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INEQUALITIES DESCRIBING THE GROWTH OF POLYNOMIALS
NOT VANISHING IN A DISK OF PRESCRIBED RADIUS

N. K. GoviL, M. A. QAzI AND Q. I. RAHMAN

(communicated by J. Pecaric)

Abstract. In this paper we study the growth of polynomials of degree n having no zeros in

|z] < K, where Kk is an arbitrary positive number. Using the notation M(p;1) = |m‘ax |p(z)| we
z|=t

measure the growth of p by estimating M(p;7)/M(p; 1) from above for any 7 > 1, and from
below forany # < 1.

1. Introduction

For any entire function f , and r > 0, let M(f;r) := I‘nlax If (z)] . Ttis well known
z|=r

that if p is a polynomial of degree at most n, then

M(p;R) < M(p; 1)R" (R>1), (1)
M(p';1) < M(p; 1)n, (2)

and
M(p;p) >M(p;1)p"  (0<p<1), (3)

unless p(z) = M(p,1)e’7", y € R.

The first inequality is a simple deduction from the maximum modulus principle
(see [12, p. 158, Problem 269]). The second inequality is better known as S. Bernstein’s
inequality, although it first appeared in a paper of M. Riesz [15, p. 357]. Varga [18, p.
44] attributes (3) to E. H. Zarantonello.

Inequalities (1) and (3) are equivalent. For this it suffices to observe that p
is a polynomial of degree at most n if and only if ¢(z) := #'p(1/7Z) is, and that
M(g;r) = "M(p;1/r) for 0 < r < oco. It was observed by Bernstein [2] that (2)
can be deduced from (1), making use of the Gauss—Lucas Theorem which says that the
critical points of a polynomial lie in the closed convex hull of its zeros. Few people,
if any, know that (1) can be deduced from (2). So, we shall explain how. This is
interesting since there are proofs of (2) which do not use (1) at all (see [14, p. 34]).
Let p(z) # M(p;1)el”z" for all y € R. Applying (2) to the polynomial p(pz), we
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conclude that p|p’(pz)| < M(p;p)n. For any given R > 1, let M(p;R) = |p(Re'?)|.
Then

R R
M) = |p(e) + [ 5/ (pe)e dp| < w1+ [ Euatip) .
1 1
Denoting the right-hand side of the preceding inequality by ®(R) we see that
d
@{R*"cD(R)} =R "®'(R) —nR™"'®R) <0  (R>1).

Hence, R™"®(R) is a decreasing function of R for R > 1. In particular,
M(p;R) < ®(R) < ®(1)R" = M(p; 1)R".

Thus, all the three inequalities are equivalent.
When p(z) # 0 in |z] < 1, inequalities (1), (2), and (3) can be replaced by

R"+1

M(p:R) < M(p; I)T (R>1), (4)
Mp's1) < Mp: )3, (5)
and
M) > M) (F52) 0<p<), (6)
respectively.

Inequality (4) is due to Ankeny and Rivlin [1, Theorem 1]. It becomes an equality
for polynomials of the form p(z) := c(z" +€'"), c € C, ¢ # 0, y € R. Inequality (5)
was conjectured by P. Erdds. It was proved independently by G. Pélya, and G. Szego
in the special case where all the zeros of p lie on the unit circle. The two proofs appear
in a paper of Lax [9], who showed how the inequality conjectured by Erdds could be
deduced from the special case settled by Pélya, and Szegs. Inequality (5) becomes
an equality if p is a polynomial of degree n having all its zeros on the unit circle.
Inequality (6) is a result of Rivlin [16]. The bound in (6) is attained for polynomials of
the form p(z) :=c(z +€%)", c € C, ¢ # 0, y € R. We wish to emphasize that (6)
and (4) are not equivalent.

An entire function f is said to be of exponential type 7 if for any € > 0,

f (@) =0T (2] — o0).

