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ERGODIC THEOREMS FOR DYNAMIC RANDOM WALKS
NADINE GUILLOTIN-PLANTARD, DOMINIQUE SCHNEIDER

(communicated by G. Peskir)

Abstract. Given any measure-preserving dynamical system (Y,.7,u,T) and g € LP(u), we
1 ¢ . .
study convergence of the sequence ¢ — Z go TSk, n >1y where S; isadynamic Z" -valued
n
k=1
random walk generated by another dynamical system, namely an irrational rotation on the d -
dimensional torus. In this paper, Van der Corput’s inequality and number theory are used for
studying ergodic theorems and universally representative random sequences.

1. Introduction. Principal results

Let us consider a complete probability space (Q,.7,P) and a sequence {Si, k >
1} of random vectors defined on this space with valuesin Z", r > 1. Let (Y,.«/,u,T)
be a measurable dynamical system, where (Y,.<7, 1) is a probability space and 7T is an
action of Z" defined on Y such that Tu = u.

Let us introduce the notion of universally representative sequences.

DEFINITION 1.1. A sequence of random vectors S = {Si, k > 1} with values in
7", r > 1 defined on a probability space (Q,.%,P) is universally representative for
L7, p > 1 if there exists Q, C  of probability one such that for every € Q,:

For every dynamical system (Y,.o7,u,T) and g € L”(u) we have

1 n
,u{y : lim - Zg(TSk(“’>y) exists} =1.
k=1

n—-+oo n

For example, when r = 1, the sequence {p; + 6, k > 1} where p; is the
k-th prime number and {6, k > 1} a sequence of independent, identically distributed
random variables with a moment of strictly positive order, is universally representative
for L”, p > 1(see [22] for more explanations).

M. Lacey, K. Petersen, D. Rudolph and M. Wierdl (see Theorem 5 in [18]) also
proved:
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THEOREM 1.2. Let X = {X;, k > 1} be a sequence of independent, identically
distributed random variables such that EX; # 0 and E (X)? < co. Then the sequence

k
S=4> X, k>1
j=1

is universally representative for L7, p > 1.

In the case r > 2, they obtained the following result (see Theorem 7 in [18)) :
When g € L?(u), then

1 n
lim - o T exists U-a.e.

neN k=1

where 4 = {[2/1°¢7]] t € N*}.

There also exists a recent paper of D. Schneider (see [25]) that explains the be-
haviour of the previous averages for almost-everywhere convergence in terms of condi-
tions on the spectral measure of the operator 7.

Let us recall another definition.

DEFINITION 1.3. A sequence of random vectors S = {S, k > 1} with values in
Z", defined on a probability space (Q,.%,P) is universally 2 -representative in mean,
if there exists Q, C Q of probability one, such that for every @ € Q,:

For every dynamical system (Y,.«7,u,T) and g € L*(u) we have

. 1
lim -
n—+oo N

n
Zg o TS(®) exists in L2(u).
k=1

In this situation we have the following result (see [8]):

THEOREM 1.4. Let X = {X;, k > 1} be a sequence of independent, identically
distributed random vectors defined on (Q,.%,P), with values in 7. Let us assume
that there exists § > 0 such that E||X;||3, < co. Then the sequence of random vectors

k
S={>"Xj, k> 1} is universally 2-representative in mean.
=1

Let us now introduce the dynamic random walk on Z". Let X; = (Xi(l), - 7Xi(r)) s
i > 1, be a sequence of independent random vectors defined on a probability space
(Q,.#,P) with values in {—1,+1}" such that for every i > 1, the random variables
X,-m,l < j < r are independent. Let fy,...,f, be functions defined on T¢ with
values in [0, 1] and 7, the rotation on the d-dimensional torus T¢, associated with
the d-dimensional irrational vector @ = (oy,...,ay) (ie. 1,a,...,a are linearly
independent over Q), defined by x = (x1,...,x7) — (x; + oy mod 1,...,x5 +
oy mod 1). Forevery i > 1 and every 1 <j < r, the law of the random variable X,-m
is given by

P(XY) = 4+1) = fi(tx) where x € T¢ is fixed
1-P(xY =—-1).
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We write

So=0, Sy=> X;forn>1
i=1

for the Z" -random walk generated by the family (X;);en. It is worth remarking that
(Sn)nen is a non-homogeneous Markov chain. Besides mathematical interest, the walks
we consider here are of some relevance in the statistical mechanics of quasiperiodic
systems in the presence of external spatial disorder (see [13] and [15]) and are well
studied in [9], [10] in the case » = 1. For r > 1, the dynamic Z’ -random walks (with
a definition more general than the above one) are studied by the first author in [11],
in particular a local limit theorem is established. More applications of the dynamic
random walks can be found in the recent paper [12]. Our main results are summarised
in the following theorems.

THEOREM 1.5.  Let fi,...,f, be Riemann integrable functions defined on T¢
with values in [0, 1] such that for every j € {1,...,r}, [1afi(0)(1 = fi(2))dt > 0.
Then, for every x € T and for every irrational vector o, the dynamic random walk
(Sn)nen is universally 2-representative in mean.

REMARKS. 1. This result holds when T is a Z" -action of contractions.

