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HADAMARD-TYPE INEQUALITIES FOR
GENERALIZED CONVEX FUNCTIONS

MIHALY BESSENYEI AND ZSOLT PALES

(communicated by A. M. Fink)

Abstract. In this paper we investigate (m, ;) -convex functions and obtain characterization
theorems and Hadamard-type inequalities for them.

1. Introduction

The geometrical meaning of convexity is quite descriptive: each line segment
joining two distinct points of a real function’s graph (that is defined over areal interval I )
passes “above” the graph. Beckenbach [1] generalized this geometric idea by replacing
straight lines, (that is, functions of the form o + Bx) by a two parameter family
of continuous functions F such that, for any pairs (x1,y1), (x2,y2) € I x R with
X1 # x, there exists a unique element ¢ € F such that @(x;) = y;, i = 1,2. Results
on the regularity properties of such, so-called generalized convex functions and also
on their second-order characterizations were obtained by Beckenbach and Bing [2]
and can also be found in the papers of Peixoto [14], [16], [15]. In the special case
when the two parameter family is the solution-set of a second-order homogeneous
linear differential equation, similar results were independently obtained by Bonsall [3].
Generalized convexity was characterized by the support property in the paper [3] by
Ben-Tal and Ben-Israel. Stability properties of generalized convexity were investigated
by Krzyszkowski [9].

The notion of (ordinary) convexity can also be characterized via the following
condition (cf. Popoviciu [17]): a function f : I — R is convex if and only if

whenever x,y,z € [ with x <y < z.
Replacing the functions 1 and x by two arbitrary functions w; and ®,, we can
introduce the notion of (@, @,) -convexity.
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380 MIHALY BESSENYEI AND ZSOLT PALES

DEFINITION 1. Let / C R be a nonempty interval and w;, ®, : I — R be given
functions. We say that the function f : I — R is (@;, 02) -convex if

fx) o) f
o1(x) wi(y) wi(z) | =0 (1)
(0] (x) (0] (y) (0] (Z)

whenever x <y <z, x,y,z € I.

Obviously, (@;, m,)-convexity is the particular case of generalized convexity in
the sense of Beckenbach and it is a generalization of standard convexity. Now the
generalized lines corresponding to the functions w;, w, are their linear combinations.
It turns out to be useful to assume (as for the generalized convexity due to Beckenbach)
that each generalized line is continuous and every two points of / x R with distinct first
coordinates can uniquely be connected by a generalized line. Formulating these two
regularity properties in mathematical terms, we have the following

DEFINITION 2. Let I C R be a nonempty interval and w;, @, : I — R. We say
that (o;, @,) is a regular pairon I if w; and @, are continuous functions and

o1 (x) o (y)
’wzm () ’7“)

whenever x,y € I with x <y.

If w; and w, are twice differentiable and their Wronski determinant is non-
vanishing then the generalized lines (i.e., the linear combinations of @, and @, ) can be
obtained as the solution set of a homogeneous second-order linear differential equation,
which is the setting investigated by Bonsall [5].

The aim of this paper is to obtain various characterizations of (w;, @,) -convexity
without assuming further regularity properties on them. Another result offers a trans-
formation that maps generalized lines into straight lines and thus also (®;, @,) -convex
functions to ordinary convex functions. Using these characterizations, we then derive a
generalization of Hadamard’s inequality [8] known for ordinary convex functions (see
the book of Dragomir and Pearce [7] for further references and details and also the paper
of Mitrinovi¢ and Lackovié [11] and [13] for interesting historical remarks). Bonsall
[5] also obtained a generalization of Hadamard’s inequality that involves the adjoint
differential operator with respect to the linear differential operator that vanishes on w;
and ®,. Generalizations of Hadamard’s inequality for hihger-order convexity have
recently been obtained by the authors [4].

2. Generalized lines

First we investigate some essential properties of regular pairs and generalized lines.

