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ON MAXIMAL FUNCTION AND FRACTIONAL INTEGRAL,
ASSOCIATED WITH THE BESSEL DIFFERENTIAL OPERATOR

VAGIF S. GULIEV

(communicated by V. Burenkov)

Abstract. In this paper we consider the generalized shift operator, generated by Bessel differ-
ential operator B, by means of which maximal functions ( B-maximal functions) and frac-
tional integrals ( B -fractional integrals) are investigated. The Ly (B) -boundedness result for the
B -maximal function and (Lp(B),Lg(B))-boundedness result for the B-fractional integral are
obtained.

1. Introduction

Suppose that R” is the n-dimensional Euclidean space, x = (xi,...,x,), & =
(&1,...,&) arevectorsin R, x- & = x1& 4+ ...+ x,&,, x| = (x-x)V/2, R” ={x=
(X1, X); X1 >0,...,x%, >0}, Ex(x,r) ={y e R} : [x—y| <r}.
The Bessel differential operator B = (By, ..., B,) is defined by
O vy 0
Bi:_ . .:17"'7 )
Ox? + x; Ox; ! "
v =) >0 >0y =t X =
W(Orh—& xﬁ*CWWL
For 1 < oo let L,(R",B) = L,(R’,,x"dx) be the space of functions measur-
able on R} with the norm

1/p

\VHL,,(R'LB) = (/R" [f(x)Pdex> ,

1 oo e ) = 1 12 ey = e5 suplf ()]

Rn

Denote by 77 the generalized shift operator ( B -shift operator) defined by

T T n
Tf (x HF(% )F yi)/ / Hsiny"_laix
0 0 =1

xf (\/x% —2x1y1cos 0y +y3, ..., \/x,% — 2X, Y COS Oy +yﬁ) doy . ..doy,.
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Let f bein L,(R’,B), 1 < p < oo. Then for all x € R, the function T*f
belongs to L,(R", B), and

HTXfHLp(R:l,,B) < ‘lf‘”LI)(RK,B)' (1)
We note that 7% is closely connected with the Bessel differential operator B =
(B1,...,By,) (see [1] for details the one-dimensional case). The B-shift 7° gener-

ates the corresponding B -convolution
(f *8)s(x) = / Tf (x)g(y)y"dy.
R}

We note the following properties of the B-convolution:

(f *g)B = (g *f)37
| * &)allr,®e 8) < If I, " 5) 8|z, R" 5)
The Bessel (Hankel) transformations can be defined by

A

b () = (Fap) (1) / HJ«,I Jo)ds,

and its inverse transformations can be given by

¢ () = (Fi'o) () = / HM JATdA,

where j,(t) = tVJ,(r), J, being the Bessel function of the first kind.

For f € L,(R",B), p=1o0r2, wehave Fg(f *g)p = Fpf Fpg.

We shall define function spaces, generated by the Bessel differential operator
B=(Bi,...,B,).

DEFINITION 1. 2] Let 1 < p < oo, 0< A <n+ly|, [f)i = min{l,¢}. We
denote by L,;(R’,,B) B-Morrey spaces and by L, L ». (R, B) modified B-Morrey
spaces Wthh are the sets of functions f locally 1ntegrable on R, with finite norms

1/p
HfHLpl(Rﬁ,B) = sup (t/l/ TyV(x)|pyde> )
’ R’} x(0,00) E. (0,)

1/p
I ey = sup ([ / Pl Py dy |
Lpa (RLB) R” x(0,00) ! E.(0,1)

DEFINITION 2. Let us now introduce, as in [2], the B-BMO space BUO(R",, B)
as the set of functions locally integrable on R}, with finite norm

I lles = sup [EL (0, 1), / ITF (5) — fi. o ()7 dy < 0,

E.(0,r)