2. The fact that the dynamic random walk (S, ),cn is universally 2-representative
in mean means that the set Q, in Definition 1.3 is the same for every dynamical system
(Y, «7,u,T). In fact, we have even more here: the set Q, is the same for any set of
functions f;, 1 < j < r satisfying the conditions of the above theorem.

In the case r = 1, with stronger hypotheses on the function f and using the
approximation of the irrational vector o by rationals, we show that the dynamic random
walk is not universally representative for L7, p > 1.

THEOREM 1.6. Let f : T! — [0, 1] be a function of bounded variation such
that [ f(t)dt = 3 and [, f(t)(1 — f(1))dt > O. Then, for every x € T' and for
every irrational o with continuous fraction expansion |ag;. .. ,an, .. .| such that the
inequality

ay < m1+€

is satisfied for any m large enough, with € > 0, the dynamic random walk (S,)nen
is not universally representative for LP,p > 1. For almost every w € Q, given any
ergodic aperiodic measure-preserving transformation T on (Y, </, 1), there exists a
function g € L'(Y, .o/, 1) such that the averages

1 n
A7g(y) = — > (T y)
k=1

diverge a.e. In fact, the sequence has strong sweeping out: given € > 0, we can choose
g to be the characteristic function of a set of measure less than €, yet to have

limsupAyg(y) =1 a.e and linn_l)ng,‘fg(y) =0ae

n—o0
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The above one-dimensional result can be generalised in d > 1 under some addi-
tional hypotheses on the mutual irrationality of the components of o = (o4, ..., ).
To formulate precisely these results, some definitions are needed. In order to facilitate
the exposition, these definitions are postponed until section 2.2. Here, we give the main
result, validin d > 1.

THEOREM 1.7. Let f : T' — [0, 1] be afunction of bounded variation in the sense
of Hardy and Krause such that [p,f (t)dt = § and [..f (t)(1 — f(¢))dt > 0. Then,
for every x € T and for every irrational vector @ = (o, . .., 04) of type N such that
1<n<1+ 41_1’ the dynamic random walk (S,)nen is not universally representative
for 7. p > 1.

REMARKS. The set of irrational numbers satisfying the hypotheses of Theorem
1.6 corresponds to irrational numbers badly approximated by rationals and is of full
measure. It can also be proved that almost every irrational vector is of type 1 (see [10]).

First in section 2 we study the speed of convergence of ergodic averages associated
with an irrational rotation on the torus in terms of arithmetic properties of rotation angle.
In section 3, a Functional Law of Iterated Logarithm for the dynamic random walk is
established and Theorems 1.6 and 1.7 are proved. In section 4, we prove Theorem 1.5
using the following theorem which will be proved in section 5.

THEOREM 1.8. Let Y, be a sequence of completely independent random variables
with a uniformly bounded positive moment. Then setting,

Zr(0, ) = exp [2in( 0, Yi(w)) ] — E exp [2in( 0, Y}) |
we have

E sup sup
ool n

1 n
—_ Z(0,0)| <
vnlogn ; « ) >
In order to prove Theorem 1.5, we will need Van der Corput’s inequality and the
spectral lemma that we recall here.

THEOREM 1.9 (Van der Corput’s Inequality). Let (ux)o<i<n be a finite sequence
of n points in a Hilbert space ¢ . If H is an integer between 0 and n-1, then we have

_ n—1
1 n+H n+H
it <—— 2 (H+1—nh h
P | s S e 2l S ) )
n—h—1
where A(n,h) = Re ( Z ( Uk, tg) ﬁf)
k=0

This inequality is easily proved by writing down

1 n—1 1 H
LS ()

k=—H

2

2
S

k=0

A

with the convention u; = 0 if £ < 0 or k > n and by using Cauchy-Schwarz’s
inequality. This Hilbert space version of Van der Corput’s lemma is due to Bergelson
(see [1]).
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SPECTRAL LEMMA. Let T be a contraction of a Hilbert space 7€ and p(x) be a
polynomial defined on D = [0,1[". Then for every [ in €, there exists a Borelian
positive measure which is bounded on D, denoted Uy such that

| p(D)F Pes< / | p(x) P ().

In the case where T is a measure-preserving transformation, we have an equality
in the spectral lemma. It easily follows from Bochner’s theorem using the fact that if
we define for every k € Z",

Ye = <ka vf > pa
then y is a non negative definite sequence. The extension to contractions can be
obtained by a simple inductive argument on the degree of the trigonometric polynomial
p.

2. Preliminary results

In this section we consider the dynamical system (T¢ %(T9), A, 1,) where A is
the Lebesgue measure on the torus T¢ and 7, is the irrational rotation over T¢ defined
in the first section. It is well known that under these conditions this dynamical system
is ergodic and for every f € L'(1), and almost every x € T¢,

71 n l - ~
M, =~ l;f(rax) /Tdf(t)dt 0.

n—oo

When f is of bounded variation, this result holds for every x € T¢ and it is possible to
determine the speed of convergence of the sequence M, to 0 in terms of arithmetic prop-
erties of the irrational vector oc. When d = 1, for all irrationals badly approximated
by rationals, Denjoy-Koksma’s inequality gives us a majorization of M, uniformly in
x for n large enough. But when d > 2, Denjoy-Koksma’s inequality does not hold
(see Yoccoz [29]) and the method of low discrepancy sequences has to be used.

