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A NOTE ON WIRTINGER-BEESACK’S INTEGRAL INEQUALITIES

SIN-EI TAKAHASI AND TAKESHI MIURA

(communicated by S. Saitoh)

Abstract. In this note we show that Wirtinger’s integral inequalities and Beesack’s integral
inequality follow from a unified integral inequality. We also consider Banach space valued
versions of these inequalities.

Wirtinger’s integral inequalities (cf. [1]) are as follows:

/Of(t)z < /f Par,

(fEClOl] R) with £(0) = f (1) = 0),

1
/ f(0)?dt < / f(1)%dt,
0
(f ec1 [0, 1], R) with £ (0) = 0).
Also Beesack’s integral inequality (cf. [3, p. 145]) is as follows:

/f 12 idr < 25/f (1)t
(f € C'([0,1],R) with £ (0) = /(1) = 0).

In this note we show that these inequalities follow from a unified integral inequal-
ity and we also consider Banach space valued versions of these inequalities. Recently,
Wirtinger-Beesack’s integral inequalities have studied by B. Florkiewicz and K. Wo-
jteczek [2], but our unified integral inequality is different from their one.

Throughout this note, let H be a real Hilbert space with inner product ( ,) , @ €
C'((0,1],R) such that lim~ o t¢(f) and lim~ 2@’ (¢) existand y € Cl([ , ],]R)
Let x,y € C'([0,1],H) with x(0) = y(0) = 0 and set o = limy o7¢(t) and f =
lim~ o 2’ (). Then

lim(ew)"(1){x(1), (1)) = By(0)(x'(0),'(0)) + ey’ (0){x'(0), ¥(0))
= By (0)(x'(0),5'(0))
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and hence the integral fol((pu/)’ (£)(x(1),y(2)) dr exists. Also since
tim ¢ (1) (Ix(O)I* + IyO1) = e’ (O)]* + llew’ (O)IF,

it follows that the integral fo (1) (Ilx(0)]1* + Iy(1)|?) dr exists. In this case, we have
the following

THEOREM 1. Let x,y € C'([0,1],H) with o(1)y(1){x(1),y(1)) = 0 and
x(0) =y(0) =0 . Then

2 / (o) (0 (x(0), (1)) di

1

< / 0% (1) (Ie@)1” + [[y(0)[1?) dr + / w2 () (X O + [y (0)]1%) de
0 0
holds. The equality is attained if and only if either
@(0)x(1) + y ()Y (1) = w(O)xX' (1) + @(0)y(1) =0, (0<t<1)

—@0x() + w(0)y' (1) = y(Ox (1) — @()y(1) =0, (0<r<1).
Proof. Set f (1) = o(®)y(r)(x(2),y(r)), (0 < ¢t < 1) and f(0) = 0. Since
limp~ o f (1) = ay(0)(x'(0),y(0)) =0, it follows that f € C([0, 1], R). Also since
10 = o' (Ow){x(), 5
+ o) (X' (1),y0) + ey ()(x(1),y' (1),  (0<r<1),

limf'(r) = By (0)(+'(0),y'(0)) + ay’(0)(x'(0),(0))
+oy(0)(x'(0),y(0)) + aw(0){x'(0),y'(0))

= (2o + B)w(0){(x'(0),¥'(0))
namely lim~ of’(7) exists. It follows that f € C'([0,1],R) and

/Of'(t)dt:f(l)*f(o) = o(w(1)(x(1),y(1)) =0. ()
Now put

p(1) = llo()x(r) + w(e)y' 0)IIP + lw(n)x' (1) + (0)y(@)]%, (0 <1< 1).
Since limy~ o @(#)x(¢) = ax’(0) and lim~ o @(7)y(z) = oy’ (0), it follows that p can

be extended to a continuous function on [0, 1] and the integral fo 1)dt exists. Note
that

200y (1) {x(1),y(1)’
= p(0) = @) (X + Iy@)[)
@) (IO + Iy OI?),  (0<r<1)
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and hence, the function ¢ — @(£)y(7)(x(z),y(r))’ can be extended to a continuous
function on [0, 1]. It follows that the integral fol o(t)w(r)(x(t),y(r))'dr exists and

1
z/"wnwouwymwm 2)

0

1 1

::/pmm—/¢%ﬁmmWﬂmmmm
0 0
1
—Awwwme+mem

Also, by (1) we have
1
Ammwmwmwwt 3)
1 1
:/fmmf/wwmmmmmw
0 0
1
= - [ owr sy

0

By (2) and (3), we obtain the desired inequality

1
2Awwmu@wmm

</ <p2(t)(HX(t)||2+Hy(t)llz)dwr/ w3 (o) (IO + Iy (0)117) ar
0 0

The equality is attained if and only if fol p(t)dt = 0, that is

@(0)x(r) + w(0)y' (1) = w(O)x' (1) + @()y(r) = 0

forall 7 € (0, 1]. Replacing ¢ by —¢ in the above argument, we can obtain the desired
result. [

In particular, putting x = y in the above arguments, we have

COROLLARY 2. Let x € C([0,1],H) be such that (p( Yw(Dx(1) = 0 and
x(0) = 0. Then fol ((Qw)'(t) — @*(1)) |Ix(2)||%dt < fo ()| (£)||>dt holds. The
equality is attained if and only if @(¢)x(t) + w(6)x' (1) =0 for all 0 <t < 1.

