) holds a.s. for
B -measurable r.v.’s 1 such that 0 < 11 < co a.s. Given € € (0, c0), we let

Then, by (2) and the inequality 7¢(z) < ®(2¢), we have that
4C o2
— < Pl5) <P
eE[u|B] "’(2) n @

and hence that
2 _®n)E[u|B]

— = (14)
Ev Cvn
On the other hand, using (2), (6), and the inequality ®(7) < t¢@(¢), we find:

c? 1 _ 4C _ 4C
<?"’<5"’ l(sE[um))“’ 1<6E[u|m>
2Cc? 1 4C
< zourm * " (emurmn) 13)
Therefore, by (9), (14), and (15),

()] e (202

<SO(n)E[u|B]

2C¢32 4C
< o .
€ eE[u|B]

Since Lo~!(1) < W (2). we obtain that

ev

1 4C
oo (1) 8] <200 (5t
? \& “? \eE[[B]
Since @ € A,, there is a constant k > 0 such that ¢(4Cc*t) < ko(t) forall t € R, .
Therefore by (2),

o(elo(3)]5]) <20 (ceiirm)

1 [ 4c akC
<""’<§"’ (sIE[u|B}>><£IE[u|B]'

Thus (13) holds a.s. with K = 4kC. O
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4. Norm inequalities

In this section we study some weighted norm inequalities. Let ® be an N-
function. Given a weight u, we consider the Orlicz space L (u) consisting of r.v.’s x
such that E[ @ (A |x|)u] < oo forsome A € (0, co). Foreach « € (0, cc), we define
anormon Lq(u) by setting

x|, u, o = inf{A € (0, c0) : E[®(A " |x)u] < a} (x € Lo(u)).

Note that the norms || - ||o, 4, and || - ||e, .1 are equivalent. Indeed, using the elemen-
tary inequality ®(ar) < a®(r) (0 <a <1, r€ Ry), we see that

(@A D[ flow e <[+ lour < (V- llow e

For convenience, we follow the convention that ||x||e, ., = 00 unless x € Lo (u). Our
aim here is to prove:

THEOREM 2. Let (®, W) be a pair of complementary N -functions and (u, v) a
pair of weights. Then the following are equivalent:
(i) Thereisaconstant C > 0, independent of f = (f») € M and o € (0, 00), such
that
S(‘ép >/1||1{Mf>)t}H<I>,u,a < C”fOOHCD,v,Ot-

(ii) There is a constant C > 0, independent of x € Lo(v), n € Zy, and a € (0, 00),
such that
||E[x“7:”] ||q>,u,a < Clixllo,v, a-

(iii) There is a constant C > 0, independent of x € Lo(v), T € T, and o € (0, 0),
such that
[ELx | Fellg, o

(iv) There is a constant C > 0, independent of A € (0, o) and n € Z., such that

as. E{‘P(M>V‘fn] < D(A)E[u] F, ).

< Cllxflo, v, a-

CvA

Once we establish the following lemma, the proof of Theorem 2 is easy.

LEMMA 5. Let B be a sub- 6 -algebra of A and C a positive constant. Then the
following are equivalent:
(i) If x is a nonnegative r.v. in Lo(v), then

. s(up >A||1{]E[X\B]>A}||<I>,u,a < CHXHCD,V,(X forall o € (0, OO)
€(0, 00

(i) If x € Lo(v), then

|E[x| B < Cllxl|o, v, forall o € (0, o).

] HCD, u, o
(iii) If x is a nonnegative r.v., then

O(E[x|B])E[u|B] <E[®(Cx)v|B] a.s.
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Proof. (i)=(iii). Let x be a nonnegative r.v. and suppose that (i) holds. To
prove the inequality in (iii), we may assume that E[®(Cx)v] < oo. If we set
o =E[®(Cx)v], then

A
o

(DI(IE[M:{]E[)CB} >}
provided that E[u : {E[x| B] > A}] #0. Thus

) = Mg 81543 0,00 < Cllxllo,,0 < 1,

QA)E[u:{E[x|B] > A} <a=E[®(Cx)v]
forany A € (0, c0). Replacing x by x1, with A € B yields that
(D(A)I{IE[X|B]>/1} E[u|B] <]E[<I)(Cx)v]l’>’] a.s.