2.1. Case of one-dimensional torus

Let o be an irrational. We call a rational % with p, g relatively prime such that
loe — %\ < qiz, a rational approximation of ¢««. When o has the continued fraction
expansion & = [&] +[ai, ..., ay, .. .], the n-th principal convergentof o is 2 where,
Vn > 2,

Pn = QnPn—1 + Pn—2
Gn = Anqn—1 + qn—2;
the recurrence is given by defining the values of pg,p; and qo, q; -

DENJOY-KOKSMA’S INEQUALITY. Let f : R — [0, 1] be a function with bounded
variation V(f) and ’5’ a rational approximation of o. Then, for every x € T,

q o
> r(dn) = [ s

=1

< V().
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(see [19] where the theorem is given in a more general case).

PROPOSITION 2.1. Let f be a function with bounded variation V(f). For every
irrational o, such that the inequality a, < m'*¢, with € > 0, is satisfied for all m
large enough,

sup foxfn | S @i O(log ™ n).

x€T!
Proof. The sequence of integers (g;);>1 being strictly increasing, for a given

n > 1, there exists m, > 0 such that

qmn n< 9my+1-

By Euclidean division, we have n = b,,,qp, + fm,—1 With 0 < ny,,—1 < gy, . We can
use the usual relations

g =1,q =a
dn = Andn—1 + qn—2, n 2 2. (1)

We obtain that (am,+1 + 1)gm, > gm,+1 > n and so by, < dp,11. If m, > 0, we
may Write ny,—1 = bm,—1qm,—1 + Am,—2 With 0 < n,y,—2 < Gm,—1. Again, we find
by,—1 < an,. Continuing in this manner, we arrive at a representation for n of the

form
Mmn
n= Z bigi
i=0

with 0 < b; < a;4; for 0 <i < my, and b, > 1. Using Denjoy-Koksma’s inequality,
we get

x)—n/Tlf(x)dx < V(f);bi

(f) Z Ait1-
i=0

By hypothesis, there exists my > 1 such that,
A < M7 Nm = my.

Let n be such that m,, > mg. Thus,

my—1

9 =n [ rw) < VI i + G 12,

We need to know the asymptotic behaviour of m,. When « is the golden ratio,
a, = 1, VYn > 1 and the relation (1) implies that g, ~ L\/_a"“ Let o be another
irrational; its partial quotients «/, satisfy necessarily a/, > 1. Using the relation (1),
we see that ¢/, > g,,Vn > 1. Therefore, my, = O (logn) and the proposition is proved.
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REMARK. Consider ¢ a homeomorphism of the torus T! and 7 the projection
from R onto T'. We choose ¢(0) such that mﬁ( ) = ¢(0) and we can gradually
define a continuous map ¢ : R — R such that 7§ = ¢z. The function ¢ is called
a lifting of ¢; and ¢ preserves the orientation of T' if its liftings are nondecreasing
functions. Then, (1(¢"(t)—1)),>1 converges uniformly to anumber o/(¢) when n goes
to infinity. The fractional part (@) does not depend on the lifting and is called the
rotation number of the homeomorphism ¢ . Let u be a ¢ -invariant probability measure.

Using the Denjoy-Koksma’s theorem (see [10]), we may generalise the work made in
this section to the case where the law of the random variable Xl(’ ), iz 1L 1<j<r,is
given by

P(XY = +1) = fij(¢'(x)) where x € T'
where ¢ is an orientation preserving homeomorphism with irrational rotation number
o, fj,1 <j<rand o being defined as in Theorem 1.6. The conclusions of Theorem

1.6 remain valid, that is, the newly defined dynamic random walk (S,),cn is not
universally representative for L7, p > 1 and has strong sweeping out.

2.2. Generalisation to d -dimensional torus

We recall some definitions and well known results from the method of low dis-
crepancy sequences in dimension d > 1.

Suppose we are given a function f(x) = f(x1), ... x(@) with d > 1 By a
partition P of [0,1]?, we mean a set of d finite sequences n()), ny ,...,nmj G =
1,...,d), with 0 = n()) < 175] <...< 17,(,]1]) =1forj=1,...,d. Inconnection with

such a partition, we define, for j = 1,...,d an operator A; by

Af (D x0T ) KD x<d)) :f(x(1>,... Xm0 ) G x(D)

ani+17 Yty

)

for 0 < i< m;.

DEFINITION 2.2.
1. For a function f on [0, 1]¢, we set

m;—1 mg— 1

supz Z A, 77“ 7"'anz§j))‘7

11—0 ld—O

where the supremum is extended over all partitions P of [0,1]¢. If V@ (f) is
finite, then f is said to be of bounded variation on [0, 1] in the sense of Vitali.

2. Forl1<p<dand1<i <ip<...<i,<d,wedenoteby V(I’>(f;i1,...,i,,)
the p -dimensional variation in the sense of Vitali of the restriction of f to

E{ ; ={(n,...,1a) €[0,1]%1 = 1 whenever j is none of the i,, 1 < r < p}.
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If all the variations V<P)(f 1 TR ip) are finite, the function f is said to be of
bounded variation on [0, 1]¢ in the sense of Hardy and Krause.

