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Abstract. Let f be an increasing and convex (concave) function on [0,1) and ¢ a positive

increasing concave function on [0, o) such that ¢(0) = 0 and the sequence {(])(i +1) < d)g;;)l) -

O(i+1)
)Z”_l < n>)} . is increasing.
n

1) }ieN decreases <the sequence {d)(z)( o0 _ 1)}ieN increases). Then the sequence

1. Introduction

Let f be astrictly increasing convex (or concave) functionin (0, 1], J.-Ch. Kuang
in [8] verified that

I <. /k
Z;f(ﬁ) n—l—lzf n+l /f (1)

In [15], the second author generalized the results in [8] and obtained the following
main result and some corollaries: Let f be a strictly increasing convex (or concave)

function in (0, 1], then the sequence 1 3" £ (+L;) is decreasing in 7 and k and

i=k+1
has a lower bound fo 1) dt, that is,

n+k | ik
_Zf(n—l—k) n+l Zf(n—i—k—l—l /f (2)

where k is a nonnegative integer, n a natural number.

With the help of these conclusions, we can deduce Alzer’s inequality (see [8]),
Minc-Sathre’s inequality (see [16]), and other inequalities involving the sum of powers of
positive numbers or the ratios of the arithmetic means of n numbers (see [18, 22]). These
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inequalities have been investigated by many mathematicians. For more information,
please refer to the references in this paper. Some results in another direction can be
found in [3] and the book online [4, pp. 20-26].

Considering the convexity of a given function or sequence and using the Hermite-
Hadamard inequality in [7, 11], the following results were obtained in [19].

THEOREM A. Let f be an increasing and convex (concave) function defined on
[0,1], {ai}ien an increasing positive sequence such that {i (a% -1}, oy decreases

(the sequence { ( el 1) }ieN increases) , then the sequence {% S f (:—”1) }nEN is
decreasing. That is

%;f(z_j,)>nj-l = an+1 /f ®)

THEOREM B. Let f be an increasing and convex (concave) positive function de-
finedon [0,1], and @ be an increasing convex positive function defined on [O 00) such

that 9(0) =0 and {() |25 1]}, decreases,then {ghy 30, (80}, i

decreasing. That is
CREE ) B

Taking particular sequences {a;};cn and special functions f and @ in Theorem A
and Theorem B, many new inequalities between ratios of mean values are obtained.
Further, Alzer’s inequality, Minc-Sathre’s inequality, and the like, may be recovered
under the current setting.

In this article, using a similar approach to that in [19], the following theorems are
obtained.

THEOREM 1. Let f be an increasing and convex (concave) function defined
n [0,1]. Then the sequences { - Z:’:lf(riz)}nel\f decreases and {1 Z:’;()lf(é)}new

increases, and

n—1

)22 ®)

i=0

THEOREM 2. Let f be an increasing and convex (concave ) function defined on
[0,1), the sequence {a;}icn be a positive increasing sequence such that the sequence
{i(“i+l - 1)} decreases (the sequence { (— - 1)} mcreases). Then the

ai Ai+1

sequence {n Z? llf( )}nEN is increasing, and

[rows 3@ 150@),

i=0
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where ayg = 0.

THEOREM 3. Let f be an increasing and convex (concave) function defined on
[0,1] and ¢ be a positive increasing concave function defined on [0,00) such that

#(0) = 0 and the sequence {¢(i + 1)(“’%;) — 1)}i€N decreases (the sequence

{¢(i)(¢?,-(+i)1> - 1) }ieN increases). Then the sequence {ﬁ S (%) }nEN is
increasing, that is,

mgf(mﬁ@l)) > 5 Zf (565): @

2. Proofs of theorems

Proof of Theorem 1. The first inequality in (5) is equivalent to inequality (1). Now
we will prove the last inequality in (5).
The last inequality in (5) is equivalent to

S (5= (-

i=1

It is easy to see that

(i+1)*+m—1i)i _ i
(n+1)2 >n'

Since the function f is increasing, from (9) and (10), it follows that

f(i(i1)+(ni)i) gf( I ) (11)

n? n+1
T

If f is concave, then we have

(- e (S00).
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Combining of (11) with (13) yields
i i i i
S )
nf( ) + ( n f n ! n+1 (14)

This implies that the last line in (8) is valid.
If f is convex, then

Xl ) + o )

i—

1
n

=

- i i n—i+1 i—1
> . .
;f(n—kl n—&-l+ n+1 n+1)

n—1

7 (i+1)*+ (n—i)i
—§f( CESVE )
Combining (12) with (15) yields

nilgf(nil) :nzlf(o)—i_nn?;f(nil)

’Zl{n—:—lf(nj—l)Jrnn—f—J;lf(ii—&—ll)} (16)

i=1

>r(2)

WV

The proof is complete. [

Proof of Theorem 2. The right inequality in (6) can be rewritten as

n—1 ) n a;
(n+1)§f(2—;)<n§f( )

An+1
£0)+(n+ 1>§f(§) <ndof ()
=1 o i " (17)
lzl:[,f(ai—l) +(n— i)f(Z—:l)} < n;f(a:zl)
() - () <)
If the sequence {i(“ — 1)}, is decreasing, then
(i + Va1 + (n—ia; S (18)

(n+ Daps a,
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In fact, inequality (18) is equivalent to

i+ 1D)(Z 1) > (2 1),

a; an

Let x; = l(”;—tl — 1), then {x;};en decreases, therefore

(i+1)(@71) f(n+l)(@71)

a; an
i+ 1y (n+1Dx,
o i n
Xi Xn
= (X —x,) + (—.— —)
i n
> 0.