Taking the supremum over A € (0, c0), we conclude that the inequality in (iii) holds
a.s.
(iii) = (ii). Let x € Lo(v) and o € (0, c0). If we set 8 = ||x||o, v, o » then a.s.

Elx|B
@(%) Elu|B] <E[®(B7|x])v|B]
by the inequality in (iii).

Therefore

E[x|B
E{@(%) u} SE[®(B ') v] <@,
whence

|E[x| B[l o < CB = Clixlla,v,a-

(ii)= (i). Let x be a nonnegative r.v. in Lo(v). If (ii) holds, then for all A €
(07 OO)’
Mg 8123 o < [EL Bl 0 o < Clillonnas

which proves (i). O

Proof of Theorem 2. The equivalence of (ii) and (iii) follows from Theorem 1 and
Lemma 5. The equivalence of (ii) and (iv) follows from Lemmas 2, 3, and 5. It only
remains to prove the equivalence of (i) and (iii).

(iii) = (i). Let f = (f4) € M. Given 4 > 0, we define

t=inf{ne€Z, :|fa] >A} €T.
Since {Mf > A} = {1 < oo} € Fr and |f;] > A on {T < co}, we see that

Alraay < |fellfrecot SE[fool | Fr ]
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Hence, if (iii) holds, then
M|1{Mf>l}||®,u,ot < ”]EHfOO‘ |-7:T] ||<I>,u,a < C”fOOHCD,v,Ot

forall A € (0, oo) (with the convention that ||[foo||®, v, = 00 unless foo € Lo(v) ).

(i) = (iii). Let y be anonnegativer.v. in Lo(v) andlet T € 7. If y € L, (IP), then
we can consider the martingale f = (E[y | F,]) € M and apply (i) to conclude
that

nely

M sy Fepaplloe < Clyllova (A, @ € (0, 00)). (16)

This inequality remains valid for any nonnegative y € Lo(v) \ L (P). Indeed, setting
Y, =¥ Nk, we see that

Mgty | 723 oo < Cllyelloy e < Cllyllo,v, o

which implies (16). Thus (i) of Lemma 5 holds with B = F;. Therefore, for any
x € Lo(v),
IBLx | Fe]llg, 4, o < Clixllons.a

by Lemma 5. This completes the proof. [

Appendix

Recall condition (Ag ) in Corollary 1:

s co(B[o7' () |7] ) BluiAl <k (Ao)
n€Z

If @(t) = ¢P~1, then (Ag ) is equivalent to the condition that a.s.

sup ¢(E[<p—1(1/v)\fn])u§[u|fn}<K. (17)
n€Zy

In general, however, (Ag ) cannot be replaced by (17) as shown below.

According to Bonami and Lépingle [2, Section 3], forany p € (1, 00), there exists
a weight u (on a suitable probability space) satisfying the following conditions:

(i) u€ Lx(P);

() sup E[u=Ve=D| 5 ) Blu| F] € Loo(P);
nely
(i) sup E[u=Y@=D | 7,1 " Blu| F,] & Loo(P) forany g € (1, p).

n€Zy
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Let 1 < g <p < oo andlet ® be the N -function defined by
s=1if s €0, 1),
sP=1 i s € [1, 00).

®(1) = /0 tw(s) ds, where @(s) _{

Suppose that u satisfies (i) — (iii) above. Then

sup £(p<]E{(pl(£—lu) ’fn}>]E[u-7:n}

£€(0,00)
nel,
1\ /(g1 q-1
> sup s]E{(—) 1{£u>1}‘~7:n:| Elu|F,]
£€(0, 00) €u
nel,
— sup E[u 4"V | £,] " Blu| F,).
nel,

By (iii) the right-hand side does not belong to L. (PP). On the other hand, since
@' (1/u) < 1+u"Y?=1 we find that

sup ¢(E[¢ ™' (1/u) | 7] ) Elu| 7]

n€Zy

< Sup{l JrIE[u_l/(p_l) |-7:n] }p_IIE[u|.7:n]
nely

<27 sup {1+ E[u V0V | )77 L ELu] 7]

n€Zy

The right-hand side belongs to L., (P) by (i) and (ii). This shows that (17) does not
imply (Ag ) even in the case where v = u.
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