REMARK 1. Let 0 < 6 < m. Set @g(r) = cotBt, (0 < ¢ < 1) and yy(t) =
—1/6, (0 <t < 1). Then ¢y is a function in C'((0, 1], R) such that lim, o 7¢p(7)
and limy o @p’ (1) exist. Also yp is clearly a function in C'([0, 1], R). Note that
(@owa)'(t) — @o*(t) = 1, (0 < ¢ < 1). Hence, Corollary 2 implies the following
Hilbert space valued version of Wirtinger’s inequality:

[ isopdr< 25 [ iolpa
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forall x € C'([0, 1], H) with x(0) = x(1) = 0. Note also that @(1) = 0 if 6 = /2.
Then Corollary 2 also implies the following Hilbert space valued version of Wirtinger’s

inequality:
! 2 4 2
x(@[I*dr < — [ ¥ (@)||7dr
0 " Jo

for all x € C!([0,1],H) with x(0) = 0. However, we see later that this inequality
holds for an arbitrary Banach space (see Remark 3 ).

REMARK 2. Lety € R and A > —1 with A # —1/2. Set ¢, ,(t) =y t*, (0 <
t<1)and y,(t) = **!, (0 <t < 1). Then @, is a functionin C'((0,1],R) such
that lime o 1, 5 (f) and limy o 2, 2/ (7) exist. Also y;, isafunctionin C'([0, 1], R).
Note that

(@2 v2)' () = @r.27(0) = (Y24 + 1) —y?) 1
forall 0 < ¢ < 1. Note also that maxyer(y(24 + 1) — y?) = (24 + 1)*/4. Then
Corollary 2 implies that

1 1
4
2,24 1eA112,2(A+1)
dt < ———— d
[ st < s [woret-a

for all x € C'([0,1],H) with x(0) = x(1) = 0. However, we see later that this
inequality holds for an arbitrary Banach space whenever —1 < A < —1/2 (see
Remark 4). In case of A = 2 and H = R, the above inequality is just Beesack’s
inequality. We note that the above Beesack’s type inequality for A = —1/2 does not
hold. In fact, we can easily see that there is no constant M > 0 such that

/wa %<M/Hx”%

forall x € C'([0,1],H) with x(0) = x(1) =

COROLLARY 3. Let E be a real Banach space and x € C'([0,1],E) with
x(0) = 0. Suppose that ¢(1)y(1) =0 and ¢*(t) < (pw)'(t), (0 <t < 1). Then
1

| (w0 - ¢0) oPar< [ w01 0)Pa
0 0

holds. The equality is attained if and only if @(1)||x(#)|| +w(@)||x' ()] =0, (0 <t < 1)
and d|x(t)|/di = | ()], (0 <1< 1).

Proof. Set f(t) = [y ||¥'(7)|ldz, (0 <t < 1). Then f'(z) = [|¥' (1), (0 <1< 1)
and f (0) = 0. Then Corollary 2 implies that
1

1 1
| vy~ aw)rwas< [ viorera- / VA0l () P
0 0 0

Note that x(t) = [, x'()dr, (0 <t < 1) and then ||x(r)|| < [y [|¥'()|ldT = £ (¢), (0 <

t < 1). Therefore

(v (1) — 02(0) X0 < ((0w) (1) — 9* (1)) F (%, (0 <1< 1)

0
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by hypothesis and hence we obtain the desired inequality. The equality is attained if
and only if

1 1
| (w0 - e@)sera= [ vior ez )
0 0
and
1 1
| (v o) =) s = [ (o) - @) s 00 (9

Corollary 2 implies that (4) holds if and only if @(z)f (z) + w(¢)f'(r) = 0 for all
0 <t < 1. Note also that (5) holds if and only if ||x(¢)|| = f(¢) forall 0 <7 < 1.
Therefore, we obtain the desired equality condition. [J

REMARK 3. Remark 1 and Corollary 3 imply that if E is a real Banach space then

[ istopar< 2 [ iolpa

holds for all x € C!([0, 1], E) with x(0) = 0.

PROBLEM 1. Given a Banach space E, does

/ ()P < / I (6P
?

hold for all x € C'([0, 1], E) with x(0) = x(1) =0?
REMARK 4. Let —1 <A < —1/2. Set @; (1) = 24 + 1)t* /2, (0 <t < 1) and
v (t) = (1 — )" (0 <t < 1). Then ¢, is a function in C'((0,1],R) such that

limp o 75 (f) and lim~ o 2@,/ (1) exist. Also y; is a function in C'([0,1],R) with
Y (1) = 0. Note that

(@) () — 022() = (—m FOG D M) P

4
(24 + 1)2t2)L
4
forall 0 <t < 1. Then Corollary 3 implies that

1 2 !
[ Rt < [ (@ () - 00) lsto
1 1
< /O v (0¥ ()P < /0 (1= I (@) * D ate

1
< [ IW@Pe e
0
[ worea< ot 2“ 5 [ WoResa

forall x € C!([0, 1], E) with x(0) =

>0

=

and hence
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PROBLEM 2. Given a Banach space E, does

1 1
4
2 dr < / " |RRAHD gy

hold for all x € C'([0, 1], E) with x(0) = x(1) = 0?

COROLLARY 4. Let ¢ € C'((0,1],R) such that limy o t@(t) and lim~ o ¢’ (1)
exist. Let A € C'([0,1],R) such that A'(t) < 0, (0 <t < 1),A(0) = 1 and
A(1) = 0. Let E be a real Banach space and x € C'([0,1],E) with x(1) = 0. Let
v € CY([0,1],R) and suppose that ¢(1)y (1) = 0 and ¢*(t) < (ow)'(t), (0 <t <
1). Then

1 1y —1 _n2()—1

—A( (1))
1

< / AT )R AT @)X ()]t
0

Proof. Consider the function ¢ — x(A()) and apply Corollary 3. O
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