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SOME REFINEMENTS OF SLATER, PECARIC
AND WANG-WANG’S INEQUALITIES

GOU-SHENG YANG AND KUEI-LIN TSENG

(communicated by J. Pecari¢)

Abstract. In this article, we establish some refinements of Slater, PeCari¢ and Wang-Wang’s
inequalities.

1. Introduction

Throughout, let R be the set of some real numbers, o; > 0 (i = 1,...,n) with

n
> o; =1, andlet n be a positive integer. Let
i=1

n n
1
Gn:fo" and gn:Hx,-", where x; > 0, i=1,...,n,

i=1 i=1
be the weighted and unweighted geometric means and

n -1 n -1

o 1 .
H, = Zx_l and h, = Zn_xl , Where x; >0, i=1,...,n,
i=1 i=1
be the weighted and unweighted harmonic means of xi, ..., x, , respectively.

Similarly, let

n n

G, = H(lfx,-)o"' and g, = H(lfx,-)%, where x; € (—oo,1), i=1,...,n,
i1 i1

be the weighted and unweighted geometric means and

—1 —1
n 0 n 1 .
Hr/L: <lel> and h;:<2m> ,Wherex,-E(O,l),l:1,...7n,

i=1 i=1

be the weighted and unweighted harmonic means of 1 — xy,...,1 — x,, respectively.
In [5], Wang and Wang proved the following Wang-Wang inequality:
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THEOREM A. If x; € (0, 3] ,i=1,...,n, then

hn gn
WS (1.1)

with equality holding if and only if x; = ... = x,.

In [1], Alzer proved the following generalization of Theorem A:

THEOREM B. If x; € (0,1],i=1,...,n, then
H, _ G,
Ffl < G_fl (1.2)
with equality holding if and only if x| = ... = x,.

In [4], Slater proved the following companion to Jensen’s inequality:

THEOREM C. Suppose that [ is convex and increasing (or decreasing) on (a,b).

n

Thenfor xi,...,x, € (a,b), p1,...,pn =20, > pi >0 and Y pif’(x;) # 0, we have
i=1 i=1

Spft) [ Spadlx)
. <f 5= (1.3)
;pi ;pifi (x:)

The inequality (1.3) remains true if at any occurrence of f |_(x) we write instead any value
in the interval [f (x),f! (x)], where f’ (x) and f1 (x) are left and right derivatives of
f at x, respectively.

If we choose f(x) = In1=* (x€ (0,4)) and x; € (0,1) (i =1,...,n) in
Theorem C, then the inequality (1.3) yields the Wang-Wang inequality (1.2).

In [4], Slater also proved the following integral analog of (1.3):

THEOREM D. Suppose that f is convex and increasing on (a,b). Suppose also
that X : (E, &) — (a,b) is measurable, that f oX, fi oX and (f o X)X arein L(u)
and that [,(f! o X)du > 0. Then

L oX)Xd
Jel0t o X)Xdu “). (1.4)

/E<f oK) <f ( Je(fi o X)du

If, in addition we assume that [ is strictly convex, then equality holds in (1.4) if and
only if X is constant U a.e.

In [2], Pecarié proved the following simple generalization of (1.3):
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THEOREM E. Suppose that f is convex on (a,b). If, for xi,...,x, € (a,b) and

n
Dis---Pn = 0 with Y p; > 0, we have
i=1

) > pocf | (x)
> pfi(n) #£0,  S———€(ab), (1.5)
= ;Pifi(xi)

then the inequality (1.3) holds.

In section 2, we establish some refinements of (1.3)—(1.5). In section 3, we
establish a refinement of Wang-Wang inequality.

2. Some refinements of Slater and Pecarié¢’s inequalities

In order to prove our results, we need the following lemmas:

LEMMA 1. ([3,P.12]) Let f : (a,b) — R be a convex function, xo € (a,b),m €
[fL(x0),f1(x0)]. Then
f () = [ (x0) +m(x — xo) (2.1)
Sforall x € (a,b).

LEMMA 2. Let f : (a,b] — R be a convex function such that f’ (b) exists. Then
fx) = f () +fL(b)(x — D) (2.2)
forall x € (a,b].

Proof. The inequality (2.2) is trivial if x = b. If x < b, using the convexity of
f, we have, for x < t < b that

Letting + — b, we have

Hence (2.2) holds.
Now, we are ready to state and prove our results.

THEOREM 1. Let f : (a,b] — R be a convex function. Suppose x; € (a,b]
(i=1,....n),lety; € [fL(x:),fL(x;))] when x; £ b, (i=1,...,n) andlet y; = f' (b)
when x; =b (i=1,...,n). If y € (a,b] is such that v o4y; = > aux;y; and the

i=1 i=1
Sfunction F is defined on [0, 1] by

n

F(t) =Y of (ty + (1 = )xi), (2.3)

i=1
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then F is convex, increasing on [0, 1] and

n

Y of () = F(0) <F(1) <F(1) =£(1). (2.4)

i=1
Proof. Since f is convex, it follows from Lemma 1 and Lemma 2 that

fy + 0 =0x) = f(x) +1(y — x)yi
forall + € [0,1] and x; € (a,b] (i=1,...,n). Now,
F(t) =Y af (ty + (1 = 1)x;)

i=1

n

> ouf (%) +1 (V > oyi—> aixiyi> (25)
i=1 i=1 i=1

> af (x) = F(0),
i=1
forall 7 € [0, 1].
Note that the composition of a convex function and a linear function is convex.
Also note that a positive constant multiple of a convex function and a sum of convex

functions are convex. Hence F is convex on [0,1]. If 0 < x < y < 1 then it follows
from the convexity of F and (2.5) that

FO) - Flx) _ Fx) — F(0)
y—Xx - x—0

which shows that F is increasing on (0, 1] and (2.4) holds. This completes the proof.