If p is a polynomial of degree at most 7, then f (z) := p(e¥) is an entire function of
exponential type n. Therefore, the preceding inequalities suggest generalizations to
such functions. Let f be an entire function of exponential type 7, bounded on the real
axis, and let .# (f;y) := sup|f (x +iy)|. Then

xeR

AM(fiy) < A(f:0)e™ (yeR), (7)
A(f'50) < A (f0), (8)
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and
M(fiy) = M(f;0)e” ™ (yeR). 9)

Inequality (7), which is a generalization of (1), is a consequence of the Phragmén—

Lindeldf principle (for references see [3, p. 82]). Inequality (8), which extends (2), is

Bernstein’s generalization [3, Chapter 11] of (2). Inequality (9) is equivalent to (7).
Looking for analogous generalizations of (4) and (5), Boas [4] observed that if

p(z) # 0 for |z] < 1, then f(z) := p(e”) # O in the open upper half-plane, and

log |f' (iy)|
y

hy (%) := limsup =0.

y—00

He proved thatif f is an entire function of exponential type 7, bounded on the real axis,
not vanishing in the open upper half-plane with & (7/2) = 0, then (see [4, Theorems 1
and 2|)

el 1
2

A(f'50) <///(f;0)§. (11)

A (fry) < A(f0)

(v <0), (10)

Inequalities (4) and (5) are contained in (10) and (11), respectively. It is no wonder
that [4] does not contain any reference to (6), since it was not known at the time. For
another generalization of (4) and an L”(R) analogue of (10), the reader may look up
[5] and [6].

In 1958, the late Prof. R. P. Boas, Jr. proposed to one of us to extend (4) and (5) by
obtaining the sharp upper bounds for M(p;R)/M(p;1), R > 1,and M(p’;1)/M(p;1)
under the assumption that p(z) # 0 in |z] < k, where K is a given positive number; and
then obtain the corresponding extensions (see [7, p. 502, lines 1-5]) of his inequalities
(10) and (11). It was independently shown in [7] and [10] that if p is a polynomial of
degree at most n such that p(z) # 0 for |z] < k, where kK > 1, then

n

M@ 1) < M(p;1 ,
1) < Ml 1)

(12)

with equality for polynomials of the form c¢(z + ke”)", c € C, ¢ #0, y € R. An
extension of this inequality to entire functions of exponential type not vanishing in the
half-plane 3z > 7, for some 1 < 0, was also obtained in [7]. Thus, the proposed
problem concerning (5) has been solved in the case where k > 1. However, to the best
of our knowledge, little of any value is known as to how large M(p; R)/M(p; 1) can be
for R > 1, and how small M(p;p)/M(p;1) canbe for p < 1, if p is a polynomial of
degree at most n not vanishing in |z| < k, where K is a given positive number. The
purpose of this paper is to present certain observations concerning this problem.

2. Statement of the main results

Our first result is a partial extension of (4) for polynomials not vanishing in
D(0;k) :={z€ C: |z] <k} forsome Kk > 1.
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THEOREM 1. Let p(z) := > ayz” # 0 for |z| < x, where k > 1, and let
A =A(k) := ka1 /(nag). Then R

R?> 4+ 2|A|Rk + K2
14 2)Ax + k2

n/2
M(p;R) < ( ) M@p;1)  (1<R<K). (13)
It is easily seen that |[A| < 1, and so for any n, inequality (13) may be replaced
by the known estimate ([7, Theorem 1], [14, Theorem 4.23])

R+ x
M(p:R) < (K +1
where the bound is attained if p(z) := c(ze!f + k)", ¢ € C, ¢ # 0, B € R.
In the case where n is even, (13) becomes an equality for polynomials of the form
c(?e?P 4+ 2xzeP cos o + k%)%, c€ C, c#0, a €R, BER.
Theorem 1 does not say anything about M (p; R)/M(p; 1) for R > x*. From (13)
it follows that

24214 \"? 26 \"
Mp; ) < K <1+2|/1K+K2 Mip:1) < K+1 Mp; 1)

