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EULER-MACLAURIN FORMULAE
L1. DEDIC, M. MATIC AND J. PECARIC

(communicated by D. Hinton)

Abstract. A number of inequalities, for functions whose derivatives are either functions of
bounded variation or Lipschitzian functions or functions in L, -spaces, is proved by applying
the Euler-Maclaurin formulae. The results are applied to obtain some error estimates for the
Maclaurin quadrature rules.

1. Introduction

Some of the most elementary quadrature rules are the Simpson rule based on the
Simpson formula [3, p. 45]

/abf(t)dt - {f<a) 4 (;b) o (b)} B %ch@, Y

where a < & < b, and the Maclaurin rule based on the Maclaurin formula [ 10, p. 88|
b
b— Sa+b b 5b
[rima =55t (357) oo (57) o (567

7(b — a)’
Wf<4)(7’l)7 (1.2)

+

where a < 1 < b. Formulae (1.1) and (1.2) are valid for any function f with
continuous fourth derivative f* on [a, b]. In the recent paper [4] the following two
identities, named the extended Euler formulae, have been proved:

b
flx) = ﬁ/ f(0)dt + T,(x) + R)(x) (1.3)
and

b
fx)= ﬁ/ f(0)dt + T,y (x) + R (x), (1.4)
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where n > 1, To(x) =0 and

nw=> s () e - v@].
k=1 ’
while ( -
__b-a (X1 et
mw=-C=d [ (=) a0
and

g == [ (=) e (=) oo

Here, as in the rest of the paper, we write f[ 5 g(t)de(r) to denote the Riemann-Stieltjes

integral with respect to a function ¢ : [a,b] — R of bounded variation, and fab g(r)dt
for the Riemann integral. The identities (1.3) and (1.4) extend the well known formula
for the expansion of an arbitrary function in Bernoulli polynomials [11, p. 17]. They
hold for every function f : [a,h] — R such that f"~1 is a continuous function of
bounded variation on [a, b], for some n > 1, and for every x € [a,b]. The functions
By (1) are the Bernoulli polynomials, By = B(0) are the Bernoulli numbers, and B (%),
k > 0, are periodic functions of period 1, related to the Bernoulli polynomials as

Bi(t) =Bi(1), 0<t<1, and Bj(t+1)=B;(r), t€R.

The Bernoulli polynomials Bi(¢), k > 0 are uniquely determined by the following
identities
Bl/c(t) = kBk_l(l), k>1; Bo(l) =1 (16)
and
Bi(t+ 1) — Bi(t) = k"' k> 0. (1.7)

For some further details on the Bernoulli polynomials and the Bernoulli numbers see
for example [1] or [2]. We have

1 3 1
Bo(t) =1, Bit) =1 = 3, Ba(1t) = P —t+ -, B(t) =1 — Etz +36 (18
so that Bj(r) = 1 and Bj(z) is a discontinuous function with a jump of —1 at each
integer. From (1.7) it follows that Bi(1) = Bi(0) = By for k > 2, so that Bj(r) are
continuous functions for k > 2. Moreover, using (1.6) we get

BY(t) = kB}_,(1), k> 1 (1.9)

forevery r € R when k > 3, and forevery r € R\ Z when k = 1,2.

Recently, a number of results related to the Simpson formula (1.1) have been
obtained (see [5], [6-9] and [13]). The aim of this paper is to establish generalizations
of Maclaurin formula (1.2) and give various error estimates for the quadrature rules
based on such generalizations.
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In Section 2 we use the extended Euler formulae (1.3) and (1.4) to obtain two new
integral identities. We call these new identities the Euler-Maclaurin formulae, since
they generalize Maclaurin formula (1.2).

In Section 3 we prove a number of inequalities related to the Euler-Maclaurin
formulae, for functions whose derivatives are either functions of bounded variation or
Lipschitzian functions or functions from the L, -spaces.

Finally, in Section 4, we consider the repeated Euler-Maclaurin quadrature rule and
the repeated modified Euler-Maclaurin quadrature rule based on the Euler-Maclaurin
formulae. We give some error estimates for these quadrature rules applied to functions
of various classes.

2. Euler-Maclaurin formulae

For k > 1 define the functions Gi(¢) and Fi(z) as

1 1 5
Gi(t) = 3B; (g—t) + 2B} (E—l)+3BZ <€—t>,t€R

Fk(t) = Gk(t) — Ek, k>1

B, = Gk(O) = 3By (%) + 2By, (%) + 3By (%) k> 1.

Specially, we have By = B, = B; = 0. Obviously, Gi(t) and F(t) are periodic
functions of period 1 and continuous for k > 2. Thus, it is enough to know the
behavior of these functions on the interval [0, 1]. We shall investigate this behavior in
the next section.

Let f : [a,b] — R be such that f"~1) exists on [a,b] for some n > 1. We
introduce the following notation

D(a,b):b [3f<5a+b) 2f<a+b> 3f(a+5b>}

Further, we define Ty(a,b) = 0 and, for 1 < m < n,

Tula )= "2 [3Tm (—5“;b> + o1, (“;b) 437, (“*651’)] ,

where T,,(x) is given by (1.5). Itis easy to see that T (a, b) = T>(a,b) = T3(a,b) =0
and for m > 4

and

where

m

ﬂ1a b

B[ 0) -4 a)] (2.1)

In the next theorem we establish two formulae which play the key role in this paper.
We call them the Euler-Maclaurin formulae.
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THEOREM 1. Let f : [a,b] — R be such that f "= is a continuous function of
bounded variation on [a, D], for some n > 1. Then

b
| 0t = Dla.b) - T,(a.b) + Rifab), 22)
and .
[ 0= Dla.b) - T,osab) + Rea), 23)
where 0 )
< _(b—a)" t—a (n—1)
Riab) = O /W G, (ba> ar (o),
and (b )
~ N —a)" t—a (n—l)
Rn(a7b) - 81’1' /[(1,b] Fn (ba) df (t)
Proof. Put