REMARK 1. Simply using Lemma 1, we see that Theorem 1 remains true if the
interval (a,b] is replaced by (a,b). Let f be an increasing (or decreasing) convex

function on (a,b) and oy = -2, where p; > 0 (i =1,...,n) with >_p; > 0. If
=1

pj !
=1
n Zpixiﬂr (Xi)
xi € (a,b), yi=fl(x) (i=1,....,n), Ypfi(x)#0, y=-"———, then, for
i=1 > pifL(xi)
i=1
all # € [0, 1], we have
>_pif (xi) > pixif | (xi)
H _FO)<FO)<F()=f | 2.7)
_Z%pi Z}pifi(xz-)

which refines (1.3). Thus Theorem 1 gives a refinement of Theorem C.
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REMARK 2. Let o;,p;, x;, g,y; be defined as in Remark 1 and let f be convex on

0 > pixif L (xi)
pifi(x;) #0 and y = 5——— € (a,b). Then (2.7) still holds. Thus
=1 > pifL(xi)

i=1
Theorem 1 gives a refinement of Theorem E.

(a,b),

1

THEOREM 2. Suppose that f : (a,b) — R is convex on (a,b) and X : (E, &) —
(a,b) is measurable suchthat f oX, fi oX and (f{ o X)X arein L(u). If n € (a,b)
is such that m [(f1 o X)dn > [,(f{ o X)du and the function G is defined on [0, 1] by

G) = [ £(m+ (1= DX()du(s), 28)
E
then G is convex, increasing on [0, 1], and

/E (f o X)du = G(0) < G(1) < G(1) = (). (2.9)

Proof. That G is convex follows immediately from the convexity of f . Also, it
follows from Lemma 1 that

fm+ (1 =0X(s)) = (f 0 X)(s) + 1(n = X(5)(F} 0 X)(s)

forall + € [0,1] and s € E. Now, integrating with respect to i, we have
Gl = [ £+ (1 = 0X()du
> /E(f o X)d + 1 {n/E(ﬁ o X)dt — /E(f; oX)Xdu}
> /E(f o X)du = G(0)

forall 7 € [0,1]. As noted in the proof of Theorem 1, we see that G is increasing on
[0, 1]. This completes the proof.

REMARK 3. In Theorem 2, let f be convex and increasing such that / (fi o
E

J(FLox)Xau

fE ToXan Then

X)du >0 and n =

(L oX)du)
Je(ff o X)du

which refines (1.4). Thus Theorem 2 is a refinement of Theorem D.

[ 0x0du = 60) < 60 < (1) = (
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3. A refinement of Wang-Wang inequality

THEOREM 3. Let 0, 0, 1=10, Va
et of > B > ( JarJp
1,....n). Ify €I and y < Pt tBh  Byofine P oon [0,1] b

aH)+BHy

P = Lﬁl(w +(1- f)xi)tx,] p

flo-w-a- r)xow]ﬁ'

i=1
Then P is decreasing on [0, 1] and
Ya Gy
(=7 '

Proof. Let f(x) = PBIn(l —x) — alnx, x € I. Then

1—x \/_x lfor\/ix

" -
f (x) - X2(1 _x)z
for x € I. Hence f is convex on /. Now
! _ﬁ a
[ i) = - = 17 ) )
yi=f"(x) —x (i n)

and
QiXiYi
2O (o P, + pH,
n N aH! + BH,
ai_))t "
Since v € I and y < % one has ¥ ogy; = > ayx;y;. It follows from

i=1 i=1
Theorem 1 that F(¢) is increasing on [0, 1] and

1 [Ty + 1= 0]
W = P(l) =

> 0.

[1_1_2[1(1 - t)x,-)o‘i]ﬁ

),andletxiel (i =
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Hence F—(lx> is decreasing on [0, 1], and
e Gy
T — p(1) < P(t) < P(0) = —.
T = P < PO <PO) = 2

This completes the proof.

REMARK 4. In Theorem 3, let y = % . Then

:]:

(aH!, + BH,)P~* { [t(oc — B)H,H] + tBH, + (1 — t)(0H), + BH,)x:]* r

P(r) = =1 5
{Hl[(aH,’, + BH,) — t(oe — B)H,H, — 1BH, — (1 — 1)(aH!, + BH,,)x,-]O‘i}
. (3.3)
is decreasing on [0, 1], thus
! f—a _ ! o (0]
e o Pl < Py < PO = G (0)
If we choose ot = 8 = 1, then I = (0, 3] , and (3.3) becomes
[L[tH, + (1= 1)(#, + Hy )]
P(f) = — (3:5)
1;[1[(H + H}) — tH, — (1 — 1)(H, + H})x;]%
and (3.4) implies
Bn _ p1y < Py < P0) = & (3.6)

H,
Thus Theorem 3 gives a refinement of Theorem B.
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