THEOREM 1. Let (@, ) be a regular pair on I. Then,
(i) w; and @, have at most one zero in I;
(ii) w; and w, cannot be equal to zero simultaneously;



HADAMARD-TYPE INEQUALITIES FOR GENERALIZED CONVEX FUNCTIONS 381

(iii) the function
(0] (X

Q(x,y) := ’ o (x

keeps its sign if x <y, x,y € I.

) o1(y) ‘
)

w
) (y)

Proof. The assertions (i) and (ii) are simple consequences of our definition. For
proving the third one, observe that the function € is continuous and nowhere zero on
the connected set {(x,y) € I x I : x < y}, therefore it keeps its sign according to
Bolzano’s theorem. [

The part (iii) of Theorem 1 states that the function Q is either positive or negative
if x <y. According to this property, a regular pair (@;, @) is said to be positive if

o (x) o (y)
o(x) () ’>0 @

whenever x <y, x,y €.
The most important property of generalized lines guarantees the existence of a
generalized line “parallel” to the x -axis.

THEOREM 2. Let (w;,®,) be a regular pair on the nonempty interval 1. Then,
there exist o, B € R such that the inequality

ow (x) + Pwr(x) >0 (3)
holds for all x € I°, where I° denotes the interior of 1.

Proof. For simplicity, we may assume that (;, @,) is a positive regular pair. If
; has no zero in I°, then @ := 1 or a := —1 (according to the sign of @, ) and
B := 0 fulfills the requirements of the theorem. Suppose that () = 0 for some
& € I°. Then, according to (i) of Theorem 1, we may assume that the inequalities
[ (x) <0 (x < 5)
o(y)>0  (>¢)

hold. Let x,y € I with x < & < y be arbitrary. The negativity of ®;(x), the positivity
of wy(y), and (2) imply that
(x

1(x)”

sup {wz(y)} <i3£ {wz(X)} @

e Lon(y) w (x)

S

§

o (y
1(y

<

e
e

Therefore,

and both of the sides are real numbers. Define the constant ¢ by the formula

)

1(y)

o ;= sup
y>€
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and choose 8 := —1. We will show that
ow;(x) — wa(x) >0 (3)
holds for all x € I°. This inequality remains true if x := £. Indeed, @;(£) = 0; on
the other hand, substituting x := £ into (2) and applying the positivity of w;(y), we
getthat —my (&) > 0. If y > &, then the definition of o gives that
> wz(y);
o (y)

therefore, multiplying both sides by the positive w; (y), we get

awi(y) — a(y) > 0.
If x < &, then inequality (4) gives that
< wz—(x);
3 (x)
therefore, multiplying both sides by the negative w;(x), it follows that
ow (x) — wa(x) > 0.

Finally, we show that the left hand side of (5) always differs from zero. Assume
indirectly that there exists 1 € I° such that

awi(n) — wx(n) = 0.
Then,
_ ox(n)
wi(n)
If £ < n, choose y € I such that n < y hold. Substituting x := 1 and y into (2),
then applying the positivity of w;(7n) and w;(y), we get the inequality

_ (M) _ »©)
= < ,
wi(n) — oi(y)
which contradicts the definition of . If & > 1, then choose x € I with x < 7.
Substituting x and y := 7 into (2), then applying the negativity of w;(x) and w;(n),
we get the inequality

which contradicts (4). O

As a consequence of the previous result, a regular pair can always be replaced by
a canonical regular pair.

THEOREM 3. Let (w1, @) be a regular pair on the nonempty interval I C R.
Then there exists a regular pair (0], w5) on I that possesses the following properties:
(i) wf is positive on I°;
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(ii) w3 /o] is strictly monotonic on I°
(iii) (w1, 7) -convexity is equivalent to (@], w5) -convexity.
Conversely, if the functions w;, w, : I — R are continuous with the properties
(i’) w; is positive;
(ii’) wy/w; is strictly monotone increasing (resp. decreasing),
then (;, @) is a positive (resp. negative) regular pair on 1.