ON MAXIMAL FUNCTION AND FRACTIONAL INTEGRAL 319

where

feon(®) = [E(0,7)];" / Tf ()" dy.
E.(0,r)
Note that

Lyo(R%, B) = Lyo(RY, B) = L, (R}, B),

Lyniy|(RY,B) = Lo (R, B),

P
LP,A(RZ’HB) C>— LP(RrJlHB) and Hf”Lp(R'jr,B) < Hsz;;A(R’}r:B> .
LEMMA 1. Let L <p<oo, 0K A <n+ly| Thenfor op=n+|y|—A
L,;(RY,B) C Ly y|—a(R",B) and |[f||LlAn+M7a(R$B) < CWHL;,,MR&B)'

Proof. Let f € L,,(R},B), 1 <p<oo, 0<A<n+]y], I/p+1/p =1
and ap = n+ |y| — A . By applying Holder’s inequality we have

1/p 1p'
| Proba< ( [ @rwy ywy> ( / M)
E+(O:Z) E+(O:Z) E+(O:Z)

1/p
< e/’ / T|f (x)[Py" dy .
E.(0,)

Moreover

/p
tlx*("ﬂﬂ)/ T|f (x)|ydy < CrontlvDip / T|f (x)|Py dy
E.(0,) E.(0)

1/p
<c(rt [ rrerye
E.(0,1)

< CIFllL, , v ) -
Therefore f € L 4 |y|—o(R",B) and

|lf||LlAn+h/|7a(R1ﬂB> g C HfHLp,},(RK’B> ’

2. L,(B)-boundedness of B-maximal function

We now consider the B-maximal operator (see [2], [3])

Maf (3) = sup . 0.1 [ ., Tl
E. (0,r

r>0
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THEOREM 1. 1. If f € Li(R, B), then for every o > 0
C
M () > e}y < 5 [ il

where C > 0 is independent of f .
2.Iff €e L,(R:,B), 1<p<oo,then Mgf € L,(R".,B) and

|MEf (|2, ®2 8) < Collf ||, v 5)5
where C, > 0 is independent of f .

Proof. We need to introduce a maximal function defined on a space of homo-
geneous type. By this we mean a topological space X equipped with a continuous
pseudo-metric p and a positive measure u satisfying the doubling condition

H(E(x,2r)) < Cu(E(x, r)), (2)

where C is independent of x and r > 0. Here E(x,r) = {y € X : p(x,y) < r}. Let
(X, p, ) be a space of homogeneous type. Define

M (6) = suppu(ECe.r) " [ )ldu).
r>0 E(x,r)

It is well known that the maximal operator M, is of weak type (1,1) and is
bounded on L, (X, du) for 1 < p < oo (see [4]). We shall use this result in the case in
which X =R", p(x,y) = |x —y|, du(x) = x"dx. Itis clear that this measure satisfies
the doubling condition (2).

Also

K1) =BGy = [ ydy
{yERY : |x—y|<r}

xi+r
n n i+

<II / vidy =] / yidy;

=1i0; i—yil<r} = nax {0,x;—r}

n 1+y, > n
CH =l Hmax{l,(x,-/r)y"}.
rx!, r < x; Py
We shall show that
Mgf (x) < CM,f (x).

By the definition of the B-shift operator it follows that 7”0, (x) is supported
in Eqy(x,r).

Next we estimate Tz (0, (x) .

T X, (0. / sin ' opday ... dog,
n

{(ou,..., ) Z x7—2x;jy; cos 0+y?)<r?}

i=1
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n
< CH / sin’ ! o doy

=1
! {ei€(0,m):x? —2x;y; cos a+y7<r?}

n
=C H / sin¥ =2 o d cos o
i 22

}/"yl/2 r_ ‘xl |)yl/2 n . .
CHmln{ %/2 }éCHmIH{L(r/Xi) .

(xiyi)
Consequently there exists C > 0 suchthatforallx e R, r > 0andy € E,(x,r)

T’ xE, (0.)( CHmln{l (r/x;)7}.