_Sa+b a+b a+5b
Y76 T2 6
in formula (1.3) to get three new formulae. Then multiply these new formulae by
3(b—a) 2(b—a) 3(b—a)
g8 g8 8
respectively, and add. The result is formula (2.2). Formula (2.3) is obtained from (1.4)
by the same procedure. [

REMARK 1. Suppose that f : [a,b] — R is such that f (") exists and is integrable
on [a,b|, for some n > 1. In this case (2.2) holds with

n b
Ritar) =L 6, (220) o

while (2.3) holds with
= - (b — a)" b t—a (n)
Rn(aab) - 8n' /a Fn (ba)f (t)dt'

By direct calculation

-8, 0<r<1/6
_ ) 8 +3, 1/6<1t<1)2
Fl(t)—Gl(t)_ —8l+5, 1/2<l<5/6 ) (24)

—8r+8, 5/6<r<1

812, 0<r<1/6
8 —6t+1, 1/6<t<1/2
8 —10r+3, 1/2<1<5/6
82 —16t+8, 5/6 <t<1

F(t) = Ga(t) =
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and

—87, 0<1r<1/6
—8P +92 —3t+1/4, 1/6<1<1)/2
—8P + 152 -9t +7/4, 1/2<1<5/6
—8 +24:2 —24r+8, 5/6<t<1

Applying (2.2) with n = 1,2,3 we get the identities

/abf(t)dtD(a,b) _ bga/[a’b]Gl <;_2) df (1)
—a)? —a
- O [ e ()
—a)’ —a
_ (b48) /M@ (Za) af" (7).

The same identities are obtained from (2.3) with n = 1,2,3, since To(a,b) =
Ti(a,b) = Tr(a,b) = 0 and Fi(t) = Gi(t) for k = 1,2,3, while (2.3) with n = 4
yields the identity

/abf(t)dt ~ D(a,b) = (b1_9§)4 /M F (li_—D ar" (o).

3. Some inequalities related to Euler-Maclaurin formulae

F3(1) = Gs(1) = (2.6)

In this section we use the Euler-Maclaurin formulae established in Theorem 1 to
prove a number of inequalities for various classes of functions. First, we need some
properties of the functions Gi(7) and Fy(z) defined in the previous section. As we
noted earlier, it is enough to know the behavior of these functions on the interval [0, 1].

The Bernoulli polynomials are symmetric with respect to %, thatis [1,23.1.8]

Bi(1 —1) = (—1)*Bi(1), 0 <t <1, k> 1. (3.1)

()=l
1

Bi(1) = Bi(0) = By, k> 2, Bi(1) = ~Bi(0) = 5

Setting 7 = § in (3.1) we get

Also, we have

and
By_1=0,j=2.

- 1 1 5
Bor—1 = 3By—1 (€> + 2By <§> + 3B (8) =0 (3.2)

This implies
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for k > 1, and

o 1 1 5 1 5
By = 3By (6) + 2By (5) + 3By <g> = 2By <§) + 6By (6) .

Also, we have [1, 23.1]
1

! 1
B (5) = - (1 — 2172k) Boi, B <§) = ~3 (1 _ 3172k) Ba,

and | .
B2k <€) _ E (1 _ 2172/{) (1 _ 3172/6) B2k7

which gives the formula
By = (1 —2""%) (1 — 3272 By, (3.3)
for k > 1. Now, by (3.2) we have
Foi—1(t) = Go—1(2) (3.4)

and
F(t) = Gax(t) — Box, (3.5)
for k > 1. Further, the points 0 and 1 are the zeros of F,(z), thatis

Fo(0) = Fy(1) =0, n > 1.

As we shall see below, 0 and 1 are the only zeros of F,(¢) for n = 2k, k > 2, while
for n =2k — 1, k > 2 we have

1 1
Fop_1 <§> = Gy—1 (E) =0.

We shall see that O, % and 1 are the only zeros of Fy—1(t) = Gy—1(t), for k > 2.
Also, note that for n = 2k, kK > 1 we have

G (0) = Go (1) = By = (1 = 2'%) (1 = 327%) By
and . .
G <§> = 2By + 6By <§> =— (1 - 327216) B,
while | 1
Fa (5) = Gx (E) —By=—(2-2""%) (1 -3*%)By. (3.6)
LEMMA 1. For k > 2 we have
Gi(l —1) = (=1)*Gi(r), 0 <t < 1,

and
Fo(1—1) = (1) F (1), 0<r < 1.
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Proof. As we noted in Introduction, the functions Bj (¢) are periodic with period
1 and continuous for k > 2. Therefore, for k > 2 and 0 < ¢t < 1 we have

W(E_Q:{Bdér%osriU6

6 Bi(l—1), 1/6<

and, using (3.1),

Bi(2+1), 0<t<1/6
B,’j(%+t) — {Bk<61 ) /
(—3 t

+1), 1/6<r<1
B (=B (£ —1), 0<t<1/6
Sl (CDRB (2 ), 1/6<e <

Comparing the above equalities, we see that

1
B} (%H) = (—1)*B; <gt>,0<t<1.

By a similar observation we get

1 5

Bi(-+t)=(-1)'B;(=—1t),0<t< 1L
F(gre) = o (3-0)

Using these identities, we get

3B; 75+t +2B; 71+t + 3B; 71+t

“\ 6 “\ 2 “\ 6

(1 1 L[5

3Bk 6+[ +2’Bk §+[ +3Bk g+l

1 1 BAN]
(—1) {33,( (8 —z) + 2B; (5 —z) + 3B; (6 —I)}

= (=D'Gi(0),

which proves the first identity. Further, we have By = (—1)*By, since (3.2) holds, so
that

Gk(l 7t)

Fi(1—1) =Gy (1 —1) — By = (—1)* [Gi(1) — Bi] = (-1)*Fi (1) ,
which proves the second identity. [J

Note that the identities established in Lemma 1 are valid for k£ = 1, too, except at
the points 1/6, 1/2 and 5/6 of discontinuity of Fy(z) = G,(z).

