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INEQUALITIES INVOLVING THE SEQUENCE {/a+ a+ -+ va

QIU-MING LUO, FENG QI, NEIL S. BARNETT AND SEVER S. DRAGOMIR

(communicated by J. Pecaric)

Abstract. In this article, the convergence of the sequence

3
a+ fat--+Va

n

is proved, and some inequalities involving this sequence are established for @ > 0. As by-
product, two identities involving irrational numbers are obtained. Two open problems are
proposed.

1. Introduction

Let a > 0 and N be the set of natural numbers. Denote

Su(a) = \/a+\/a+~-~+\/5, (1)
fula) = =), @)

In 1993, J.-Ch. Kuang asked what the lower and upper bounds of f,(a) is, and
conjectured that the best possible lower bound of f,(a) is aiz , that is,

fula) > — (3)

22
forall n € N. See [2, pp. 505-506 and p. 778].
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In 1999, as a reading note of the book [2], the second author suggested to consider
the following problem. For a > 0 and ¢ # 0, define

Snila) = \t/a+\t/a+~-~+\’/57 4)

fute) = S 5

What about the convergence of S,(a) and the bounds of f,,(a)?
Recently, the question proposed by J.-Ch. Kuang was considered in [3], and the
following result was obtained.

THEOREM A. Let a > 0 and n € N.
1. For a > 2, we have

1 2(a++a—ad?)
a = (Va—a) (V1+4a+2a+1)

2. For 1 < a < 2, there is a number ny € N such that

<fala) < 1; (6)

1
fala) > 12 — ™
holds for n > ny;
3. For 0 <a <1, we have

L pla) < VYIS ®

In this article, motivated by the reading note indicated above and the paper [3], we
will give an explicit solution to the problem involving the sequences S, ,(a) and f,,(a)
defined by (4) and (5) in the case of r = 3.

2. Convergence and inequalities of S, ()

In this section, we first discuss the convergence of the sequence Sn’t(a) , and then
obtain several inequalities of this sequence.

THEOREM 1. Let a > 0 and n € N. The sequence {Sn3(a)}2, increases
strictly.
1 If 0 <a< 2=, we have

3V3’
2 1 3av/3
lim S,3(a) = 7 cos (5 arc cos GT\/_> ; 9)
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2. Ifa> we have

3\/_’

. 3la la? 1 3la a? 1
nlLHOIOSn&(a): \/§+ Zﬁ+\/§ Z*ﬁ (10)

Proof. By induction, it is easy to prove that the sequence {S,3(a)}3°, is strictly
increasing for a > 0 and /a < S,3(a) < J/a+1, therefore, the sequence {S,3(a)}5,
converges.

Suppose nlggo Sn3(a) = x, then, from S ;(a) = a + S,—13(a), it is deduced that

¥ —x—a=0.
From Cardano’s formula [1, p. 280] for the cubic equation of single variable, the
proof of Theorem 1 follows. [

Using monotonicity of the sequence {S,3(a)}:2, and Theorem 1, the following
inequalities are obtained.

THEOREM 2. Let a > 0 and n € N.

1. If0<a<3\[,then

2 1 3aV/3
a< ya<S,3(a) < —=cos <§ arc cos a2\/_> ; (11)

V3

2. If <a<1 we have

2 1 3la a? 1
Va<Sis@< (st Tt ils-Vs -5 (12
a<vasSp@ <ilz+t\g-mt\z Vg (12

3. If1<a< \/_ there exists a number ny € N such that

L | 3la az 1
Va < Snala) <a<s$, VAN Ry AL Y A A&
\/E 0,3(61) a < ’3(61) < 2+ 2 77 + 3 4 27 ( )

holds for n > ny;
4. If a> /2, then

2 1 3la a2 1
Ja< S YRSy LIy Y L 14
v < Snala) < \/2 4 27 2 4 27 Y¢ (14)

Proof. We only verify the inequalities (13) and (14), the rest are omitted.

For x > - \f , introduce a function y(x) defined by

y(x) = —X—i/x 3 27 i/x \/ —ﬁ— (15)

We claim that y(x) < 0 if and only if x > /2.
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Direct calculation reveals that

g (x) = glx) +x. (16)
Then we have

1 6g(x)

S g

W1 "

gx) =

It is clear that the two terms of g(x) are positive for x > Lf Using the
arithmetic-geometric mean inequality yields that g(x) > 2‘/_ for x > ﬁ_ This leads
to 3g%(x) — 1 > 3 for x > # Therefore, the first derlvatlve of g(x ) satisfies

X

g'(x) > 0 and the second derivative of g(x) satisfies g"”(x) < 0 for x > ==. This

%\

means that the function g(x) is increasing and concave on [#, oo) .
Straightforward computation yields

v (%) — e Jim ) = . (18)
This implies that the curve y = g(x) and the straight line y = x intersect at an unique
point on [%, oo) . Thus, there exists an unique point xy € (%, oo) such that
w(x) >0 for x € (3%,)@) and w(x) < 0 for (xg,00).
Since y(v2) = 0, consequently xg = v/2. The proof is complete. [

REMARK 1. Now we give another proof for the claim that y(x) < 0 if and only if
Xz \/§ .