)nM(p;l) (1<R<K?), (14)

since |A| = klai/(nag)] < 1. Now let pi(z) := p(kz). Then pi(z) # 0 for
lzZ| < 1,and M(pg;1) = M(p;x). Hence, if R > «k, then writing R = Sk, where
S :=R/k > 1, we may apply (4) to p, and use the above estimate for M(p; k) to
conclude that for any R > k, we have

<ﬂ

Rﬂ+Kﬂ
M(p:R) = M(p:S) < —

M(p;x) < 2”*lmM(p; 1).
Although, this inequality can be seen as a generalization of (4) to which it reduces
if we put Kk = 1, it is not satisfactory for large values of K, since
R" 4+ k"
I+ «”

R"+ K" 1
——M(p;1) ~ 2"
(I+x)" (p: 1)

n—1

M(p;1) as K — 00.

The following complement to Theorem 1 shows that the factor 2"~! in this last
(asymptotic) estimate is out of place.

THEOREM 2. Let p(z) := Y ayz’ # 0 for |z| < k, where k > 1. Then,

v=0
R" K" (R—i)/(R+x7)
M(p:R) < (Kﬂ 1) M) (R >) 1)

REMARK 1. Note that the right-hand side of (15) agrees with that of (13) for
R = k?, and for R > K? it is strictly less than (R"/k")M(p;1). More precisely, if
R > k2, then
K" (R*K2>/(R+K2> R— K-Z 1
(K—H) < TRTe s
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and so for R > k%, we have

R" 4 k" 1 { 2 R"

M(p;R M(p;1 -
(PiR) < K"+ 1 b )+K"+l K'"2 R+ K2

K"}M(p; 1).

The example p(z) := 2" + k" shows that M(p; R)/M(p; 1) can be at least as large
as (R"+ k")/(k" + 1) if not larger.

Our next result is an extension of (6) to polynomials not vanishing in |z| < &, for
some K > 1.

THEOREM 3. Let p(z) := > ayz’ # 0 for |z| < x, where x > 1, and let
v=0
A = A(K) := ka1 /(nag). Then

K2+ 2k|A|p + p?
K2+ 2k|A|+ 1

n/2
M(p;p>>( )M<p;1> O<p<1).  (16)

In the case where n is even, (16) becomes an equality for polynomials of the form

c (k2 +2Kzechosa+zzeZiB)"/2, cecC,c#0,aecR, BeR.
For any n, inequality (16) may be replaced by

p+K
K+1

M(p;p) > ( >nM(p; 1) 0<p<), (17)

where the bound is attained if p(z) := ¢ (Zeiﬁ + K)n, ceC,c#0, B eR. It may
be noted that even (17) is a generalization of (6).

Assuming that p(z) := > ayz¥ # 0 in D(0;k) := {z € C: |z| < k} for some
v=0

Kk < 1, we prove the following complement to Theorem 3.

THEOREM 4. Let p(z) := > ayz’ # 0 for |z] < k, where k € (0, 1], and let
v=0
A = A(K) := ka1/(nag). Then

K24 2|A|kp + p?
K2+ 2[4k +1

n/2
M(p;p>>( )M<p;1> O<p<s).  (18)

In the case where n is even, (18) becomes an equality for polynomials of the form

¢ (2e¥P + 2Kze'P cos o + Kz)"/z, ceC,c#0, R, BeR.
For any n, inequality (18) may be replaced by

p+K
K+1

M(p;p) > ( > M(p;1)  (0<p <K, (19)

where the bound is attained if p(z) := c(ze + k)", c € C, ¢ #0, B € R.
Inequality (19) extends and refines a result of Jain [8, inequality (1.4)], who had

obtained it under the assumption that all the zeros of p lie on the circle |z] = k.
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3. Auxiliary results

The following lemma (see [13, p. 340, Corollary 1]; also see [11, p. 444, Theorem
1.7.6) is in fact an extension of (6). We shall not prove it here for obvious reasons.