LEMMA 2. For k > 2 the function Gy—1(t) has no zeros in the interval (O, %) .
The sign of this function is determined by

1
(=) 1Gy_1(t) >0,0 <t < 5
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Proof. For k=2, G3(t) is given by (2.6) and it is easy to see that
1
—G3(1)>0,0<t< X

Thus, our assertion is true for k = 2. Now, assume that k > 3. Then 2k — 1 > 5 and
Go—1(2) is continuous and twice differentiable function. Using (1.9) we get

Gy (1) = —(2k — 1)Gxy—2(1)

and
Gy (1) = (2k — 1)(2k — 2)G—3(1).

We know that 0 and % are the zeros of Gy—1(¢). Let us suppose that some o,
0 < a < 3, is also a zero of Gy—(r). Then inside each of the intervals (0, c¢) and
(e, %) the derivative G’y (t) must have at least one zero, say i, 0 < f; < a and
B>, o < P> < 1. Therefore, the second derivative G, _,(f) musthave at least one zero
inside the 1nterval (B1, B2) . Thus, from the assumption that G;—;(#) has a zero inside
the interval (0, 1), it follows that (2k — 1)(2k — 2)Ga—3(7) also has a zero inside this
interval. From this it follows that G3(7) would have a zero inside the interval (07 2)
which is not true. Thus, Gy—1(¢) can not have a zero inside the interval (07 ) . To
determine the sign of G (), note that

1 1
_ — | = —Bxy_1|=].
Gy 1(6) 2% 1<3)

We have [1,23.1.14]

(1) 1Gyy (é) = (—1)!By_, (%) > 0.

Consequently, we have

which implies

1
(=) 1'Gy—1(t) >0,0 <t < 5 0

COROLLARY 1.  For k > 2 the functions (—1)*Fy(t) and (—1)*Gx(t) are
strictly increasing on the mterval (O, 2) and strictly decreasing on the interval (%, 1) .
Further, for k > 2, we have

max |F = (2 =225 (1 — 32725} |By ],
max [Fa(1)] = ( ) ( ) B

and

G 1 — 32725 | Byl .
fggﬁ\ #(1)] = ( ) |Bx|
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Proof. Using (1.9) we get

(1 F()]" = [(=1)*Gu(r)]" = 2k(=1)* "G 1 (1)
and (—1)f"1Gy_1(r) > 0 for 0 < ¢ < J, by Lemma 2. Thus, (—1)*Fy() and
(—1)*Gy (1) are strictly increasing on the interval (0, ) . Also, by Lemma 1, we have
For(1—1) = Fy(1), 0 <t < 1and Gy (1—1) = Gxu(1), 0 <t < 1, whichimplies that
(=1)*Fy(r) and (—1)*Gy(t) are strictly decreasing on the interval (3,1) . Further,
F3(0) = Fy(1) = 0, which implies that |Fa()| achieves its maximum at 7 = 1, that

is
Fo (%)’ = (2-2""%) (1 =3*%) [Byl.
max |Gy (t)] = maxq |Gx (0)],|G !
max |G = % O], |G | 5
1
- o (3)

— (1 o 3272/{) ‘sz‘ ,

F p—
max |Fa()]

Also

which completes the proof. [J

COROLLARY 2. For k > 2, we have

1
/ ‘sz 1 ‘dl / |G2k 1 |dl z (2 — 21_2k) (1 _ 32—2k> |B2k‘ .

Also, we have

1
/ ‘sz( ‘dl |B2k| = (1 — 21_2k) (1 — 32_2k) By
0
and .
/ |G2k(l)‘ dt < 2 ‘sz‘ =2 (1 — 21_2k) (1 — 32_2k) sz.
0
Proof. Using (1.9) it is easy to see that
G, (1) = —mG,_(t), m > 3. (3.7)

Now, using Lemma 1, Lemma 2 and (3.7) we get

1

1 7
/ |G2k_1 (l)| dt = 2 / G (l)dl
0 0
— 2L e
- % 2k 0

o (3) -0

1
k
% (2 _ 2172/6) (1 _ 3272/{) |B2k‘ ,
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which proves the first assertion. By Corollary 1, Fp(¢) does not change its sign on the
interval (0, 1). Therefore, using (3.5) and (3.7), we get

1 1
/ ‘sz(l)‘dl /sz(l)dl =
0 0
b
2k +1

/1 [sz(l) — sz] dt

G2k+1(l)\(l) — By | =

which proves the second assertion. Finally, we use (3.5) again and the triangle inequality
to obtain

1 1 1
/ ‘sz(t)| dt = / ’sz(l) +E2k’ dt < / |F2k(t)
0 0 0

which proves the third assertion. [

THEOREM?2. Let f : [a,b] — R be such that f ") is an L-Lipschitzian function
on la,b| for some n > 1. Then

_ \n+l 1
f £)dt — D(a,b) + To_1(a,b)| < bg;‘f / \Fu(t)| dt - L (3.8)
. 0

and

_anJrl
S /\Gn Vdi-L. (3.9)

/f t)dt — D(a,b) + T,(a,b)| <

Proof. For any integrable function @ : [a,b] — R we have

/[ab] o(0)df " (1)

since f ("1 is L-Lipschitzian function. Applying (3.10) with ®(r) = F, (t*”) , we

get
(b—a)"/ r—a (_1>
F,| — ) df"™

Sl Sy o)

(b—a)"/b F, t—a

8n! P b—a

n+1

= 8n' / |F.(2)|dt - L.