Firstly, we prove that equality g(x) = x holds if and only if x = V2. If letting
x = /2 in (16), then we have g*(v/2) — g(V2) — v2 = 0, which is equivalent to
[g(\/z) - \/5] [ (\/_) + \/Eg(\/z) + 1] = 0, thus g(\/i) = /2. Conversely, if

letting g(x) =x > then equation (16) reduces to x> —2x = 0, and then x = /2.

3\/‘ ’
Secondly, we verify that inequality g(x) < x is valid if and only if x > /2. If
g(x) < x,thenequation (16) can be rewritten as x—g(x) = g (x)—2g(x) = g(x)[g*(x)—

(

2] > 0, then x > g(x) > /2. Conversely, if x > \/_, then g3(x) — g(x) — v2 >
2> (x) — g(x) —x = 0, which is equivalent to [g(x) — v/2][g?(x) + v2g(x) + 1] > 0,
and then g(x) > /2. Therefore, g(x) — x = 2g(x) — g3(x) = g(x)[2 — g*(x)] < O,
which means g(x) < x.

The proof is complete.

COROLLARY 1. The irrational number \/E can be expressed as

J1 5 L)1 5
\6—\/33—\/6+\/\ﬁ+ﬁ’ (19)

which is equivalent to

a5t iAis=v3 Va (20)
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Proof. Identity (20) follows from simplification of identity (19) directly.

Taking power 3 on both sides of A = %/ 3v3 -5+ %/ 3v/3 + 5 yields that the
number A satisfies the cubic equation x* — 3 V2x—6V3=0. By Cardano’s formula
in [1, p. 280], it follows easily that A = /3 - ¥/4. The proof is complete. [

3. Inequalities for the sequence f,,3(a)
From monotonicity and its inequalities of the sequence {S,3(a)}22,, we will
derive some inequalities of the sequence {f,3(a)}>2; now.

THEOREM 3. Let a > 0 and n € N.
1. When 0 < a< 1, we have

3 Va—a
%}_f (1)

2. When 1 <a< \/E, there exists a number ny € N such that

1 <fn,3 ((1) <

1 1
f,173((1) >1> E > ; (22)
holds for all n > ny;
3. When a > \/E, we have

1 @ —2a
1 n 1 , 23
>f’3(a)>a2+aoc+a2< Jra—%/ﬁ) (23)

3la a? 1 3la a? 1
Y L I Y L 2
“ \/2+ 4 27+\/2 427 (24)

Proof. For 0 < a < 1, since the sequence {S,3(a)}>°, is strictly increasing and
u—San(u)

Sna(a) > a, then a — Sy113(a) < a— S,3(a) < 0, and f,3(a) = s > L
Moreover, by standard argument, it follows that

where

a— Syi23(a)

fn+l,3(a) = a— S,1+173(a)
i 1 @ = 310
a* + aSyy23(a) + Sﬁ+2,3 (a) a—Sp13(a)
1 2a — @’ ]
= 1+ 25
@+ aS,123(a) + S5, 5(a) { Sut13(a) —a (25)

- 1 {1 N 2a — a’ ]
a? + aSp13(a) + S;Zz+1,3 (a) Sna(a) —a
a— Spt13 (a)
a— Sp3(a)
fn3(a).
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This implies that the sequence {f,3(a)}5°, is strictly decreasing, therefore

3/ 3

M. (26)
Ja—a

For 1 <a< V2, by inequalities in (13), there exists a number ng € N such that
a— Sp+13(a) < a—Sy3(a) <0 holds for n > ng. Hence

fnz(a) < fiz(a) =

a— Spr13(a)

1 1
>1>->— > no.
a— Sy3(a) a o

a’

fn,B (a) =

For n > ng, the formula (25) is also valid. Thus, the sequence {f,3(a)};2, i is
strictly decreasing, and

a — Sno+2,3 ((1)

, N> ng. 27
a— Spy+13(a) 0 27)

1 1

— < - <1<fusa) <

2 < fn3(a)

For a > /2, from inequalities in (14), we have 0 < @ — S,13(a) < a — S,3(a)

for n € N. Then f,3(a) = % < 1. From a combination of the following
formula (28),

a— Spr13(a) 1

Fus (a) = _ 2a —a

3
1+
a—Sy3(a) a? + aSp13(a) + 5;21+1,3 (a) { Sna(a) —a

| e

with inequalities in (14), the inequalities in (23) follow.
The proof is complete. [

4. Open problems

It is natural to propose the following questions.
1. Prove or disprove the convergence of the sequence {S,,(a)}32, for positive real
number a and nonzero real number ¢ # 0;
2. Establish the lower and upper sharp bounds of the sequence {f,,(a)}2, for
positive real number a and nonzero real number 7 # 0.
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