LEMMA 1. Let p(z) := >_ avz¥ # 0 in D(0;1) := {z € C: |z| < 1}, and let
v=0

A :=ay/(nay). Then, we have

1 +2|A|p1 + p? "2
L) ) 0. Qo)

M(p;p1) 2
2:01) <1+2|/1pz+p§

The next lemma is also an extension of (6).

LEMMA 2. Let p be a polynomial of degree at most n such that p(z) # 0 in
D(0;0) :=={z € C:|z] < £} forsome £ > 0. Then

M(p;p) > (’f—jﬁ) M(p;1) (0 < p<min{L,?}).

Proof. Let z, = rvel® and z = peie. Then,

Z— 2y
ST

2: (p+rv)* = 2pry(1 + cos(6 — 6,)) N <P+rv)2
(1+r)2=2ry(1+cos(8—6,) ~ \14r,/) "’

where the inequality holds only if (1 — p)(r2 — p) = 0. Thus, if r, > ¢, then

Z— Qv
eie_Zv

>p+rv >p+€

> > if 0<p<min{l,?}.
Tor - 140 p < min{l, €7}

(z—zv),am # 0, has no zeros in |z| < ¢, then

=

Hence, if the polynomial p(z) := ay,

v=1

’p(pe“’)
p(el?)

Consequently, if 6y is such that |p(e!®)| = M(p; 1), then

> (Tiﬁ) for —n<O<mif 0<p<min{l,¢*}.

p+0

;1) if 0< p < mi 21
1+£> M(p;1) if 0 < p < min{l,¢} O

M(p:p) > Ip(e®)] > (



GROWTH OF POLYNOMIALS 459
4. Proofs of the main results

We shall first prove Theorem 4, since it is used in the proof of Theorem 1. After
that we shall present the proofs of Theorems 1, 2, and 3, respectively.

Proof of Theorem 4. Let pi(z) = p(kz) = ap + aikz + - - + a,k"7". Then
pi(z) # 0 for |z] < 1. Hence, Lemma 1 may be applied to p, taking p; = p/x and
0> = K to obtain

_ _o\ 1/2
o 1+ 2|A|px~ ! + p?Kk 2
M(p;p) =M (pe;=) = M(py;
(:p) (KK) ( 1+ 2A]x + K2 (Px: )

K2+ 24 lkp + p\ "
— oV : 2
<1+mAK+K2> KM (pi )

K2+ 2|Alkp + p? "/ZM(p_l)
T4 2[A[k £ K2 1),
since M(p; k%) > k"M(p; 1) by Lemma 2. [

Proof of Theorem 1. First, let 1 < R < k. Then
p(z) = p(kz) = ZavaZV #0 for |z] < L.
=0

Besides,

M(px;p2) = M(p;R) and M(pi; p1) = M(p; 1),
where p, = R/x and p; = 1/x. Since R € (1, k], we see that 0 < p; < p, < 1 and
so from (20) we obtain

— _ n/2
L+ 2[A k1 4+ k2
M(p;1) > M(p;R 1 <R < k),
(p: 1) <1 +2|A|Rk ! + R?k 2 (3 R) ( )
which is the same as (13) for ] <R <K
Nextlet k < R < k2. Then pg(z) :p(Rz) # 0 for |z] < k/R. Since k/R < 1
and 1/R < k2 /R2 we may apply Theorem 4 to the polynomial pg with k/R instead
of ¥ and p = 1/R to obtain

M(p:R) = ﬂgXIP(RZ)I
K2 +2)Ak + 1

K2 +2|A|kp + p?

B (R2+2|/1R:<+;<)
<

n/2

Rz)|

| l/R

M(p;1)  (k <R<K?),

L+ 2[AK + &2

which gives us the desired inequality for k <R < k°. O
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Proof of Theorem 2. Without loss of generality we may assume that p is of degree
n,and that M(p;1) = 1. From (13) it follows that

M(p; k%) < K"M(p; 1) = k" (21)

K%z) = ap+ K*a1z+ - - - + k*"a, 7", then |g(z)| < k" for |z| = 1.