Let xi,...,x, be a finite sequence of points in [0, 1]¢ with x; = (x;,,...,x;,) for
1 <1 < n. We introduce the function

A(tl,...,td;n)

Ru(tyy ... tg) = ——1""12—2 .t
(0 a) - Lot
for (t1,...,t7) € [0,1]¢, where A(t, ..., t5;n) denotes the number of elements x;, 1 <
I < n, forwhich x; <t; for 1 <i<d.

DEFINITION 2.3. The discrepancy D} of the sequence xi,...,x, in [0,1]¢ is
defined to be

D; = sup |R.(t1, ... ta)|-
(1‘1 ,,,,, td>€[0,l]d

For a real number 7, let ||7]| denote its distance to the nearest integer, namely,
l#]l = inf |t —n|
n€z

inf({r},1 — {})

where {t} is the fractional part of ¢.

DEFINITION 2.4. For a real number 1, a d-tuple oo = (@, ..., o) of irrationals
is said to be of fype n if n is the infimum of all numbers o for which there exists a
positive constant ¢ = ¢(0; ay, . . ., 0) such that

ro(WICh, o) || = ¢

d
holds for all & # 0 in Z¢, where r(h) = []max(1,|h]) and (-,-) denotes the
i=1

standard inner product in R¢.

REMARK. The type 1 of « is also equal to

sup{y : inf r"(n)||(h, ) [| = O}.
he(zdy*

We always have 11 > 1 (see [20]). We now give a result (see [17]) which gives us
the asymptotic behaviour of the discrepancy of the sequence w = (x; + loy, ..., xq +
log),1 = 1,2, ... in function of the mutual irrationality of the components of .

PROPOSITION 2.5. Let o0 = (o, ..., 0q) be an irrational vector. Suppose there
exists N > 1 and ¢ > 0 such that

r()|[(hy e} || = ¢
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forall h # 0 in Z. Then, for every x € [0,1], the discrepancy of the sequence

w= (x1 +loy,...,xqg + log),l = 1,2,... satisfies D:(w) = O(n="log™™ n) for
1

n=1 and D (w) = O(n @=0410 logn) for n > 1.

The proof is based on the Erd 6s-Turan-Koksma’s theorem: For h € Z¢, define
p(h) = [max. |h;|, and let x1,...,x, be a finite sequence of points in R?. Then, for

X

any positive integer m, we have

1
Dy<Cy| —+
m

n

1 n
it E 2T hxy)
n

=1

where C; only depends on the dimension d. This theorem combined with the results
of [17] (p. 131) gives us the result.

s
o<piem ")

THEOREM 2.6 (Hlawka, Zaremba). Let f be of bounded variation on [0, 1]¢ in
the sense of Hardy and Krause, and let @ be a finite sequence of points xi,...,x, in
[0,1]. Then, we have

n d
’%Zﬂxl) - [roa <3S VD@, )
=1

p=1 1<ii<ir<...<ip<d

where Dj;(w;,..i,) is the discrepancy in ES
d

11,..1',; *

of the sequence i, ., obtained by

ip

projecting  onto E

PROPOSITION 2.7. Let f be a function with bounded variation in the sense of
Hardy and Krause and o an irrational vector of type 1, then

- d+1 . o
> (@) *"/ £ ()t —{ O(log"" ' n) ifn = 1
=1 Td

sup
x€Td

ﬁ(nlf«'l*ll)d“) logn) ifn > 1.

Proof. Let 1/ besuchthat n < n' <1+ 5 . Then there exists ¢ > 0 such that

AR (hyo) || = e

holds for all  # 0 in Z¢. If we are given a p-tuple o, = (ct,,..., ), 1 <p < d,
of a, then )

rm(W[{h, o) || = ¢
holds forall 2 # 0 in ZP,1 < p < d. Thus, every p-tuple, 1 < p < d,is of type O
suchthat 1 < 6 < 7nand (04, ..., oc,-p) is an irrational vector. Forevery p,1 < p < d,
we define Wiy i, by the projection of w on Eﬁmip . By Proposition 2.5, we have for
every p,1 <p <d,

1

nD;(wi,..;,) = O(log’ ' n)if§ =1
”DZ(WUUJ,,) = ﬁ(n1 @=vpi1) logn) if 1 < & < 1.
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Now, Vp=1,...,d,

1 1

0<1— <1-— <1
G-Dp+1 m—1)d+1

Therefore, using Hlawka-Zaremba’s theorem, we obtain the proposition.

3. Proof of Theorems 1.6 and 1.7

In order to prove that a standard random walk (S,),en (sum of i.i.d. random
variables with Bernoulli distribution) is not universally representative for L”,p > 1,
Lacey and al. [18] used the Strassen’s Functional Law of the Iterated Logarithm [27]
implying that the walk is constant for long stretches with some fluctuations that they
are able to control by choosing a suitable function g. In our situation we could not use
the classical Strassen’s Functional Law of t ted Logarithm which only concerns sums of
identically distributed and independent variables satisfying suitable conditions. So we
will follow the ideas developped by Sziisz and Volkmann [28]. Their aim was to give a
proof of Strassen’s result without using functional tools but the probabilistic concepts
used by Kolmogorov [14] to establish the classical Law of the Iterated Logarithm. In
this way they extend the Strassen’s result to sums of random variables not necessarily
identically distributed and even weaken Kolmogorov’s hypotheses.