Applying the above inequality, we get inequality (3.8) from identity (2.3). Similarly,

/|(I) ) dt- L, (3.10)

dt- L

we can apply inequality (3.10) with ®(¢) = G, (;;—‘; , and then use identity (2.2), to
obtain inequality (3.9). O
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COROLLARY 3. Let f : [a,b] — R be given function.
If f is L-Lipschitzian on [a, b], then

/bf(t)dt—D( b)| < é(b— )L
g GO S pgg” T
If f' is L-Lipschitzian on [a, D], then
_ < (p—
/a f(H)dt — D(a,b)| < 153 (b—a) L
If f" is L-Lipschitzian on [a,b], then
b 1 )
— < - —
/a F (i~ Dla,b)| < (b~ )L
If f"" is L-Lipschitzian on |a,b], then
_ < — . L.
/a f(t)dt — D(a,b)| < 51840(b a)’ - L

Proof. Using (2.4) and (2.5) we get

/ |F1 ‘dl / |F2 ‘dl —.

Therefore, applying (3.8) with n = 1,2, we get the first and the second inequality.
Using Corollary 2, we get

1 1
1 7
F5(t)|dt = — d Fi(t)| dt = —.
/O |F3()] T /O |Fa(2)] 770

Now, the third and the fourth inequalities follow from (3.8) with n = 3,4. O

REMARK 2. Let us note that for a function f which is L-Lipschitzian on [a, b]
the following inequality holds [6] (see also [9]):

[f( e ALY <a+b)] 5

< —(b—a)’L.

2 36

This inequality is related to the Simpson quadrature formula and gives the error estimate
for a function f which is L-Lipschitzian on [a, b]. We can compare this with the first
inequality in Corollary 3:

Sa+b b 5b 25
[rom=t5 o (552 o (59) oo (50)] <

—(b—a)’L.
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We see that, for this class of functions, we will have better error estimate for the
Maclaurin quadrature rule than for the Simpson rule.

REMARK 3. Suppose that f : [a,b] — R is such that £ exists and is bounded
n [a,b], for some n > 1 In this case we have for all ¢, s € [a, b]

=000 =0 (5)| < oo - I = o1,

which means that f "~ is |f )| -Lipschitzian function on [a,b]. Therefore, the
inequalities established in Theorem 2 hold with L = ||f "||,. Consequently, under
appropriate assumptions on f, the inequalities from Corollary 3 hold with L = ||f’|| s,

" llss UF ™ lloos I W lloc, respectively.

THEOREM 3. Let f : [a,b] — R be such that f "= is a continuous function of
bounded variation on [a, ] for some n > 1. Then

(b—a)" max |F,(1)] - VE(F=Y)  (3.11)

Hdt — b)+T,_ b
f Dla,b) + (@, b)) < 8n!  iefo,1]

(b—a) b p(n—1)
< n . " ) A2
gl X 1Gu()| - Vo (F"Y),  (3.12)

/f 1)dt — D(a,b) + T,(a, b)

where VP (f "=V is the total variation of f "=V on [a,b).

Proof. If ® : [a,b] — R is bounded on [a,b] and the Riemann-Stieltjes integral
S @Of (=1)(1) exists, then

/ ®(r)df ") (1)
a,b]

We apply estimate (3.13) to ®(7) = F, (ﬁ) to obtain

< max |®(z)] - VE(F D). (3.13)
t€la,b)

8n!  refap)

— F b (n—l).
ol ,’&8"1‘]‘ -V, (F" )

Now, we use the above inequality and identity (2.3) to obtain (3.11). In the same
manner, we apply estimate (3.13) to ®(¢) = G, (b—“) , and then use identity (2.2), to
obtain inequality (3.12). O



EULER-MACLAURIN FORMULAE 259

COROLLARY 4. Let f : [a,b] — R be given function.
If f is a continuous function of bounded variation on |a, b, then

/bf(t)dt — D(a,b)

If f' is a continuous function of bounded variation on [a, b], then

/bf(t)dt — D(a,b)

If " is a continuous function of bounded variation on [a,b], then

/bf(t)dt — D(a,b)| <

If " is a continuous function of bounded variation on |a, b), then

/bf(t)dt — D(a,b)

Proof. From explicit expressions (2.4), (2.5) and (2.6), we get

F - i (2) =
,’33’1“ 1(1)] 1(6>

max |Fy(t)] = F 1y _2
B AN W A

5
< ﬁ(b—a)'vf(f)

1 2 b (el
< — — . .

1
— (b— 3 ybet )

1 b (el
<
< 33z b - VI,

and

1 1
21[0371‘] |F3(1)| = —F3 <4_1) TS

Therefore, applying (3.11) with n = 1,2, 3, we get the first three inequalities. Further,

using Corollary 1, we get

1
Fa(t)] = —.
max ()] = 75

Now, the fourth inequality follows from (3.11) with n =4. O

REMARK 4. In [7] (see also [9]) the following inequality has been proved:

/abf(’)d’_ b;a [f(a) ;f( ) 4oy (a+b>}

This inequality is related to the Simpson quadrature formula and gives the error estimate
for a function f of bounded variation on [a,b]. We can compare this with the first

1

< g(b—a)Vf(f)~
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inequality in Corollary 3:

/fdt

< b —aVi)

= [ (222) v (52) 4 (52)]

We see that, for this class of functions, we will have better error estimate for the
Maclaurin quadrature rule than for the Simpson rule.