Proof. The previous Theorem 2 guarantees the existence of real constants ¢ and
B such that (3) holds for all x € I°. Define

o] = ow; + Py, w5 = —Po; + aw,.
Then, using the product rule of determinants, for x,y € I with x <y, we have
‘wl*(x) of () ’:‘ o B o1(x) o (y) ’#0
w5 (x) 03 (y) B w(x) @ (y) ’
therefore, (o), w;) is also a regular pair on /. Using that ;" is positive, one can
easily deduce that the positivity (resp. negativity) of the determinant

‘wf‘ (x) of (v) ‘

03 (x) 3 (y)

yields the strictly increasing (resp. decreasing) property of the function @5 /w;" on the
interior of .

To see that (m,, @,) -convexity is equivalentto (@;", ®})-convexity,let f : I — R
be an arbitrary function and x < y < z be arbitrary elements of /. Then, by the product
rule of determinants,

o (x) oi(y) | _
‘ o) 2(y) ““‘”ﬁz)

f@) ) f@@ 1 0 0 f@x) o f@
of(x) of(y) ofiz) | = |0 a B w1 (x) o1(y) oi(z)
w; (x) o5 (y) 05(z) 0 -B a| | mx) wm@y) o)
fx) fiy f@
= (@ +B) | ox) o) ok |,
m(x) m(y) (z)

whence the equivalence of the corresponding convexities follows.
The converse assertion is a simple calculation. [

3. (w1, @) -convex functions

Our goal is deriving characterization theorems for (w;, @,)-convex functions.
The first one is the generalization of a classical theorem for convex functions, while the
second one formulates a connection between (;, @, ) -and the usual convexity.

THEOREM 4. Let (1, ;) be a positive regular pair on the nonempty interval I
such that w, is positive. The following statements are equivalent:
(i) f : 1 —Ris (0, ;) -convex;
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(ii) forall x,y,z €1: x <y < z we have that

f) [ fx) f) ‘
wi(y) oiz) | _ o) o)
o1(y) oz) | | oi(x) or(y) ’
m(y) w(z) m(x) w(y)
(iii) for all xo € I° there exist o, 3 € R such that
awi(xo) + Baa(xo) = f(xo),
o (x) + Paor(x) < fx)  (xel);

(iv) foralln € N, xo,x1,...,x, € I and Ay, ..., A, > 0 satisfying the conditions

kzn;akwmxk) - o) (©)

S hn() = o) )
we have that -

flx) < Zw () 8)

(v) forall xo,x1,x2 € I and Ay, Ay > 0 satisfying the conditions
Mwj(x1) + Awi(x) = w;(xo)  (=1,2)
we have that
[ (x0) < Aif (x1) + Aof (x2).

Proof. (i) = (ii). Assume indirectly that (ii) is not true. Using the positivity of
the denominators, it follows that there exist x,y,z € I with x <y < z such that

f» @ ,‘wl(X) o1 () ‘> fx) fO) le(y) o1 ()
o1(y) wi(z) m(x) () w1 (x) o(y) m(y) (z)

)

or, after rearranging this inequality,

o1(y) wi(z)
m(y) (z)

£0) [or(a)

o)

Subtracting
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from both sides and applying the expansion theorem “backward”, we get that

w1 (x) o1(y) oi(z) fx f f@
)| ox) o(y) oi1(z) | >oi(y)| oi(x) oy) oi(z)
m(x) wm(y) w(z) m(x) w(y) w(z)

The left hand side of this inequality equals zero, while the (w;, @,)-convexity of f
implies that the right hand side is non-negative, which is contradiction.
(i) = (iii). Choose x € I° and define the constant 3 by

f(xo) f(x)
()] ()C()) (0] (x)

CO](X()) a)l(x) ’
a)z(X()) a)z(x)

According to (ii), if & < xo < x, then the inequality

f(€) f(x) ‘ fxo) f(x)

]