Hence, if g(z) := p(
for |z] < 1/k. Settmg

Besides, g(z) # 0
)=

Gz

we see that |G(z)| < 1 for |z] = 1 and that G has all its zeros in the closed disk
2l < k.
Since |p(z)] < 1 for |z] =1 it follows from an inequality of Visser [19] that

"g(l/Z) — K—naozn + K—n+251Zn—l et Knam

laol + lan| < 1

n
Hence, writing p(z) := a, [[(z — zv), where |zy] > K for 1 < v < n we see that
v=1
|ao| = K"|ay|, and so
1

K"+ 1

la,| < ,

which implies that
Kn
K"+ 1
Now, let us suppose that G(z) # 0 for |z| < 1. Then applying Poisson’s integral
formula [17, p. 124] to Log|G(z)|, we obtain

|G(0)‘ = ‘Knan‘ < (22)

- [ 1—r? -
Log |G(re®)| = — Log |G(e?)|d 0<r<1).
og |G(re®)| 271/,[1—2rcos(9—§0)+r2 og [G(e)]do O<r<1)

Since Log |G(e'?)| < 0 we conclude that for 0 < r < 1, we have

1—r 1 . 1—
57 on Log |G(e )ldo =+ LogIG( s

Log |G(re'?)| <

that is
G(2)] < |G(0)|ID/IFED (0 < o] < 1),

which when combined with (22) gives

K" I—[z])/(1+1z])
661 < () O< k<. 23)

Next, we shall show that (23) remains true even if G has some zeros in |z] < 1,
say k2/Z1,...,K%/Zy. In such a case

m
lag| > |a, k"™ H ‘Z#‘7
u=1
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and from Visser’s inequality [19] it follows that
1
|a"| < m ’
L= [T 2
u=1
and that
K-n
L = T Jzul
u=1
Now, let

@)= G TT Lt Gy (2 K
G*(z) :== G(Z)E - K%, H ( )
Then

o\ Zuz — K2
Kn—2m ﬁ |Z |
G*(0)] < ——
i
u=1
Since |G*(z)]

1 for |z] = 1 and G*(z) # O for |z] < 1, we may again use Poisson’s
formula to conclude that

m (1=lz])/(1+1z])
K-1172"1 Hl ‘ZM|
1G"(2)] < g

m (I < 1).
L xm=m T Jzal
u=1

Hence,

m (1=lz)/(1+z])
K2 1] [a] n g2
= z
‘G(Z)| < m H K_Z 7“1
Lk T [zl pt| 5
u=1
oy (1=lz)/(1+z])
K I;[ |ZM‘ m ‘Z| + %
S | —— H ﬁ (2] <1).
L+ T |z u=1 el 2
u=1

Setting 7, := k?/|zy| for 1

u < m we see that for |z| < 1, we have

e o (=lD/HED)
cceotfm) - tl_,_tm_A'_Kn+n1

e+ 1

G()| <wy(n,.
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Setting
B 1
K-n+m + tl . tm
and
1— || m ¢
Ay = (k") TH 2l + “1 (1<v<m),
ety Wl
we see that forany v € {1,...,m}, the partial derivatives
— |72 1—[z .
3_1//:A { 1— g AT lz| +1, 1 — Iz\A Hh tm}
oty (tv]z| +1)? tlz] + 11+ [z ty
are positive if and only if
1 Ity
1 2 t)(t 1
(U D > (4 0002+ 1) (e ) 22

which is indeed true since 7, < 1 for 1 < u <m and k > 1. Hence,

K" I—[z])/(1+1z])
fHyooostm) SY(Ll,...1)= | —— 1),
Wit < vl = () (4 < 1)

and so (23) holds even if G has some zeros in the open disk |z] < 1.
From (23) we conclude that