3.1. A Strassen’s Functional Law of the Iterated Logarithm for the dynamic
random walk

The dynamic Z -random walk (S,),en is defined as in section 1. We assume in this
section that f is a Riemann integrable function such that ¢ = [, 4f (¢)(1—f (¢))dt > 0.
Let us define for every i > 1, the random variables ¥; = X; — (2f (7/,x) — 1) and the

n

sum S, = Z Y;. Then we investigate the behaviour of the functions y,(#) obtained
i=1
by linear interpolation of the values

i S;
w | =) = Ta(i) where T,(i) = —m———=, i=1,...,n; y,(0) =0.
v (n) (i) where T,() 2ncloglogn ! m: ¥n(0)

The set X will denote the set of absolutely continuous functions F defined on [0, 1]
with F(0) = 0 whose derivative satisfies

1
/ F'(t)?dt < 1.
0

PROPOSITION 3.1.  For every x € T¢ and every irrational vector o, the set of
limit functions of the sequence Wz, W4, s, ... under uniform convergence is almost
certainly the set X.

The proof will be deduced from the following lemmas.
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log log Var(S),)
Var(S,)

LEMMA 3.1. Forany v with 0 <v < C,. , one has

]E(evsn) < ezVar(Sn)(1+5n) n>1

where 6, — 0 as n — oo.

Proof. One has forevery i > 1,

vY, li 1
E (e IZ(;Z' ¥)=1+" Var +sz (Yh

Therefore,

We have

1 1
Vi = iformly i T?
ar(S . Z —f(zix)) 4o € uniformly inx €
(see [21] p. 156). This result and the fact that the random variables Y; are bounded by
2 imply that the sequence

n /1
. E (|v;|!
log log Var(S,) ,; (%)
Var(S,) | loglog Var(S,)

converges uniformly with respect to / with / > 3 to zero when n tends to +o0o. Thus
the lemma follows.

LEMMA 3.2 (Bernstein-Kolmogorov Inequality). Forany t < C3-loglog Var(S,,),

one has
P (.57,, > 2tVar(§n)> < e~ (1+o(1))

Proof. We have the classical inequality, for any v > 0,
o 1 &
P (Sn > —(t+1ogE (eVS”))) <e .
v

The lemma 3.1 with
2t

Var(S),)

gives us
2

logE (") < %Var(S’n)(l +0o(1)),
which proves the inequality.

The following inequality can be found in Kolmogorov [14].
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LEMMA 3.3. Forany t satisfying Cy <t < C3 - loglog Var(S,), one has

P(S, > 1/2tVar(S))) > e "1Foll),

By combining lemmas 3.2 and 3.3, we deduce

LEMMA 3.4. Forany B > 1 and € > 0 there exists an n, = n,(P, €) such that,
forall y satisfying Cy < |y| < \/Cs - loglog Var(S,), we have

2
e~ Tt < p (fn € (y\/Var(fn), By\/Var(fn))> N

Proof of Proposition 3.1. Let k be a sufficiently large natural number. We restrict
our attention to indices n divisible by k. Now we can split the sum S, into k sums of
% terms each,

€1:Y1+...+Y%, €2:Y%+1+...+Y2T4,...

Let #, € [0,1] and B > 1 be given. If we apply Lemma 3.4 with %, &, /% + o(1)
instead of n, S, \/Var(S,) and with y = #;v/2kloglogn, then

P (éz € (y\/ %ﬁw%)) > ¢kloglogn(1+0)7},

Using that the random variables &; are independent, we get

_ € 2
P (0B fori=1,....k) > (logn) R
2ncloglogn ’ B

Now we can choose

[+1 [
=F(— | —-F| - [=0,1,...,k—1.
i < k ) (k>a 0a7 ’

Let ¢’ > 0 be given and set I = fol F'(t)?dt . Then for k large enough, we get

k

th,sz

=1

< €.

If 1 < 1, the series

> (logg™) = g > 1,

m=1
diverges for sufficiently small e and the proofis finished by applying the Borel-Cantelli
Lemma and using the argument of [14]. If I = 1, we apply all this to a function F* €
whose corresponding integral I* < 1 and which is close to F' under the metric of
uniform convergence.
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3.2. Dynamic random walk is not universally representative

By Theorem 1.3 in Del Junco and Rosenblatt [2], it is enough to find for a.e. ®,

foreach € > 0 and N € N, a set E of measure less than € for which p(sup A7 1g >
n>N

1—¢€) >1—¢c. Given € > 0, choose g € N with % < € and fix n large. Take
o, B €]0,1[ such that B(¢g+ 1)7' < 1. Let By =0 andfor i =0,...,g— 1, let
B: = (g + 1)'B. We define a continuous function F on [0, 1] by F(0) =0 and

F:(l+1)a on [Bi*l+ﬁ(q+1)i_l7ﬁi] fori:()?"'aq* 1a

linearly in between and constant elsewhere. We choose « small enough so that
fol F'(t)2dt < 1. Under the hypotheses of Theorem 1.6 (resp. Theorem 1.7), by
Proposition 2.1 (resp. Proposition 2.7), if w, = y/2ncloglogn, for any € > 0 given,
for n large enough, we have

k

> f(gx) - 1)

i=1

Wﬂ

<e€ for k=1,...,n.