Thus

X) <Y Mpif (x)
k=0

Y mtaﬁﬂﬁé(>WWmeMW@

k=0 ’>Xij ,j=1k

rgxij.j:kﬂﬁn

ij7ip, i#p

where

Mif ()= s EL0AG" [ PO e 00 (0
1n E.(x,r

r<xj, j=Ln
Mp,f (x) = sup_ [E1(0,7)];" / I WIT % 0.0 (x)y" dy.
r>xj, j=ln Ei(x,r)
Without loss of generality we assume that i; =j, j = 1,...,n. Then

Mpif (x) = m\mww/ F 0|7 . 0 (2)y" .
r>xj, j=1k E(x,r)
r< Xjs Jj=k+1,n

In the case k = 0, by taking into account that uE, (x,r) < Cr"* V1| |E,(0,7)|, =
r’H’ly‘ and TyXE+(0,r) g 1, we have

1
Mpof (x) < sup ———
,ng’j:ﬁ ‘LLE+ ()C, }’)

L()WMW@éOWﬂﬁ
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In the case 1 < k < n, by taking into account

n k
RE, (x,r) < CrtlY] Hmax{l, (xi/r)1i} = Pt H(xi/r)%',

i—1 i=1
n k

T xe, 00 < CHmin{l, (r/x)"} = H(r/xi)Yi,
i=1 i=1

we have

k
Mpif (x) <C  sup B0, r)] P TG/ T [ (/i)

r>xj,j:1‘k i=1 i=1

rng.j:k‘#lAn

1
“UE (v, 1) /E . If 0)ly"dy < CMf (x).

Finally we get
Mpf (x) < CMyf (x).
This completes the proof.

COROLLARY 1. If f € L,(R".,B), 1 < p < oo, then
i [£.0.0f* [ @y =)
— E.(0,r)

fora.e. x e R.

REMARK 1. In the one-dimensional case Theorem 1 was proved earlier by another
method by K. Stempak [5].

3. Sobolev - type theorem for the B -fractional integral

Consider the B -Riesz potentials

r = [ P oy, 0<a<nt iyl

R}

and the modified of B-Riesz potentials

) = [ (P = g e 00)) £ )5

where E%(0,r) = RU\E, (0,r), r>0.

The examples considered below show that if p >
are not defined for all functions f € L,(R"., B).

nt|y|
o

, then the B-potentials /7
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EXAMPLE 1. Let x € R}, 0 <o <n+|y|, f(x) = papmAe o2 (). For
= vl ¢ e 1,(R%, B) and I§f (x) = +oo.

EXAMPLE 2. Let x € RY, 0 < o <n+|y|, f(x) = |x|"“xgr02)(x). For
p>"f e[, (R, B) and I§f (x) = +oc.

For these B -Riesz potentials the following analogue of Hardy-Littlewood—Sobolev
theorem is valid.

nt|y| 1 1 _ o
THEOREM 2. Let 0 < o <n+|y|, 1 <p <", and ; — o = .

a) If f € L,(R'.,B), then the integral Igf is absolutely convergent for almost
every x € R,
b)If1<p<™ ¢ ep (R, B), then I} f € L,(R",B) and

o
15/ Ly 5y < Collf Nl (e ) (3)

where C, > 0 is independent of f .
OIff € Li(R},B), L =1~

[0
prmh then

q
e R 70> B, < (Gl loen) B0 @

where C > 0 is independent of f .

o

Proof. a) Let f € L,(R",B), 1 <p < " We denote
1) =f () xe 00)(x),  f2(x) = (x) = f1(x).

Then
Igf (x) = Igf1(x) + Igfa(x) = Ji(x) + Ja(x).
Let us estimate J; (x).

(@) < / e

- / e o () TPIF ()" .
R

By Young’s inequality

1Oz, e 5y < € H\ : \a_"_ly‘la(o,l)” : 1l (e ) -

Li(R"B

Here

H\-I“‘”"V'XE+<O,1>H . :/ | Myrdy
LRLB) - JE (0,1)

1
= C/ rldr =, < o0.
0
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Then for f € L,(R%,B), 1 <p < o0

IO, we 5y < CLllf N,z )

e.g. Ji(x) is absolutely convergent almost every x € R’} .
By Holder’s inequality we have

()] < / P ()l dy
R'\E, (0,1)

<IPTOllyaen | [ e

T\E+(0,1)