REMARK 5. Suppose that f : [a,b] — R is such that f*) € L,[a, b] for some
n > 1 Inthis case f "~ is a continuous function of bounded variation on [a, b] and

we have
b
vy = [Crowlar= 1,

Therefore, the inequalities established in Theorem 3 hold with |[f™||; in place of
V2(f ("=1)) . However, a similar observation can be made for the results of Corollary 4.

THEOREM 4. Assume (p,q) is a pair of conjugate exponents, thatis 1 < p,q <
, [17 +3 L=1orp=oc, g=1.Let f :[a,b] — R be such that f") € L,[a,b] for
some n = 1 Then we have

o0

/ (0t~ Dlasb) + Ty r(a,0)| < K(np)(b— @[, (3.14)
and
/ F(0)dt = D(a,b) + To(a,b)| < K*(n.p)(b— ) 5 - [f V], (3.15)
where
Koo = gy | [ Fn<r>|‘1dr] |
and

N 1
K*(n,p) = 3l

/1 |Gn(t)|th] a .
0
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Proof. Applying the Holder inequality we have

(b3(n!a))n /ab v (;_c;)fm)(,)d,
oo ([ (=) o] e

w /1 Fn(t)|th] é . Hf@)
0

8n!

= K(n,p)(b— a)nJré E,

Using the above inequality, by Remark 1, from (2.3) we get estimate (3.14). In the
same manner, from (2.2) we get estimate (3.15). O

p

p

REMARK 6. For p = oo we have

1! N 1!
K(n,00) = %/0 |F,(t)| dt and K*(n,o0) = %/0 |G (1)) dt.

The results established in Theorem 4 for p = oo coincide with the results of Theorem 2
with L = |[f ||.. Moreover, by Remark 3 and Corollary 3, we have

b
/ f(t)dtiD(a’b) < K(l’l, OO) (b_a)”‘H ! Hf(n)”OO? n= 1a273a47

where

25 1 1 7

K(1,00) = 722, K(2,00) = 155, K(3,00) = 37755, K(4,00) = 57075

REMARK 7. Let us define for p = 1

1 1
Kn 1) =— F,(t d K'(n,1)= — G,(1)] .
(n, 1) 8n!f§1[3,’1‘]‘ (1] an (n, 1) sn!félﬁ’ﬁ‘ ()]

Then, using Remark 5 and Theorem 3, we can extend the results established in Theorem 4
to the pair p = 1, g = oo. This means that if we set é = 0, then (3.14) and (3.15)
hold for p = 1. Also, by Remark 5 and Corollary 4, we have

b
/f(t)dt—D(a,b) <Km 1) (b—a)"-||f"|, n=1,2,3,4,

where
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REMARK 8. Note that K*(1,p) = K(1,p), for 1 < p < oo, since Gy (t) = Fi ().
Also, for 1 < p < oo we can easily calculate K(1,p). We get

3q+1 +4q+1 +5q+1
4(q + 1)30+

K(1,p) = 8{ ] 1 <p< oo

In the limit case when p — 1, thatis when g — oo, we have

= K(1,1).

q— 00

1 [39+! +4q+1 +5q+1 é 5
lim = —
8| 4(q+1)3e+! 24

So, from (3.14) with n = 1 we get the following inequality

/abf(t)dt— [3f(5a+b> ” <a+b)+3f<a+65b>H

l 3q+1+4q+1+5q+1 é( _a)l
81 4(g+1)39H!

1
ke Hf/Hp'

This can be compared with the similar inequality proved in [8] (see also [9] ), related

to the Simpson rule,
b
/f(t)dt—b;a {f(a);f() ’ (Hb)H

e R

3(g+1)
Denote
1 [29+ +1
C(1, —|— ,1<p< o0
(Lp) = 6{3( 1)} p< oo
We have
C(l,p) B 4q+1+8q+1 é
K(1,p) T | 3a+l 4 44+l 4 5q+1
[ 1+ (5" r
_ 2
- 3\q+1 5\q+!1 1\4q+1
@ +@) +&)
> 1,
since

§q+l+ §q+l<§+§71
8 8 g8 8

We see that, for this class of functions, we will have better error estimate for the
Maclaurin quadrature rule than for the Simpson rule.
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At the end of this section we use formula (2.2) to obtain Griiss type inequality
related to Euler-Maclaurin formula. To do this we need the following two technical
lemmata proved in the recent paper [5]:

LEMMA 3. Let F,G : [a,b] — R be two integrable functions. If
m<F(t) <M, a<t<b

and

then

bla/ubF(t)G(t)dt < M;m\/bla/ubczu)d,. (3.16)

REMARK 9. The result stated in the lemma above is a slight generalization of
the following result due to H. Hadwiger and E. Heil (see [12, p.544]): Let F,G be
two integrable functions on [0, 1] such that 0 < F(x) < 1, for all x € [0,1], and

Jiy G(x)dx = 0. Then
/01 G*(x)dx > 4 (/01 F(x)G(x)dx>

LEMMA 4. (i) Let k > 1 and y € R. Then

1
/ B (y — f)dt = 0.
0

2

(ii) Let k> 1 and v,8 € R. Then

/1 Bi(y —1)B; (8 — t)dt
0

2
S B ).

(iii) Let k > 1 and y € R. Then
1 2
(k)
Bi(y — )]’ dt = Byl .
| i —or = G
THEOREM 5. Supposethat f : [a,b] — R is suchthat f (") exists and is integrable

on [a,b], for some n > 1. Assume that

my <f(1) < My, a <t < b,

for some constants m, and M,,. Then

/bf(t)dt — D(a,b) + T,(a,b)

‘BZn‘
5t (3.17)

1
< E(b —a)"" (M, — m,,)\/u 47 - 32-2m)
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Proof. By Remark 1 we can rewrite R (a, b) as