Then, by Proposition 3.1, for a.e. @ and n large enough,

M—F<k>‘<afor k=1,...,n.

Wy, n

We fix such n,w. By standards methods for transferring counterexamples by use
of Rokhlin towers, we may work with the translation action of Z on itself and find
g:7Z — {0,1} taking value 1 on an infrequently visited set but giving large values of
the averages for most initial points. Foreach i = 1,...,q, let I = [(i — 1) aw,, iotw,|.
Let us define the function g by g(x) = 1 if x(mod gow,) € I, UL, UI,, 0 otherwise.
If g is transferred by means of the Rokhlin lemma to any aperiodic transformation of
Z,wehave u(g=1) < % < €. For each x € Z, we can choose i € {1,...,g} such
that x(mod gow,,) € I,—;;1. Then,

1
Ay 8(x) > B > g+ Si(w))
Ly <k

= nﬁt—l Z 8 <x + wpF (%) + 51<Wn> where &; €] — a, o[-

nPi > <k<nPi—

q—1 .
> X+ iaw, + Sw,
qni—y 27 g( )
nBi o +nf(g+1) "2 <k<nfi—,
_ B i—2
2 q 1 .nﬁzfl n6172 nﬁ(q+1) 2 17§ S1—¢
q nfi q

since (x + iowy, + &w,)(mod gow,) € [Sw,(mod gow,), (o + & )w,(mod gaw,)[C
L UL UI, (since & €] — a, af).
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4. Proof of Theorem 1.5

In this section we prove Theorem 1.5 assuming that Theorem 1.8 is satisfied and
using Van der Corput’s inequality. The proof of Theorem 1.8 will be given in the next
section. Van der Corput’s inequality permits us to determine sufficient conditions for a
sequence of points in a Hilbert space to go to 0 in the Cesaro sense for the Hilbertian
norm. Given a finite family of n points (ux)1<k<» in a Hilbert space .7, a sufficient
condition to get

1 n
lim |- w| =0,
n—oo || n P ”
is:
1 . .
(a) vi>0, |- (Uiers, ux) 2| < Yipand lim Y, =y exists
n n—o00
k=1
and
=
(®) Jim 7 2 1 =0

For all [ > 1, we denote Si = Xpy1 + ...+ Xy, Vk > 1 and we define q),fl)(G), 0 c
[0, 1[" the characteristic function of the random variable St ,

. !
9. (6) = E (%)

The random vectors X; are independent with independent directions and the law of X,-m

is known, so

r

1
Y(0) = [] [J(cos(2n6;) + i(2f:(75x) — 1) sin(2m6)), 6 € [0, 1[". ()

=1 j=1

The Z"-action T can be rewritten as a composition of r commuting automorphisms
Ty,...,T, of the space Y i.e.

T=Tyo...oT,.

We denote by H the closed space of L*(u) spanned by the functions f such that for
every i = 1,...,r, T;f = £f . Then, the Hilbert space L?(u) can be decomposed as
a direct sum of the space H and the orthogonal complement H- of the space H .

LEMMA 4.1. Let g € H- and let Ug be the spectral measure of T at the point g.
Then g (0) = 0 for every 6 € {0,3}".

Proof. Let 6 = (6y,...,6,) with 6; € {0,1} forevery i = 1,...,r. Letus
define the new Z’ -action
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where T; = exp(—27i0;)T;,i = 1,...,r. The Z" -action T is a contraction of L*(u).
Then, by Von Neumann’s theorem for the Z" -action 7 (see for instance [21] p. 24), the
average

ZT"

convergesin L*(u) to a function h € L*(u). Moreover, the function  is fixed for the
7" -action T: forevery i = 1,...,r, T;h = h thatis to say forevery i = 1,...,r,
T;h = £h so h € H. Using the spectral lemma, we now have

n

.1 .
(hg)au = lim — " exp(—27i(6,k) )(T'¢, ) 2

n—oo n’
ki,....kr=1

/ im LS explami(s - 0.4) us(d)
[

Il
£
—

()
~—

|

=

Let us come back to the proof of Theorem 1.5. Let g € H-. We use the spectral
lemma and get the equality

2
Zexp 2mi( 0,8 )| Ue(dD).

n

2
%ZgoTS"

n
k=1 2.u

_/[ow

In order to prove that this term goes to 0 as n — oo, we apply the Van der Corput’s in-
equality to the Hilbert space L*([0, 1[", i) and to the sequence uy = exp(27i{ 6, S) ),
k > 1. Let us begin by verifying the point (a). For every / > 1,

1 & 1 < ,
p )20, = S / x0T 0.50) ()

/W n Z exp(2mi( 0, S}) ) — 0, (0)) 1 (d0)

/ownzd)k O)¥4(d9).