2 e\ (U=l
P(5)] < 55 (55 O=k=D

This implies that

p(E)] < (181> x2),

& o\ USI=rx/UElK)
K" (K" + 1)

which is equivalent to (15). O
Proof of Theorem 3. Let

Pi(z2) = p(Kz) == ao + ka1z+ - -+ + K"an7".
Then pc(z) # 0 for |z| < 1. Applying Lemma 1 to p, taking p; := p/k, and
P2 = 1/K, we obtain
M(p;p) = M(px;p1)
<1 +2|kai/ (nao)|p1 +pl)
1+ 2[kai/(nao)|p2 + p3

_ (1+2Ap/x +p*/x*
B 1+2[A|/k + 1/K2

([)K;pz)

n/2
) Men <<,

which is equivalent to (16). O



GROWTH OF POLYNOMIALS 463

5. Some additional results

Looking at Theorem 4, one might wonder how small M(p; p)/M(p;1) can be if
p € (k%,1). The next result contains a lower bound for this quantity in the case where
p € (k% k).

PROPOSITION 1. Let p be a polynomial of degree n such that p(z) # 0 in
D(0;x) :={z€ C:|z| < k} forsome k € (0,1). Then

K" 4 o (0—K7)/(p+x7)
M(p;p) > k" <T> M@p;1) (k> <p<K). (24)

Proof. Let py(z) = p(pz). Then py(z) # 0 for |z] < k/p. Observe that
k/p > 1 since p < k and that R := 1/p > k?/p* since p > k. Hence, applying
(15) to p, with x/p instead of x and R := 1/p, we obtain

a/p)—(*/p%)

o) =u (i) < 5 (Gien) " Mo

L[ k" N\
= M(p; P<p<x),
s (o) M) <p<n

2

which is equivalent to (24). O

REMARK 2. The right-hand side of (24) agrees with that of (18) for p = k2. For
p = K, inequality (24) reduces to

n

2K
M(p; k) > WM (p: 1),
which is not precise. We can replace it by the sharp estimate
2"
M(p;1). 25
M (pi1) (25)

Indeed, p«(z) := p(xz) # 0 for |z| < 1, and hence, applying (4) to p. taking
R = 1/x, we obtain

1 "+1 14 k"
M(p;1) =M (pe; =) < M(pe:1) =
i) = (i) < S M) = 122

In (25), equality holds for p(z) := c(z" + k"), ¢ # 0.

M(p;k) >

The next result can be seen as a supplement to Proposition 1.
PROPOSITION 2. Let p be a polynomial of degree n such that p(z) # 0 in
D(0;x) :={z€ C: |z] < x} for some x € (0,1). Then

QK" (log p)/(log k)
1+ K")

M(p:p) > ( M) (K<p<K). (26
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Proof. Recall that logM(p;r) is a convex function of logr. Hence, by the
definition of convexity, if 0 < p < Kk < 1, then

logM(p; 1) —log M(p; K) < logM(p; k) — logM(p; p)
log1 — log - log k — log p

)

that is
{M(p; K)}log (1/p) < {M(p; p)}log (1/x) {M(p; 1)}log (x/p)

Thus, in view of (25), we have

n log (1/p)
( 2K ) (M(p; 1)}log(1/p) < {M([)'p)}bg(l/’(){M(p' 1)}10g(K/p)
1 + K" ’ X ) 5 ,

and so

M(p;1) O<p<k<l). O

2K (log p)/(log k)
I+ k" )

M(p;p) = (

REMARK 3. Note that (26) agrees with (25) for p = k. However, neither of the
two preceding results contains the other. In fact, comparing them we see that Proposition
1 gives a better lower bound for M(p; p) near k? whereas Proposition 2 does the same
near k. Together, they say that if p is as in Proposition 1, then for K2 < p < K,we
have

n N (p—K2)/(p+K2) o\ Uogp)/(log k)
M(p;p)>max{:<”<K +p> ( £ ) }M(p;l)-

Kﬂ 1 Jr Kﬂ

The following result gives a lower bound for M(p;p)/M(p;1) in the remaining
case where Kk < p < 1.

n

PROPOSITION 3. Let p(z) := a, [[ (z— zv) be a polynomial of degree n such that
v=1

n 1/n
<H |ZV|) > K for some x € [0,1]. Then
v=1

K"+ /K +4(1 + k")p?
2(1+ k")

In particular, (27) holds if p(z) # 0 for |z| < k for some k € (0,1).