(b _ a)n+1 1

R}l(a’b) = 8}’1' : b_a

where

Using Lemma 4 (i) we get

/ubG(t)dIZ(b—a)/ol {332‘ (é—t) + 2B} (%—l)—l-?)B;: (%_I)]ds:().

i) we get

(i
{ < t>+2B,’j <%t>+3B,’f (%t)rds
- 22EZ )) |Baa| + 253’;);.(1)”—132” G)

_ s (1)
= (7350

Now, we apply the inequality (3.16) to obtain the estimate

- (b —a)"t M, —m, 1 b
R,(a,b)| < P — | Gt

‘BZn‘

1 n+ —2n
- E(bfa) I(Mrlmn)\/(1+7'32 2)@7

Also, using Lemma 4 (ii) and

1 b,
b—a/a G-(r)dt

which proves our assertion. [

REMARK 10. 1In [5] the following inequality, related to the Euler-Simpson for-
mula, has been proved:

/abf(t)dt—b_Ta[f() 4f( >+f( )]—Sﬁ(a,b)

‘BZn‘
(2n)V’

(b—a)" " (M, — my)y | (1 +23-2m)

N —

where S§(a,b) = S5(a,b) = S3(a,b) =0 and

) j
73 a2 ) )]

S

S3(a,b) =
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for n > 4. It should be noted that the above inequality for n = 1, 2,3 has been proved
earlier in [13]. On the other side, from the discussion given at the beginning of this
section we know that T (a, b) = T»(a,b) = T3(a,b) = 0 and

Tu(a,b) = g (b(zj)a)z (1-2"7%) (1-3"7%) By [fw*l)(b) *f(zfl)(a)} ;

for n > 4. The inequality (3.17) can be rewritten as

/ £(0 dr— b—a [3}‘ <5a6+b> of (a+b> ey (a+65b)] _To(a,b)

< Ti= i(b—a)"“(Mn—mn)\/(1+7 32-2n) =

16
8 14232 8
Vg7t \@ foralln =1

This shows that the quadrature rule based on the Euler-Maclaurin formula will have a
better Griiss type error estimate than the quadrature rule based on the Euler-Simpson
formula.

Note that

4. Error estimates for Euler-Maclaurin quadrature formulae

Let us divide the interval [a, b] into v subintervals of equal length h = (b —a).

Assume that f : [a,b] — R is such that f"~1 is a continuous function of bounded
variation on [a, b], for some n > 1. We consider the repeated Euler-Maclaurin formula

b
/ F(0)dt = Dy(f) — 61 (f) + pulF) (4.1)

and the repeated modified Euler-Maclaurin formula

b
/ F(0dt = Du(f) = 0(F) + BulF), (42)

where p,(f) and p,(f) are the remainders, D (f) is given by

ZD (i—1)h,a+ih),

where D (a+ (i — 1) h,a + ih) is equal to

o o (£ o (-39 o o (- 2))
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Further, o,,(f) is given by

<

on(f) =Y Tula+ (i—Dha+ih), m=>0.
i—1
We see that
oo(f) = o1(f) = o2(f) = o3(f) = 0, (4.3)
while for m > 4, we have
v 1[%] W e -
— _ _ . J— / _ ] — ]
on(f) = i_lgj_z(j)!sz[f (atih) =P D(a+ (i = D)
LI v
1 h . .
- g J:ZZ msz i=1 |:f‘(2171)(a M lh) 7f(2]71>(a + (l B 1)h):|
(%]
I M o a2 . [r@i—l) oy 2—D)
= s (2T [FeDm) -0 )] . (@4)

The remainders p,(f) and p,(f) can be written as

v v
pn(f) = an(f;i)> and ﬁn(f) = Zﬁn(fﬂ% (45)
i=1 i=1
where, fori=1,...,v,
a+ih B
on(fi) = / f@®dt—D(a+ (i—1)h,a+ih)+ T, (a+ (i — V)h,a+ ih)
a+(i—1)h
and
a+ih B
On(f30) :/ f@®dt—D(a+ (i— 1V ha+ih)+T,(a+ (i — V)h,a+ih).
a+(i—1)h

We shall apply the results from the preceding section to obtain some estimates for the
remainders p,(f) and p,(f ). Before doing this, note that for n = 2k — 1, k > 3, we
have

szfz(f) = 0'2k71(f)

o (1=217) (1= 379) By [f V() — f ¥ a)|.

Thus
Pr—1(f) = Po—1(f ),
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so that (4.1) and (4.2) coincide in this case. This shows that (4.2) can be interesting
only when n = 2k, k > 2. In this case we have

Pul(f) = px(f) + ou(f) — ou—1(f)

2k

= Pulf) + gy (12279 (1= 32 By [ 00 - r Y a)]

In fact we have
Pax—2(f) = pu(f), k
Therefore, for k > 3 we can approximate f f(t)dt by

>~
—_

h . , , ,
W( —2'77) (1—32_2’)321[f(ZJ_”(b)—f@’_”(a) :

using either (4.1) with n = 2k — 1 or (4.2) with n = 2k — 2. If we apply (4.1), we
must assume that f (%*~2) is a continuous function of bounded variation on [a, ] . For

(4.2), it is enough to assume that f **=3) is a continuous function of bounded variation
on [a,b].

Li(f;v) = Dy(f) -

0| —
I\
S}

THEOREM 6. Let f : [a,b] — R be such that f ") is an L-Lipschitzian function
on [a,b] for some n > 1. Then we have

vt 1
n < F,(t)|dt-L
) < S [ IR0

and
hn+1

10a(f)] < /\G )| dt- L.

Specially
25 1
o1 (f)] < ﬁthLa p2(f)] < @Vhs

and |

< ——vi'L < L.

