athematical
nequalities
& Papplications
Volume 6, Number 2 (2003), 215-222

NORM BOUNDS ON THE SUM OF BLOCK DIAGONAL MATRICES
CHI-KWONG LI AND ROY MATHIAS

(communicated by G. P. H. Styan)

Abstract. We bound the norm of the sum of block diagonal matrices whose block structures may
not be compatible, and use the result to bound the norm of banded positive semidefinite matrices.
We consider the extension of the result to other norms.

1. Introduction
Let A,B € M,(F), where F = R or C. We have
A+ Bl <Al + 18], (1.1)

where || - || denotes the (7, ) operator norm. If A = A; © A, and B = B; & B, with
Ay,B; € M,(F) forsome 1 < p < n,then

|4+ B = max{[[A; + B[], [[A2 + B2} < max{[|Ay[| + [[B1]], [|A2]| + [|B2[[}- (1.2)

However, if A and B have incompatible block structures, can one improve the estimate
(1.1) by using the norms of the individual blocks of A and B? The purpose of this
note is to answer this question and to discuss applications. In fact, inequality (1.2) also
holds for other norms such as the numerical radius and Schur multiplier norms, and we
discuss results on these norms.

2. Main results

PROPOSITION 2.1.  Let A,B € M,(F) be of the form A = A @ --- @ A, and
B=Bi® - ®Bs, where A; € My, and B; € M,,;. Set Dy = ALy @ - B |A| L,
and D = ||By||L,, ® - - - @ ||Bs||Ln, . Then

|A+ B|| < ||Da + Dp|| = max{(Ds + Dp)ii :i =1,...,n}.
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Using the notation in Proposition 2.1, we say that A; and B; overlap if

j—1 i—1 j
L+ me <1+ ) me< Y m
k=1 k=1 k=1

or
i

1+ka 1+an ka
k=1 k=1

Imagining the blocks of A and B gives a better idea of what we mean by overlapping.
Proposition 2.1 simply says:

|A + B|| < max{||A;|| + ||Bj|| : A; and B; overlap}. (2.1)

The key to the proof is the observation [4, Lemma 3.5.12] that for any matrix X

I X
X<t « (X* ﬂ>>o, (2.2)

where the second inequality is in the positive semidefinite sense.

Proof. (of Proposition 2.1) Let A and B satisfy the hypotheses of the proposi-
tion. By (2.2), we have

DA A DB B

o< (PatDs (A+B)\ _ (IDa+Dg|l  (A+B)
(A+B)* Dy + Dy (A+B)*  ||Da+Ds|I

and hence

By (2.2) again, we have
D + Dgl| = ||A+ B,

as desired. [

This result can be extended to more that two matrices using exactly the same proof.
We have not presented the general result nor the general proof as the necessary notation
would obscure the simplicity of the proof. Despite its simplicity Proposition 2.1 yields
eigenvalue bounds that are not immediately obvious. The following corollary solves a
problem posed by Parlett in the American Mathematical Monthly [8].

COROLLARY 2.2. Suppose A is a positive semidefinite matrix with diagonal
entries d,, . ..,d,, such that the (i,j) entries are zero for all |i — j| > r for some
positive integer r. Then the eigenvalues lie in the interval [0, d] where

d=max{di+ - +di,:i=1,....,n—r}. (2.3)
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Proof. Let A = LL* be a Cholesky factorization of A. Since A is positive
semidefinite it is sufficient to show that ||A|| < d. Then

[A[] = [[LL*]} = [[L7L].

Let L* have columns vy,...,v,. Then

n
L'L = E vivy.
i=1

By the banded structure of A the vector v; has zero entries except possibly in the
positions j = max{1,i—r},j+1,...,i. Thus, v;v} is a block diagonal matrix, and its
norm is

[vill* = vivi = di.
For each matrix v;v, define D,,,+ as in Proposition 2.1. The jth diagonal entry of
Z?:l Dy,yx is di+ - - - +dnin{i+rn} - The extended version of Proposition 2.1 now yields
Al<d. O

A correlation matrix A necessarily has entries of modulus at most 1. By Gersh-
gorin’s Theorem (see [4, Theorem 6.1.1]), if S is a banded correlation matrix, with (i, f)
entry equal to zero for |i — j| > r, then all the eigenvalues of A lie in [0,2r — 1], and
hence ||A|| < 2r— 1. The specialization of Corollary 2.2 says thatin fact, |A]| < r+1.

COROLLARY 2.3.  Suppose A is a correlation matrix such that the (i,j) entries
are zero for all |i — j| > r for some positive integer r, then the eigenvalues lie in the
interval [0,r + 1].