P M(p;1)  (0<p< D). (27)

M(p;p) >

Proof. Let p(z) := > ayz”. Then |ag|/|a,| = K", so that by Visser’s inequality
v=0
[19], we have

|an| K" + [an| < |ao| + |an| < M(p; 1),

M(p;1)
1+ k'

that is

lan| <
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Then by (28),
@l _ M@
M(q:R) =~ (1+Kk")M(q;R)’
Since |®g(z)| < 1, we may apply Schwarz’s lemma [17, p. 212 ] to conclude that for
any 0 € (—m, 7], we have

| (0)] =

R+ {(1+Kk")M(q;R)}'M(p; 1)
{1+ k" )M(q;R)} " 'M(p; )R~ + 1
(14 K"M(g:R) + RM(p: 1)

= Mt emgRr K7

Hence, if O is such that |g(R - R~'e!%)| = |p(e®)| = M(p; 1), then

Mp;1) _ (1+K")M(g;R) + RM(p; 1)
M(q;R) ~ M(p;1) + (1 + k")M(q; R)R’

Setting 1 := (1 + k")M(q; R)/M(p; 1), we conclude that

Dr(R'e)] <

n+R
1+Rn’

1+x"<n

Hence, if

K"R — \/K*R? 4+ 4(1 + k" K"R + /K> R? 4+ 4(1 + k"
im KRR IHERD KRR,

then

(n—=m)(n—m) =0,
and so, 1 must belong to (—oo, ;] U [1m2,00). Since 1y < 0 whereas n > 0, we
conclude that 1) € [12, 00) . Thus

K"R 4+ /K¥R? + 4(1 + k")
2(1+ km)

Now note thatif 0 < p < 1 and R :=1/p, then

M(q:R) > M(p;1)  (R>1). (29)

la(Re'?)| = R"

T = o )

b

which implies that
M(q:R) = p~"M(p;p).
Hence (29) says that

K"+ /K +4(1 + k")p?
2(1+ km)

M(p;p) > P 'Mp;1)  (0<p<). O
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REMARK 4. Proposition 3, which always applies with k¥ = 0, may be seen as
extension of (3). In fact, (27) reduces to (3) for k = 0. It is easily checked that the
right-hand side of (27) is larger than p"M(p;1) forall p € (0,1) if k € (0,1).

Inequality (4), Theorem 1 and Theorem 2 deal with the upper bound for the ratio
M(p:R)/
M(p;1), R > 1, when p is a polynomial of degree at most n not vanishing in
|z] < K € [1,00). What can we say in the case where p(z) # 0 in |z| < k for some
K < 1? An answer to this question is contained in the following result.

(

PROPOSITION 4. Let p(z) := a, [[ (z— zv) be a polynomial of degree n such that
v=1

=

1/n
|ZV|) > K for some positive K. Then,
1

. R+ (1+K")

M(p:R) <R~ 5 )
P:R) < R R T 1

M(p:1)  (R>1). (30)

Proof. Let p(z) := > ayz’. Then
v=0

C](Z) = an(l/z) = an +5;1712 + - +50Zn7

and by (28),

M(p; 1)
0)] = |an| < .

40)] = Jan] < P

Since M(g; 1) = M(p; 1), we may apply Schwarz’s lemma to the polynomial ¢(z)/M(p; 1)

to conclude that

lz| +1/(1 + k™)

/(1 + k") + 1 (e < 1),

#p(177)] = la(@)| < M(p: 1)

and so
1+ K"+ g

p(2)| < M(p; 1)m

2" (|z] > 1),

which is equivalent to (30). O

REMARK 5. Note that the right-hand side of (30) is strictly less than R"M(p;1).
It may also be mentioned that

. R+ (14 «") R i K"
(I1+x)R+1 ~1+xk" 1+ k"

n—1
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