+

By applying Theorem 1.8 to the independent random variables ¥, = S}, +m» the
first integral goes to 0 as n — oco. We have to estimate the second one. Using (2) and
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the fact that log(1 — x) < —x forevery x € [0, 1], we get

L5 40 LQm 40
=200 < > 100
k=1 k=1
n r 1
B %;HGXP %Z (1 — 4f:(t57%) (1 — fi(15x)) sin®(276;))
< max]Jexp 7”2(%9) S 4fi(d ) (1 fi(zh ) | = wi(6).
=1 j=1
We denote

yi= / vi(0) 11 (d6).
[o,1

Let us now verify that the condition (b) is satisfied so that we need to study the behaviour
as L — oo of the sequence

1 & 1 &
I ;YI =7 ;/O wi(0)ug (dO).

[0.1"

1
The sequence 7 Z y;(0) is bounded by 1 for every 6 € [0, 1[" and we have
=1

L L r
1 1 sin? 27r9 n n
221_1)%(6) < Z§me SN §:4fzf’”x (1 fi(2h7x)) — Icy)

( lcisin2(27r9,-))
X exp | ————F——

where ¢; = [1.,fi(1)(1 — fi(t))dt > 0. Under the hypotheses of Theorem 1.5, we have
forevery i € {1,...,r},

n

sup |~ 3 4f(#) (1~ fi(T) — | — 0

xeTd n j=1

L
1
(see [21] p. 156). Then, 7 Z Y1 goesto 0 as L — oo, the spectral measure U, having
=1
no mass point at the points (6y,...,6,), with 6; € {0, %} from the previous lemma so
that the condition (b) is verified.
We now have to treat the functions belonging to the space H. As these functions
are limits of finite linear combinations of the functions spanning the space H, it is
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enough to treat the latter ones. If g is a function such that for every i = 1,...,r,
T;g = *g, then the sampled ergodic average of g is given by

1< sy
- Z(*l)"e g
k=1

where I = {i € {l,...,r};T;,g = —g}. Itis easy to see from the definition of the
dynamic random walk that when card(I) is even, this average is g. Otherwise, it is
either 0 when n is even or —£ for n odd, so that its norm in L*(u) converges to 0 as
n— oo.

5. Proof of Theorem 1.8

Since we assumed that for some positive ¢, we have E (|¥,|¢) < ¢ < oo, there
exists § > 0 so that for almost every @, the absolute value of the derivative of

> 76, 0)

k<n

with respect to 0 is less than n? if n is large enough. It follows that for each n, for a
suitably large ¢ > 0, the sup over all 6 can be replaced by a sup over the set

0,={kn"%k=1,...,n°}.
By Borel-Cantelli lemma, we need to show that for a large enough constant K,
P | sup (logn/n)"? ZZk(Q, )| > Klogn | <cn™2.
0€06, n

But then we just need to show that for every positive ¢, there is a K so that for each

P (logn/n)l/2 ZZk(B,w) > Klogn | <cn™°.

k<n

Denoting by Ry the real part of Z;, we only show
P (logn/n)l/2 ZRk > Klogn | <cen™°,
k<n
for large enough K, the remaining cases (imaginary part, < —K logn ) being entirely

similar. Because of the estimate

P (logn/n)l/z ZRk > Klogn | < E exp (lOgn/n)1/2 ZRk e~ Klogn,

k<n k<n
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we only need to prove that

E exp (logn/n)l/ZZRk < ecloen,

k<n

Denote s = (logn/ n)l/ *. Since the random variables Ry are uniformly bounded by 2,
have zero mean and EE (R?) < 2, using the power series expansion of the function exp,
we obtain the bound

E (ef) < e

But then since the R; are independent,

E exp (logn/n)1/2ZRk < s = ghlozn,

k<n

6. Open problems

e The assumption on the partial quotients of the angle ¢ in Theorem 1.6 is sufficient
to obtain the result. In fact, this hypothesis means that the dynamic random walk
we look at is not so far away from the standard Bernoulli random walk but we
don’t know if it is necessary.

e In [18], it is shown that in case of a random walk in Z, one can get almost
everywhere convergence in case of a transient random walk. We think that under
the hypotheses [ f dt # % butstill [f(1 —f) dt > 0, the almost everywhere
convergence should hold for the dynamic random walk.

e In [18], itis also shown that in case of a random walk in dimension strictly greater
than one, there is no almost everywhere convergence result. It should be the same
for the random walks considered in this paper. Technical difficulties appear due
to the temporal inhomogeneity of the dynamic random walk.

Acknowledgement. We would like to thank an anonymous referee for her/his

insightful comments.

REFERENCES

BERGELSON, V. Weakly mixing PET. Ergodic Theory Dynam. Systems (1987), Vol 7, No. 3, 337-349.
DEL JUNCO, A. and ROSENBLATT, J Counterexamples in ergodic theory and number theory. Math. Ann.
(1979) 245, 185-197.

DURAND, S. and SCHNEIDER, D. Théorémes ergodiques et processus m-dépendants. To appear in Ergodic
Theory and Dynamical Systems (2002).