_ 1(§) oi(xo) B wi(xo) @i
(&) wi(xo) w1 (xo) i (x)
@ (§) o (xo) wr(x0) @ (x)
holds, whence 8 > —oo. Now define the constant o by
_ f(x0) = Bon(x)
()] ()C()) '
Then we immediately get the equality
oo (x) + Bwa(xo) = f (x0)-
The desired inequality
oo (x) + Ban(x) < f(x)
can be rewritten into the equivalent form
wi(x0) @1(x) f(x) f(x)
<0. 9
‘ @ (x0) @ (x) i (x0) 1 (x) ®)

The definition of 3 guarantees that (9) is satisfied if xo < x. Assume that x < xy and
choose & € I such that x < xy < & hold. Then, applying (ii), we have the inequality

fxo) f(E) ‘ f(x) f (x0)
@1(x0) @i(8) | _ | @i(x) o1(x0)
1(x0) @i(§) ‘\‘ @i (x) @1(xo) ‘
w(xo) (&) 2(x) @2 (x0)

Observe that the denominator of the right hand side is positive, therefore, after rearrang-
ing this inequality, we get that

f (XO) ‘
| oix) ‘ oy (x) ’ IRACONNAC) ’ <o,
w1 )Co wl ‘ wZ(x (Y ()C()) W (x)

(lhxo Oh
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which, and the choice of § immediately implies (9).
(iif) = (iv). First assume that xo = x; = ... = x,. We recall that ;(xy) and
> (xo) cannot be equal to zero simultaneously due to Theorem 1; therefore (6) or (7)

gives the identity Z A = 1, and the inequality (8) trivially holds.

Now assume that X0,X1, - .., X, aredistinct points of I such that the equations (6)
and (7) are satisfied. We will show that necessarily xo € I° must hold. If inf(I) € 1
and indirectly xo = inf(I), then we have the inequalities

01 (x0) 2 (xx) — @1 (x)2(x0) = 0

forall k = 1,...,n because (W, ®,) is a positive regular pair on I; furthermore, at
least one inequality is strict. Multiplying the kth inequality by the positive A;, and
summing from 1 to n, we obtain that

o1 (x0) Y Aewa () > @2(x0) Y | Aeen (xic).

k=1 k=1

But, due to the equations (6) and (7), both sides have the common value @; (xo)z(xo),
which is contradiction. An analogous argument gives that the case xo = sup(/) also
impossible, therefore xy € I° follows.

Now, according to (iii), choose a, 8 € R so that the relations

aw;(xo) + Bwn(x) = f(x)
o (x) + Ban(x) < f(x) (xel

be valid. Then, substituting x = x; into the last inequality and applying the equations
(6) and (7), we get that

Z/lkf(xk Zkkawl (xx) + Z/lkﬁwz Xx)
=1

k=1
= o (x) + B (xo) = f (x0),

which was to be proved.
(iv) = (v). Taking the particular case n = 2 in (iv), we get (v).
(v) = (i). Choose x < y < z € I and define the constants A,, A, by the formulas

‘wm 1 (2) ‘wl<x> i (y) ‘
() @(2) sy = L0200 @0)
o1(x) @1(2) ‘(Dl(x) wi(2) ‘
‘wz(x) (z) m(x) w(z)

Obviously, A;,A; > 0 and, according to Cramer’s rule, A;, A, satisfy the system of
linear equations

Al(l)l (x) =+ 3,2(1)1 (Z)
M(x) + Aoan(z2)

[
s 2
g=
= <

S
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Substituting A; and A, into the inequality of (v) and multiplying it by the positive
base determinant, we get that

o<se| o0 oD -] ol 9@ e

w(y) () w2(x)  @n(z) w2 (x) @ (y)
or equivalently,
[ fO) [k
0<| oi(x) wi(y) oi(2) |,
am(x) oy) an(z)

which completes the proof. [

If the base functions w; and , are twice differentiable with positive Wronski
determinant, then Bonsall [5] showed that a twice differentiable function f : I — R is
(wy, @) -convex if and only if

f&x) &) f"x)
o1 (x) oj(x) o(x) =0
m(x) o3(x) o) (x)
holds for all x € I. This result can also be deduced from Theorem 4.