Proof. Applying (3.8) and (3.9) we getfor i =1,...,v,

n+l
Ioa(F )] < /|Fn L

and

Using the above estimates and the triangle inequality, we get from (4.5)

v vt 1
()] <D loulf30)] < o /O\Fn(t)mt.L
i=1 :
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and

vhn+1
‘pn Z|pn < / ‘G ‘dl L.

The last assertion follows from Corollary 3. [

REMARK 11. Instead of the assumption that f "1 is an L-Lipschitzian function
on [a,b],we can use the stronger assumption that f ") exists and is bounded on [a, b],
for some n > 1. In this case Theorem 6 applies with L replaced by Hf(”)HOO (see
Remark 3).

THEOREM 7. Let f : [a,b] — R be such that f "= is a continuous function of
bounded variation on [a,b] for some n > 1. Then we have

n

19uF)] < o max |Fa(1)] - VA(FOD)

8n! reo,1]
and o
Nn < — G . Vb (n—1) )
i) < gy max [G,(0)] - V2
Specially
5 1
and

1
\—h3Vb <—h4V” ///.
30 < 5P VEE"), 1ps()] < g32eh VU™

Proof. Applying (3.11) and (3.12) we get for i = 1, ..., v, respectively,

. ht a-+ih n— 1
Pulf )| < gy max [Fa(0)] - VLG, (F )
and "
10a(f30)| < g5 max 1Gu(0)] - VT, (F ).

Using the above estimates and the triangle inequality, we get from (4.5)

lon(F)] < len(fl

h" a+ih (n—1)
sl SV )

N

w
— F . Vb (n—1)
8n! 12’1(2)1)1( Fa@)l - Valf )

which proves the first inequality. The second inequality is proved similarily. The last
assertion follows from Corollary 4. [
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REMARK 12. If f : [a,b] — R is such that f ") € L,[a, b] for some n=l, then
=1 isacontinuous function of bounded variation on [a, b] and V?(f "~V = |[f .
Therefore, Theorem 7 applies with ||f ||, in place of V2(f"~1) (see Remark 5).

THEOREM 8. Assume (p,q) is a pair of conjugate exponents, thatis 1 < p,q <
00, ; + é =1 or p=oc, g= 1. Let f : [a,b] — R be such that f") € L,[a,b]
for some n > 1. Then we have

n 1 n
|0a(F)] < VK (n,p)i" 3 - |If ],

and
~ * n+l n
16a(f )] < VK™ (n, p)b"5 - [If ],
where K(n,p) and K*(n,p) are defined as in Theorem 4.

Proof. For i = 1,...,v consider the function g;(¢) = f")(¢), t € [a+ (i — 1)k,
a + ih] . Obviously we have

||8sz Hf ") ||p>

where the norm ||g;||, is taken over the interval [a + (i — 1)h, a + ih] , while the norm

|lf ||, is taken over the interval [a, b] . Applying (3.14) and (3.15) and using the above
inequality, we getfor i =1,...,v

. nt+d n+i n
10a(f 3 1) < K(n,p)H"™ 3 - ||gill, < K(n,p)h"a - |[f ™,

and
1Ba(F 30| < K*(n, p)H 0 - [gilly < K*(n, p)H" - || ],
The result follows from (4.5) by the triangle inequality. O

THEOREM 9. Supposethat f : [a,b] — R is suchthat f () exists and is integrable
on [a,b], for some n > 1. Assume that

my <) < My, a <t <D,

for some constants m,, and M,,. Then

‘BZn|

1on ()] < )

&l <

(b —a)"" (M, — m,,)\/(l +7 3272

Proof. Applying (3.17) we get

10a(f37)] < %(b — Q) (M, — m,,)\/(l 47 32-2n)

‘BZn|
(2n)V’

forall i =1,...,v. The result follows from (4.5) using the triangle inequality. [



270 L. DEDIC, M. MATIC AND J. PECARIC

In the following discussion we assume that f : [a,b] — R has a continuous
derivative of order n, for some n > 1. In this case we can use (2.3) and the second

formula from Remark 1 to obtain, for i =1,...,v,
N t—a—(i—1Dh
AV ) = Fn (n) r)at
e I G e
il 1
— / Fu(s)f ™ (a + (i — 1)h + hs)ds.
8n! 0

Therefore, by (4.5) we get

Bt 1
o) =gy [ Fulo)®,(s)ds, (46)
n. 0

where

Zf (a4 (i—1h+hs), 0<s<1. (4.7)
Similarly, we get

~ Bt 1

) =g /0 Gin(5) D0 (5)ds.

Obviously, ®,(s) is a continuous function on [0, 1] and
1
/ ®,(s)ds = IZ [ Vg +ih) —f" Va+ (i— 1)h)}
0

e [f““”(b) _ f<”*1>(a)} . (4.8)
From the discussion given at the beginning of this section it follows that it is the

most interesting to consider the repeated Euler-Maclaurin formula (4.1) for n = 2k,
k > 2, which can be rewritten as

b
/f@w:mmw+mM% (4.9)

where

>~
—_

KWy ) ) ) )
G (1-27) (=37 By [f0700) ¥ @]

We assume the sum on the right hand side in the above equality to be zero when k = 2.

o =

Li(f;v) = Dy(f) -

I’
)

J

THEOREM 10. If f : [a,b] — R is such that £ is continuous on [a,b], for
some k > 2, then there exists a point 1 € |a, b] such that

h2k+1

pulf) = gy (1=2"7%) (1=3772) By (). (4.10)
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Proof. Using (4.6) we can rewrite py(f) as

‘ h2k+1
where
1
Ji = / (= 1) For(s) Doy (s)ds. (4.12)
0
If

m= min f (1), M = max f® (),
1€[a,b t€(a,b)

then from (4.7) we get
m < Oy(s) < VM, 0<s< 1.
On the other side, from Corollary 1 it follows that
(—=1)*Fy(s) >0, 0<s< 1,

which implies

1
Vm/o( l)szk() VM/ kFZk

We have already calculated in the proof of Corollary 2 that fo Fo(s)ds = —By, so
that we have

Vm(—l) B2k ]k VM(—I)kilBﬁzk.