The bound in Corollary 2.2 is tight, and hence so is that in Corollary 2.3: Given
any pair r, n with r < n, and any nonnegative numbers dj, ..., d, we can construct a
positive semidefinite matrix A with a; = 0 for |i—j| > r,diagonal entries di, . .. ,d,,
and largest eigenvalue equal to the quantity d in (2.3). Let i < n — r be such that
di+-- +diy, =d,andlet D = diag(d,’*, ... dy/*). The bound in Corollary 2.2 is
tight for the matrix

A= D(Iifl ©Jrt1 D Inf(rJri))Da

where J; is the k& X k matrix of ones. Note that the principal submatrix of A in rows
and columns i,i+ 1,...,i+r hasrank 1, and hence its trace, which is d; + - - - + d;,,
is an eigenvalue.

For a given banded matrix A € M,,(F), one may consider its LU factorization,
and use an argument like that in Corollary 2.2 to estimate the norm of A. However,
unless the matrix A admits an easy LU factorization, the procedure and the statement
of the result will not be as clean as that for positive semidefinite matrices.

3. Block matrix norms

In this section, we consider the extension of Proposition 2.1 to other types of norms
on M,(F). Note that the key to the proof of Proposition 2.1 was the characterization
(2.2) of the operator norm in terms of the positive semidefiniteness of a block matrix.
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There are other norms that can be characterized in this way and so one can prove
analogs of Proposition 2.1 for these norms. To simplify the notation we shall restrict
our attention to square matrices.

The numerical radius of A € M,, is defined by

o(A) = max{|x*"Ax| : x € F", x*x = 1}.

Ando [1] has shown that w(A) < ¢ if and only if there is a Hermitian matrix Z such

that
t+Zz A
>
( A* tI—Z>/O

in the positive semidefinite sense. The Hadamard operator norm of a matrix A is
defined by

|A[lr = max{[|A o B|| - [|B]| < 1}
where o denotes Hadamard or entrywise multiplication. Haagerup (unpublished)

showed! that ||A||gz < t if and only if there are matrices Hermitian P and Q with
pi=¢qi=0,i=1,...,n,such that

tl+ P A
= 0.

< A* H+Q>/0
One may also consider the norm of Hadamard multiplication with respect to the numer-
ical radius:

lAl|g,e = max{w(A o B) : w(B) < 1}.

Ando and Okubo [2] have shown that ||A||ge < ¢ if and only if there is a Hermitian
matrix P with p; =0, i=1,...,n, such that

H+pP A
(A* ﬂ+P)>0
See [6] for a unified approach to the proofs of both these representations and for
references to other proofs.

Let N(-) be a norm on matrices of any size. We say that N(-) is an . -norm if for
each positive integer n, there exists a real subspace ., C M,,(F) x M,,(F) of complex
Hermitian or real symmetric matrix pairs (depending on F = C or R) so that A € M,
satisfies N(A) < ¢ if and only if there exists (P, Q) € ., satisfying

(?EP ﬂﬁQ>>0
The norms we have mentioned are all .’ -norms. For the operator norm take
Zn ={(00,00)},
for the numerical radius take
S=102,-2):Z e H,},

! Actually, Haagerup, Ando and Okubo [2], and Mathias [6] stated their results in a slightly different
form, but it is easy to show that their results are indeed equivalent to the results that we assert in this paragraph.
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for || - ||n take
S ={P,Q):pi=qi=0, i=1,...,n}
and for | - [l take
S ={P,P):p;i=0, i=1,...,n}.
In each case the family {.7,}°°, has the following direct sum property:

(PI?QI)E%IN (P27Q2) 6‘%12 - (PIEBP27Q1€BQ2)€=%11+}12'

For simplicity, we say that the . -norm has the direct sum property if the above property
is satisfied. We have the following generalization of Proposition 2.1.

PROPOSITION 3.1.  Let N(-) be an .# -norm with the direct sum property. Suppose
A,B € M,(F) are of the form A = A & --- DA, and B = B; & --- & By, where
A; € My, and B; € My, . Let a; = N(4A;) and b; = N(B)). Set Dy = a\l,, ®- - -®a,l,,
and Dg = b(I,, @ --- @ bgl,,. Then

N(A + B) < N(Ds + Dg) = max{N(A;) + N(B;) : A; and B; overlap}.  (3.1)

Proof. Since N(-) is an . -norm, there are pairs (P;,Q;) € ./, and (R;,S;) €
%,j such that

awl+P A bI+R, B
1 i i > J J J > 0.
( At mﬁ+@>/0’mm ( B bﬂ+%)/0

Taking a direct sum and performing a block permutation we have

Dy + P A Dp +R B
> > .
( A* DA + Q) = 07 and ( B* DB + S) = 07 (3 2)

where
P=P & 0P, 0=010--D0,, R=R & - OR;, S=51D---DS,.

By the direct sum property (P,Q) and (R,S) are both in .%,, and since .7, is a
subspace, (P + R,Q + S) is alsoin ., . Adding (3.2) we have

(Da + Dp) + (P +R) (A+B) 50
(A+B)* (Da+Dp)+(Q+S5)) ~
Let
d = N(D4s + Dg) = max{N(A;) + N(B;) : A; and B; overlap}.
Then Dy + Dg < dI so

dl+(P+R)  (A+B)
( (A + B)* dI+(Q+S)> > 0.