By using inequality (1)

]
B

) < Clf w5 / y|(an=lrip

\EL(0,1)
Hence for 1 < p < %‘y' for some C > 0
20 < Cllf ll,rrm),  x € RE

Thus for all functions f € L,(R",B), 1 <p < %‘y' B-Riesz potentials I§f (x)
are absolutely convergent for almost every x € R’
b) We have

/ / PF ()ly[% " My dy = A(x, 1) + Clax, 1),

+(0,)  RENEL(0)

By taking sum with respect to all integer £ < 0, we get

A1) < / TF ()] Ty dy
E+(O:Z)
-1

=S / IT2F (o) ]y dy

==k <yl <2kt

—1
<c Y (@ / ITF ()] dy
k=—o0

2ks [y <2k+1y

1% (Mpgf') (x).
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Therefore it follows that

A(x, 1)| < Ct*Mgf (x), (5)

where C > 0 does not depend f, x and .
By Holder’s inequality and the inequality (1) we have

4 P

cwors | [ mreryas| x| [ pie iy

T\EL(0,1) TA\E(0.1)

<l

1

p/
<P lyen | [ bl

\E+(0,)

< I iy ) L/ @ yray | < A g
"\, (04)

Consequently
|Clx0)] < ComHVAF|], o gy (6)
Thus, from (5) and (6), we have
I8 ()] < € (1°Maf () + =V o))
Minimum of the right-hand side is attained at r = {(Mgf @) HIE L,(R" B)
I (O < € (Maf ()" If 1, i o

Hence, by the Theorem 1, we have

[ oy <l [ M0 5y < CIF e
E.(0,)

+\E+ (O:t)

)

r/(ﬂﬂv\)

SO

and (3) follows.
c)Let f € Li (R, B). Note that

{x 1gf ()] > 2B}, < [{x: [AG O] > B}, + {x: [Cx, 1) > B, -

By taking into account the inequality (6) and applying Theorem 1 we have

Bl{x e R} :|A(x,1)| > B}, =B / Xdx < p / x'dx

{xeR1: |A(x0)|>B} {x€eR": Croempf (x)>B}
_ " B
=B {x ERL: Mf (0) > =35

Ct* y o
B- B e If (x)|x"dx = Cyt Hf”Ll(Rg,B)
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and also

Cler)] < / ITF ()| ] "y dy
R\E, (01)
< @l / ITF ()| ¥ dy

RI\EL(0,7)

ntly|

_ntlyl -
=t 4 /U‘(x)\xydx =t 1 Hf“Ll(Ri,B) :
R’l

n+ly|
Thus, if £~ 7 If[l2, v ) = B then |C(x,7)| < B and, consequently,
i
[{veRY 5 [Cln)| > By =0.
Finally

ntly|

n Ci
[{x e R} @ [Ipf (x)| > 2B}, < Fta Il re ) = Cy*

3 C
=l = ¢, pa P IIZ, e ) = EHfHZ(Rz)'

Therefore the mapping f — R§f is of weak type (1,q).
Theorem has been proved.

THEOREM 3. Let 0 < o <n+1y|, 1 <p< "*O‘/', then the condition
I 1 «
p q n+lyl

is necessary for inequality (3) to be valid.

n+|y|
o

Proof. Let 1 <p <

, f € L,(R., B) and assume that the inequality

125 |, e 5y < Co lIf 1, e )

holds.
Define f;(x) := f (“x) , then

1
p
TR ( I v<rx>"xydx>

- P _n+lyl
—(an)"r Y'Wy) = Wl e,

1

and

157l e 5) = H/nfz(y)Ty|x|a_n_7|yydy
Ri Ly(R" B)
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/ T |11 (1) dy

(L
(Ll

= t_a__ | Bf”Lq R .B)

Ly(R" B)

1
q q
x' dx)

/RrjrthYI*aTy‘tx‘a*n*IV\f(y)fnflv\yydy

/n T x| (y)e=yray
"

1
q q
x'dx

By inequality (3)
n+h/| _nly|
||IBfHL (R?) Cpqta+ P HfHL (R".,B)-
If 1 > + n+|7\’ then in the case t — 0 we have ||I§‘f\|L e g = 0, forall
f € L,,(R’jr7 ), which is impossible. Similarly, if < - + nHYl’ then at t — oo we
obtain ||IngLq(R1,B) =0, forall f € L,(R",B), Wthh is also impossible.