FERNIQUE, X. Régularité de fonctions aléatoires gaussiennes stationnaires. Proba. Th. Rel. Fields (1991)
88, 521-536.

FERNIQUE, X. Un exemple illustrant I’emploi des méthodes gaussiennes. To appear in “Conférence en
I’honneur de J. P. Kahane” Paris (Juillet 1993).

FERNIQUE, X. Une majoration des fonctions aléatoires gaussiennes a valeurs vectorielles. C. R. Acad.
Sci. Paris (1985), 300, Série I, 315-318.



ERGODIC THEOREMS FOR DYNAMIC RANDOM WALKS 195

[7] FERNIQUE, X. Fonctions aléatoires a valeurs dans les espaces Lusiniens. Expositiones Mathematicae
(1990).

(8] GAMET, C. and SCHNEIDER, D. Théorémes ergodiques multidimensionnels et suites aléatoires uni-
versellement représentatives en moyenne. Annales de institut Henri Poincaré (1997), Vol 33, No. 2,
269-282.

[9] GuiLLOTIN, N. Asymptotics of a dynamic random walk in a random scenery. C. R. Acad. Sci. Paris
(1997), 324, Série 1, 231-234.

[10] GuILLOTIN, N. Asymptotics of a dynamic random walk in a random scenery 1. A law of large numbers.
Annales de Uinstitut Henri Poincaré (2000), Vol. 36, No. 2, 127-151.

[11] GUILLOTIN-PLANTARD, N. Dynamic 74 random walks in a random scenery: A strong law of large
numbers. Journal of Theoretical Probability (2001), Vol. 14, No. 1, 241-260.

[12] GUILLOTIN-PLANTARD, N. and SCHOTT, R. Distributed algorithms with dynamical random transitions.
Prépublication LaPCS (2001).

[13] HOF, A. Quasicrystals, Aperiodicity and Lattice Systems. Doctoral dissertation of Rijksuniversiteit.
Groningen (1992).

[14] KOLMOGOROV, A. Das Gesetz des iterierten Logarithmus. Math. Ann. (1929), 101, 126-135.

[15] Koukiou, F., PETRITIS, D. and ZAHRADNIK, M. Extension of the Pirogov-Sinai theory to a class of
quasiperiodic interactions. Commun. Math. Phys. (1988), 118, 365-383.

[16] KRENGEL, U. Ergodic Theorems. W. de Gruyter (1985).

[17] KUIPERS, L. and NIEDERREITER, H. Uniform distribution of sequences. Wiley and sons (1974).

[18] LACEY, M., PETERSEN, K., WIERDL, M. and RUDOLPH, D. Random ergodic theorems with universally
representative sequences. Annales de Uinstitut Henri Poincaré (1994), Vol 30, No. 3, 353-395.

[19] LEDRAPPIER, F. Systémes dynamiques. Presses de 1’école Polytechnique (1994).

[20] OsGooD FE., C. Diophantine approximation and its applications. Academic Press (1973).

[21] PETERSEN, K. Ergodic theory. Cambridge Studies in Advanced Mathematics. Cambridge University
Press, Cambridge (1983).

[22] SCHNEIDER, D. Convergence presque siire de moyennes ergodiques perturbées. C. R. Acad. Sci. Paris
(1994), 319, Série I, 1201-1206.

[23] SCHNEIDER, D. Convergence presque sfire de moyennes ergodiques perturbées. (1994) These
prépublication L.R.M.A.

[24] SCHNEIDER, D. Théoremes ergodiques perturbés. Israel Journal of Mathematics (1997), 101, 157-178.

[25] SCHNEIDER, D. Polynémes trigonométriques et marches aléatoires multidimensionnelles: application a
la théorie ergodique. Ann. Inst. H. Poincar Probab. Statist. (2000), Vol. 36, No. 5, 617-646.

[26] SCHNEIDER, D. and WEBER, M. Weighted averages of contractions along subsequences. Actes de la
conférence “on almost everywhere convergence in ergodic and probability theory”. W. de Gruyter and
Co., Berlin, New York, Columbus, Ohio State University USA (1996).

[27] STRASSEN, V. An invariance principle for the law of the iterated logarithm. Zeitung Wahrscheinlichkeit-
stheorie verw. Gebiete (1964), 3, 211-226.

[28] SzUsz, P. and VOLKMANN, B. On Strassen’s Law of the iterated Logarithm. Zeitung Wahrscheinlichkeit-
stheorie verw. Gebiete (1982), 61, 453-458.

[29] Yoccoz, J.-C. Sur la disparition de la propriété de Denjoy-Koksma en dimension 2. Astérique, 231,
(1995).

(Received June 28, 2001) Nadine Guillotin-Plantard

Université Claude Bernard — Lyon [
43, bd du 11 novembre 1918
F-69622 VILLEURBANNE CEDEX

e-mail: nadine.guillotin@univ-1lyonl. fr

Dominique Schneider

Université de Picardie Jules Verne
- LAM.FA. — UMR 6140

33, rue Saint Leu

F-80039 AMIENS CEDEX 01
Fax 03 22 82 75 02

e-mail: dominique.schneider@u-picardie.fr

Mathematical Inequalities & Applications