We have seen that (P + R,Q + S) € ., so, since N(-) is an . -norm, we have the
desired bound N(A +B) <d. O
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4. Further results and questions

A class of norms on M, (F), which is used frequently, is the class of unitarily
invariant norms, i.e., those norms N(-) satisfying N(UAV) = N(A) forall A,B,U,V €
M, (F) such that U*U = V*V = I. This class of norms includes the Ky Fan k-norms
and the Schatten p-norms. The operator norm || - || is in the intersection of these
two classes of norms. See [3, Example 7.4.54] for further discussion and a simple
characterization of these norms. We shall, as far as possible, generalize Proposition
2.1 to unitarily invariant norms. To do this, we need the following lemma which is [4,
Theorem 3.5.15] (with p = 1).

LEMMA 4.1. Let N(-) be a unitarily invariant norm. If C,D;,D, € M,(F) are
such that
D C
> .
(2 €Y o

N?(C) < N(Dy)N(D).

then

PROPOSITION 4.2.  Let N(-) be a unitarily invariant norm on M,(F). Suppose
A,B € M,(F) areoftheform A = A1 ®- - -BA, and B= B\®- - -DBy, where A; € M,,;,
and Bj € My;. Set Dy = [|A1|[Ln, ® - - - @ ||A;||I;n, and Dg = ||Bi||I, @ - - - & || Bs ||, -
Then

Proof. Let C = A+B and D; = D, = D4+ Dg. The result follows from Lemma
4.1. O

Note that if N(-) is not the operator norm then N(D4 + Dp) is not necessarily
equal to max{|(Ds + Dp);i| : i = 1,...,n} as in Proposition 2.1. In fact, it follows
from [4, Theorem 3.5.18] that a unitarily invariant norm N(-) on M,(F) satisfies
N(D) = max{|D;| :i =1,...,n} for any diagonal matrix D if and only if N(-) is the
operator norm.

We presented Proposition 4.2 as a generalization of Proposition 2.1. If one wants
a stronger bound on N(A + B) one can use the fact that the matrix in (4.1) is positive
semidefinite if one takes D; = (CC*)'/? and D, = (C*C)'/? to show that (4.2) is still
true with Dy = (AA5)?2 @ --- @ (A,A5)"/? and Dy = (B1B})'> @ --- @ (B,BY)'/?.

A norm N(+) is a unitary similarity invariant norm (or a weakly unitarily invariant
norm) if N(U*AU) = N(A) forany A, U € M, (F) with U*U = I. Evidently, every
unitarily invariant norm is a unitary similarity invariant norm. The numerical radius is
an example of unitary similarity invariant norm, which is not unitarily invariant. One
may wonder whether (4.2) is valid for all unitary similarity invariant norms. It is not:

EXAMPLE 4.3. Define N(-) on M,(F) by
N(A) = max{|3x*"Ax — trA| : x € F*, x*x = 1}.

Then (4.2) fails for A = diag (1,0) and B = diag (0,—1) as NA+B) =3 > 1 =
N(DA +DB).
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It would be interesting to characterize the unitary similarity invariant norms that satisfy
(4.2).

Next, we consider norms N(-) on M,(F) induced by vector norms v on F”,i.e.,
N(A) = max{Vv(Ax) : x € F", v(x) < 1}.

The usual operator norm || - || is the norm induced by the I, norm on F". The column
sum norm on M, (F) defined by

= max Z A
1§}<n

is induced by the /; norm on F”, and the row sum norm defined by

= max Z |A;|
1<ign

isinduced by the /., normon F". One readily checks that the conclusion of Proposition
2.1 also holds for these two norms. It would be interesting to extend the result to norms
induced by the /, norms for p # 1,2, 00.

More generally, one may ask whether Proposition 2.1 can be extended to norms
N(-) on M,(F) induced by other norms v on F". It is known (e.g., see [7, Theorem
1]) that if N(-) is induced by an absolute norm v, i.e., v(x) = v(Px) for all diagonal
matrix P satisfying P*P = I, then

N(D) = max{|D;| : 1 <i< n},

for any diagonal matrix D. It is also known (e.g., see [7, Theorems 5 and 6]) that if
n > 2 and N(-) is induced by a norm v on F”" that is not a multiple of an /, norm,
then one can find matrices A; € M,, and B, € M,_,, for which

N(A; ® By) > max{N(A;),N(B2)}.
Taking A=A, ¢ 0,_,, and B =0, & B, we have
N(A+ B)=N(A®B) > max{N(A;),N(B2)} = N(Ds + Dp);

so an extension of Proposition 2.1 is impossible.
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tioning Corollary 2.2. We also thank Roger Horn for some useful correspondence.
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