Specializing Theorem 4 to the standard setting, we get the classical characterization
of convexity (cf. [10, p. 152].

COROLLARY 1. Let I C R be a nonempty interval. The following statements are
equivalent:
(i) f :1— R isconvex;
(ii) forall x,y,z € 1: x <y < z we have that

fO) —fx) [0 =f0),
y—x  z—y
(iii) for all xo € I° there exist o, 3 € R such that

o+ Bxo = f (xo0), o+ Bx < f(x) (x €1);

(iv) foralln € N, xo,x1,...,x, € L and Ay, ..., A, > 0 satisfying the conditions
n n
ZA}CZI, Z)kak:xo
k=1 k=1

we have that .
£ (o) <D uf ()
k=1

(v) forall xo,x1,x € I and Ay, A, > 0 satisfying the conditions
3,1 + A,z =1, /11x1 + 1,2X2 = Xq.

we have that

F(xo) < Aif (1) + Aof (x2).
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Hint. Choose w;(x) := 1 and @y (x) = x. Then the requirements of Theorem 4
are fulfilled, and we can derive the statements of our corollary from that of Theorem
4. O

THEOREM 5. Let (w1, ;) be a positive regular pair on the nonempty open interval
I such that w, is positive. The function f : I — R is (o, ®;) -convex if and only if
the function g : wy/w,(I) — R defined by

I ()
g'_col o

Proof. In this case the function @,/®,; is continuous and strictly monotone in-
creasing, according to Theorem 3. Therefore, the image of the interval I by the function
,/®; is a nonempty open interval. Consider the identity

is convex in the standard sense.

f@x) f@) f2) (f/wl)(x) (f/wl)(y) (f /1) (2)
o1(x) w1(y) 01(z) | = o(x)o1(y)oi(z) 1
(x) o2(y) @a(z) (wz/wl)(x) (wz/wl)( ) (@] wi)(z)
g(u) g(v) gw)
= CO](X)CO](_V)(Dl(Z) 1 1 1 s
where

u=(m/o)(x), v=(m/o)y), w= (/o).

The positivity of @; forces that both of the sides are simultaneously positive, negative
or zero. That is, the function f is (w;, ®;)-convex if and only if the function g is
convex in the standard sense. [

Observe that Theorem 5 yields also regularity properties for (m;, @;)-convex
functions. Namely, we have the following important

COROLLARY 2. Let (;,®,) be a regular pair on the nonempty interval I. If the
Sunction f : 1 — R is (01, 2) -convex, then f is continuous on 1°. If I is of the form
[a,b], then f is Riemann integrable on I .

Hint. If the function f is (w;, ®,)-convex on I, then, using the notation of
Theorem 5, the function g is convex in the standard sense on J := @,/ (I) . Therefore,
by well known regularity properties of convex functions (cf. [10, p. 149] and [18)), g is
continuous on J°. On the other hand, we have that

()
f 1go(w1)7

and the right hand side is continuous on /° whence the continuity of the function f
follows.

For proving the integrability if 7 is the compact interval [a, b], it is enough to show
that f is bounded on I = [a,b]. Taking an arbitrary interior point xg, the inequality
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in (iii) of Theorem 4 implies that f is bounded from below on /. Putting x := a
and z := b into the definition inequality (1) of (w;, m;)-convexity, we get that f is
also bounded by a linear combination of @w; and @, from above on I. Hence f is a
bounded function, indeed. [

4. Hadamard-inequality for (o, ®,)-convex functions

The previous corollary enables us to formulate our main result.