1 _ a
Therefore 5= + 5 T

1
q

THEOREM 4. Let 0 < oo < n+ |y], p = ”*M , f € Ly(R",B). Then IYf €
BMO(R'.,B) and

o) < G s )

Proof. Let f € L,(R".,B). Given r > 0 we denote
F1x) = f () 2E, 020 (%), fa(x) =f (x) = f1(x),
where xg. (02 18 the characteristic function of the set £ (0,2¢). Then

I§f () = I§f1(0) + If2(x) = Fi(x) + Fa(x),

where

AW = [ (P g 00)) £
E(0,2¢)

F(x) = / (T"\x\“_"_'” - Iylo‘_”_‘y'xm(o,l)(y))f(y)yydy-

R7\E, (0,21)
Note that the function f; has compact support and thus
a = - / V1= f (n)y* dy
E.(020)\E(0,min{1,2r})

is finite.
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Note also that

Fi(x) —a :/ 7 |x|* " f (y)y7 dy
E.(0,21)

- / % (v)y dy
E(0.20)\E, (0,min{1,2r})
+ / | E (v)y" dy

E;+(0,20)\E4 (0,min{1,2})

B /R =M )y dy = I5f1 (x).

4

Therefore

|murwu</LWﬂ*MﬂMMﬁ@
R

- [ perrrrea
{yeR}: TV |x|<2t}

Furthermore, for |x| < 7 and 7”|x| < 2t we have
Wl < [l 4 =yl <l 4+ TP x| < 31

Consequently

At -al< [

E (0,3t

: VAT ()] dy, (7)

if x € EL(0,1).
By Theorem 1, (1) and (7) for ap = n + |y|

\E+(0J)\;71/ |T*Fy(x) — a1| 7'dz
E.(0)

<m&mﬁémfwmwmﬂﬁ
(0,

< JEL(0,1)" / / [ * DT f (x) |y dy | 2 dz
E (0,) E.(0,3r)

/p
< Crnlrl L o ) / (Mp(Tf (x)))" 2" dz
EL(0,1)

<G HTZfHL,,(Rﬁ,B) < CprHLp(RK,B% (8)
Denote

a = / [ *IUE (y)y7 dy.
E.(0,max{1,2t})\E+(0,21)
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Let us estimate |F, (x) — az| . By applying Holder’s inequality we have

P -wls [ FOIPRe - b yay
RI\E,(0,21)

< Clxl /ﬁ IF )yl ay
RY\E. (0.21)

1/p’

< Cxllf 1, e ) k/ (= =00y gy
T\E+(0,21)

ntly|

< O T f e sy < CllE I Il e -

Note that if |x| < 7, |z] < 2¢, then T?|x| < |x| + |z] < 3¢. Thus for ap =n+ |y|
we obtain

|T°Fa(x) — az| < T°|F2(x) — aa| < CTx|r[f ||, rr 3) < CIIf [le,rr ) (9)

Denote

ar =ar+ay = / e )y dy.
E.(0,max{1,2r})

Finally, by (8) and (9) we have

sup £.0.1);" |
Xt E4(0)

Finally

TIf (x) — ar ‘ ydy < C|If ||, v )

of TIf (x) — ag | y'dy

<2suplE.(0.0)," [
xt

‘BMO(R'J’HB) E(0,f)

< Cllf [z, e 5)-

and the statement of the theorem follows.

COROLLARY 2. Let p = "1l ¢ c [ (R",B).

[e4

Ifintegral Iff exists everywhere, then Iff € BMO(R',, B) and the inequality
HIngBMo(Rg,B) < CP‘VHL,,(RK,B)
is valid.

Acknowledgements. The author thanks prof. V. I. Burenkov for the discussions of
results.
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