On the other hand, if the sequence {i (u% —-1) }i oy increases, then

i(";‘il - 1) <n(ajzl - 1). (19)

In fact, we have

i(“"‘l - 1) <(i— 1)(“"‘1 - 1) <n( n 1).
a; a; An+1

The inequality (19) can be rewritten as

i(l,;l + (l’l — i)(l,‘ < a;

< .
nay Ap+1

(20)

Since the function f is increasing, it follows from inequalities (18) and (20) that

(i+ Va1 + (n—i)a; a;
/ < (n+ Va1 ) >f(a_n) @y
and
iai—1+ (n—i)a; a;
G R Card 22)
respectively.

If f is a positive increasing convex function and the sequence {i(“t — 1)},



234 CHAO-PING CHEN, FENG QI, PIETRO CERONE AND SEVER S. DRAGOMIR

decreases, then from (17) and (21),

nj—l;f( - )_nj—lf(o)+nj—1§f( - )

An+1 An+1

i a; n—i+1 a,-_l)}
[n—i—lf(anﬂ)Jr n+1 f(a,,H

i

a; + n—l—l—l)ai_l)

\% [
I[M]=

(1 I 1

f

(23)

an+1

> (¢
f( a,+1+n—z)a>

)an 1
> 1 (3)

»—D

3 ~

=0

where we define ag = 0.
If f is a positive increasing concave function and the sequence {i (a('l+i1
increases, then from (17) and (22),

S+ () ()]

- (24)

n

Syttt

The proof is complete. [

D }ien

N
/N
S
t.%
N—

Proof of Theorem 3. Firstly, suppose that the function f is an increasing convex
function and the sequence {q)(i +1) ( ¢g(+)1) — 1) } is decreasing. Then

, oli+1) . ont1)
o+ 1) (i —1) o0 (Fg 1) @)
which is equivalent to
P*(i+ 1) +[o(n+1) -9+ D]oG) _ 9()
Pt D) > o) 26)
Therefore
P*(i+1)+[p(n+1) — oG+ 1)]o() (i)
i Pt D) )2 (5m) @

since the function f is increasing.
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Further, by standard convexity arguments, it follows that

Z[ L ( (¢<i> SRS LU EEIN]

o o(n+1) o(n+1)
> Zf (q’z“ )(z)w(i— 1))
= Zf ("’2 ¢2 +1) - ; o(i + 1)14»(:')) (28)
n+
-5 (),

o+ 1) = 0li+ 1) +06), [ ol o) (o)
2 o +1) f(¢<n+1>)+¢<n+1>f<¢<n+1>> -
o(n) (00 9(n) 9(n)
NEICESY ;f<¢<n+1>>+¢<n+1>f<¢<n+1>>

(s0em).

Combining of (28) with (29) yields

i
> () > 5 (59)
and so inequality (7) holds.

Secondly, let f be an increasing concave function and the sequence {¢(i) ( o6 _
1)}, beincreasing. Then

o gy o (f ). o

which is equivalent to

and hence
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Thus from (32)
- (i) ~ . (92— + (o) — oG~ 1]9(0)
2f (¢<n+1>) > 2t ( 020 )
~[oG—1), (9= o) —oG—1) (90 S
> f + f ; (sincef ve),
Z{ o(n) ( o(n) ) 9(n) (¢<n>>}
~[o(—1), (9i—1Y  o(n+1)—9(), (¢3) , ,
>2 s (o) ()] tmoiscomae
(33)
Inequality (33) can be rewritten as

n

¢(n>Zf( 00 )

2\ 5o+ 1)

n

>3 o- 17 (M) o+ - oy (553)] o0

Therefore

¢<n1+1>i:f <¢<f(21>> - 5 2t (M)
> {ﬁ - m}f(o),

which implies the inequality (7).
The proof is complete. [

3. Corollaries

From these theorems, we can obtain many new inequalities related to Alzer’s
inequality and others or, similar inequalities to those in [19].
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If f(x) = x" for x € [0,1] and » > 0, then it follows from Theorem 1 that

COROLLARY 1. Let n € N, then, for all real number r > 0, we have

1. 1/r . 1/r
% Z?:ll i’ n % Z?:l i’
s ) Savi s o) o (37)
ntl 2ai=1 Py Doy

The right hand inequality in (37) is called Alzer’s inequality.
Taking f (x) = In(1 +x) and f (x) = In ;35 for x € [0, 1] in Theorem 2 produces

COROLLARY 2. If {a;}i>0 is a positive increasing sequence such that ap = 0 and

the sequence {i (a% — )}l N increases, then

a  Y@+a) YIS @
= = M
Ap+1 n+1 /H?:O(ai + an+1) n+l1 /H?:O a;

Similarly, if f (x) = In(1 4 x) for x € [0, 1], we have from Theorem 3

(38)

COROLLARY 3. Let ¢ be a positive increasing cancave function defined on [0, 00)

such that ¢(0) = 0 and the sequence {¢(i) (¢(¢i$>1) —-1) }ieN increases, then

oo YT o) — o)
[ DI oo /T o 1) — 9(0)

(39)

REMARK 1. Theorem A and Theorem 2 together give upper and lower bounds for

integral fol f (¢) dt. Further, Theorem B and Theorem 3 may be combined to give, with
the stated conditions holding,

i=0
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