THEOREM 6. Let (w1, ) be a positive regular pair on the interval [a,b] such
that ; is positive on la,b[. If f : [a,b] — R is an (0, 02) -convex function, then
the inequalities

b
d@</f®m<mwﬂwﬂm (10)
hold, where
(o (flewar o
5_<(01> (fabwl(x)dx>7  o(g) an
and
7 @y (x)dx @i (b) oi(a) 7o (x)dx
. 7 or(x)dx s (b) e 17 o (x)dx "
' [ o) b) ’ 7 a ’wl(a) w (b)
wy(a) an(b) w(a) @ (b)

In the proof we will use the consequences of Theorem 4, but a more direct approach
can also be followed.

Proof. Define ¢ and £ by (11). We show that they are constructed such that the
left hand side inequality of (10) is exact for f = w; and f = w;, respectively. By the
definition of (11), we have that

Jy @2(x)dx _ or(E)
f: o (x)dx wi(§)

Using the definition of ¢ and this equation, we get the equations

b
/ o (x)dx = cw(&) (13)

ab
m;(X)dx = can(&), (14)

a

which show that (10) holds for f = w;.
Let f : [a,b] — R be an arbitrary (o, @,)-convex function.
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According to (iii) of Theorem 4, there exist ¢, B € R such that the relations

aw (&) + B (§) = (&)
aw (x) + for(x) < f(x)

are satisfied for all x € [a, b] . Therefore, due to the formulas (13) and (14), we get that

b
/f /a)l(x)derﬁ/ wy(x)dx
= cowi (&) + cfm (&) = of (£)

which results the left hand side inequality of (10).

To prove the right hand side inequality of (10), observe first that ¢; and ¢, are
constructed so that the left hand side inequality of (10) holds with equality for f = @,
and f = w,.

Substituting x = a and z = b into (1) and developing the determinant by its
second column, we get the inequality

(0] (Cl) (0] (b)

fla) f(b) fla) f(b)
f(Y)‘ wz(a) wz(b) ‘ < oy ‘ (b) ‘CUZ(Y) wl(a) wl(b) ‘
for all y € [a,b]. Thus, with the constants
‘f f(b) ‘ fla) f(b) ’
o) o o @
’ (0] (Cl) ()] (b) ’ ’ ()] (Cl) (0] (b) ’
ws(a) (D) w(a) a(b)

we have that

f(a) = awi(a) + Bwn(a),  f(b) = aw(b)+ Bw(b),
f) < ao(y) +Bo(y) (vel).

Therefore, after integrating the last inequality and using that the right hand side of (10)
is exact for f = w;, we get that

b b b
/f(y)dy < Ot/ wl(y)dy+ﬁ/ wa(y)dy

= ci(awi(a) + Ban(a)) + c2(aw (b) + Bwa(b)) = cif (a) + caof ().
Thus the proof of the theorem is complete. [

Now, without the sake of completeness, we list up some Hadamard-type inequalities
as applications of our last theorem.

COROLLARY 3. (Hadamard [8]). If f : [a,b] — R is a (1,x)-convex function
(i.e., convex in the standard sense), then

(),

7 +/®)
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COROLLARY 4. If f : [a,b] — R is a (cosh, sinh) -convex function, then

2sinh <b2a>f (“H’) /f < tanh (bTa> (f (a) +£ (b))

COROLLARY 5. If f : [a,b] C] —

2, %= R is a (cos, sin) -convex function, then

2n (P59) 7 (452) < [ roar < (P54) vt 45 0.

COROLLARY 6. If f : [a,b] — R isa (1,exp)-convex function, then

(b—a) (Iogexp(b;exp ) / flx

(b—a)exp(b) . _ (b—a)exp(a)
S (exp(b) — exp(a) 1>f( )+ (1 exp(b) — exp(a)>f(b)'

COROLLARY 7. If f : [a,b] C]O,00[— R is an (x,x9)-convex function

((g—p)(p+1)(g+1)#0), then

(10]

(11]

pptl g1\ g+1 pf o (p+ 1)(bq+l ,aqﬂ) _ /bf(x)dx
p+1 batl — ga+l1 (q + 1)(bp+1 _ ap+1) = .