By the continuity of £ ?¥)(s) on [a, b], it follows that there must exist a point 1 € [a, b]
such that

i = v(=1)""' By ().
Combining this with (4.11) we get (4.10). O

REMARK 13. The repeated Euler-Maclaurin formula (4.9) is a generalization of
Maclaurin formula (1.2). Namely, for k =2 and v = 1 formula (4.10) reduces to

7(b — a)’

— 4)
pa(f) = 51840f (m)

ie. to (1.2).

REMARK 14. In [11, p. 222] the following repeated Euler-Simpson formula has
been considered:

b
/ f0)dt =Isa(f;v) + psax(f),
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where

Isa(f,v) = %. [f(a+ (i =1)h) +4f (a+ (i — 1/2)h) +f (a + ih)]

A= 2y [ 0) 5w

It has been proved that, under the assumptions of Theorem 10, there exists a point
& € [a, b] such that [11, p. 225]

2k+1
V320!

We can compare the remainders psox(f) and pa(f). From the above expression and
(4.10) we get

psak(f) = H(1 =227 Byf PO(E).

ka(f) B 3 (1 o 2172k) (1 o 3272k) . f(Zk)(n)

psak(f) 8(1 —2272) feOE)

Therefore, if £ () does not change its sign on [a, b], then py(f) and psa(f) have
opposite signs. Also note that for the numerical coefficients

R 1-2k 22k
K = 1-2" 1-3")B
V82! ( ) ( B2
and
21 SRR
Ks = 1 -2
S = V3R B
we have . _
3 K 3(1-2" 1 -3~
3_K _3( ) ( )7 ksa
8 K 8(1 — 22-2k) T
Therefore, if (%) changes very slowly, then the approximate equality f b f(H)dt =~

Ly (f; v) will be more accurate than the approximate equality f f(D)dt = Iy zk(f )

THEOREM 11. If f : [a,b] — R is such that £ is a continuous function on
[a,b], for some k > 2, and does not change its sign on [a, b], then there exists a point

0 € [0, 1] such that

h2k
“3an
Proof. Suppose that () > 0, a <t < b. Then from (4.7) we get

<
Dy(s) 20, 0<s< 1.

o) = (22" Zk)(1—32’2’“)3%{fm’l)(b)ff(z’“’l)(a) . (4.13)

From Corollary 1 it follows that

1
0 < (—DfFu(s) < (=1) Fy (5) , 0<s< 1.
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Therefore, if J; is given by (4.12), then

0< /i < (—1)"F2k <%> /01 Dy (s)ds.
Using (3.6) and (4.8), we get
0 < Jp < (11 (2 - 2172 (1 - 322) By [f(zkA)(b) ,f(2k71)(a)} :
which means that there must exist a point 6 € [0, 1] such that
Jo = 0(—1)1 (2 - 217 (1 - 322 By {f(Zk—l)(b) _f(2k—1)(a)} )

Combining this with (4.11) we get (4.13). The argument is the same when £ %Y (1) <0,
a < t < b, since in that case we get

(1) 2 =217 (1= 327%) By ™" [0 () - r V(@) < <0, .

REMARK 15. If we approximate [ by (1)dt by Ly(f; V), then the next approxi-
mation will be Ip2(f; v). The difference

Mor(f 3 V) = husa(f5 V) — Li(f 5 V)
is equal to the last term in I 2 (f; V), thatis

w2k

Ay(fsv) = —WB% [fm*l)(b) 7f(2k71)(a)}
= _8(h221i)v (12172 (1 = 32 2%)B,, {f&k—l)(b) _ =g

We see that, under the assumptions of Theorem 11, py(f) and Ax(f;Vv) are of the
same sign. Moreover, we have

02— 2172k
ka(f) = %AMO&V)

which gives the following estimate for the remainder Py (f ) :
o2 ()] < 3 [An(f5 V)] -
THEOREM 12. Suppose that f : [a,b] — R is such that f ***?) is continuous on
[a,b], for some k > 2. If for each x € [a, D] either
F®(x) = 0and f*?(x) >0

or
£P9(x) <0andf ) (x) <0,
then the remainder Py (f) has the same sign as the first neglected term Ay (f ; v) and

lo2(f )] < [Ax(f5 V)]
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Proof. We have
Aok (f3 V) + P2 (f) = pa(f),

that is
Ai(f 5 v) = po(f ) — parsa(f)- (4.14)
By (4.6) we have
h2k+1 1
= —— F. b
oull) = 557 | Fu(ne)ds

and

k43 1

—02k+2(f) = m/o [—F2k+2(s)](l)2k+2(s)ds.

Under the assumptions made on f , we see that for all s € [a, b] either

or

<I)2k(s) > 0 and <I>2k+2(s) > 0

<I)2k(s) < 0 and q)2k+2 (S) < 0.

Also, from Corollary 1 it follows that for all s € [a, b]

(71)kF2k(S) Z 0 and (71)k[7F2k+2(S)] Z 0.

We conclude that pa(f ) has the same sign as —pa12(f ) . Therefore, because of (4.14),
Ao (f; v) must have the same sign as P (f ) and —pa+2(f ) . Moreover, it follows that

[10]
(1]
(12]

o2 (f)] < [Ak(f5 V)| and [—pari2(f)] < [An(f5 V)] - O
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