(bpﬂ_apﬂ)bq . (bq+1_aq+l>bp (bq+l_aq+l)ap _ (b[)+l_ap+l>aq

p+1 q+1 q+1 q+1
< aPbd — aibP f(a) + aPbd — qibP f(b)'

REFERENCES

E. F. BECKENBACH, Generalized convex functions, Bull. Amer. Math. Soc. 43 (1937), 363-371.

E. F. BECKENBACH AND R. H. BING, On generalized convex functions, Trans. Amer. Math. Soc. 58
(1945), 220-230.

A.BEN-TAL AND A. BEN-ISRAEL, A generalization of convex functions via support properties, J. Austral.
Math. Soc. Ser. A 21 (1976), no. 3, 341-361.

M. BESSENYEI AND ZS. PALES, Higher-order generalizations of Hadamard’s inequality, Publ. Math.
Debrecen 61 (2002), no. 3-4, 623-643.

F. F. BONSALL, The characterization of generalized convex functions, Quart. J. Math., Oxford Ser. (2) 1
(1950), 100-111.

D. BRYDAK, Applications of generalized convex functions to second order differential inequalities,
General Inequalities, 4 (Oberwolfach, 1983) (E. F. Beckenbach and W. Walter, eds.), International
Series of Numerical Mathematics, vol. 71, Birkhduser, Basel, 1984, pp. 297-305.

S. S. DRAGOMIR AND C. E. M. PEARCE, Selected Topics on Hermite-Hadamard Inequalities, RGMIA
Monographs (http://rgmia.vu.edu.au/monographs/hermitehadamard.html), Victoria Uni-
versity, 2000.

J. HADAMARD, Etude sur les propiété des fonctions entiéres et en particulier d’une fonction considérée
par riemann, J. Math. Pures Appl. 58 (1893), 171-215.

J. KRZYSZKOWSKI, Approximately generalized convex functions, Math. Pannon. 12 (2001), no. 1, 93—
104.

M. KUCZMA, An Introduction to the Theory of Functional Equations and Inequalities, Panstwowe
Wydawnictwo Naukowe — Uniwersytet §l@ski, Warszawa—Krakéw—Katowice, 1985.

D. S. MITRINOVIC AND 1. B. LACKOVIC, Hermite and convexity, Aequationes Math. 28 (1985), 229-232.



(Received August 13, 2002)

Mathematical Inequalities & Applications
.el
seel

MIHALY BESSENYEI AND ZSOLT PALES

E. MOLDOVAN, Sur une généralisation de la notion de convexité, Acad. R. P. Romine. Fil. Cluj. Stud.

Cerc. $ti. Ser. I 6 (1955), no. 3-4, 65-73.

C. P. NICULESCU AND L.-E. PERSSON, Old and new on the Hermite-Hadamard inequality, manuscript.
M. M. PEIXOTO, On the existence of derivatives of generalized convex functions, Summa Brasil. Math.

2 (1948), no. 3, 35-42.

M. M. PEIXOTO, Generalized convex functions and second order differential inequalities, Bull. Amer.

Math. Soc. 55 (1949), 563-572.

M. M. PEIXOTO, On convexity, Anais Acad. Brasil. Ci. 21 (1949), 291-302.
T. POPOVICIU, Les fonctions convexes, Hermann et Cie, Paris, 1944.
A. W. ROBERTS AND D. E. VARBERG, Convex Functions, Academic Press, New York—London, 1973.

e-math.con

e-math.con

Mihdly Bessenyei

Institute of Mathematics and Informatics
University of Debrecen

H-4010 Debrecen, Pf. 12

Hungary

e-mail: besse@math.klte.hu

Zsolt Pdles

Institute of Mathematics and Informatics
University of Debrecen

H-4010 Debrecen, Pf. 12

Hungary

e-mail: pales@math.klte.hu



