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INTERVAL OSCILLATION CRITERIA FOR SECOND ORDER

DAMPED HALF–LINEAR DIFFERENTIAL EQUATIONS WITH

FORCING TERM

WAN–TONG LI

(communicated by D. Bainov)

Abstract. By using an inequality due to Hardy, Littlewood and Polya and averaging functions,
several interval oscillation criteria are established for the second-order damped half-linear dif-
ferential equation with forcing term of the form (r(t)|y′(t)|α−1y′(t))′ + p(t)|y′(t)|α−1y′(t) +
q(t)|y(t)|α−1y(t) = e(t) that are different from most known ones in the sense that they are
based on the information only on a sequence of subintervals of [t0,∞) , rather than on the whole
half-line, where α > 0 . In particlar, several examples that dwell upon the importance of our
results are also included.

1. Introduction

In this paper we are concerned with the problem of interval oscillation of second-
order damped superlinear differential equation with forcing

(r(t)|y′(t)|α−1y′(t))′ + p(t)|y′(t)|α−1y′(t) + q(t)|y(t)|α−1y(t) = e(t), t � t0, (1)

where r ∈ C([t0,∞); (0,∞)) , p, q, e ∈ C([t0,∞); R) , and α > 0 .
By a solution of (1), we mean a function y : [Ty,∞), Ty � t0 , which has the

property r(t)|y′(t)|α−1y′(t) ∈ C1[Ty,∞) and satisfies (1). We restrict our attention
only to the nontrivial solution y(t) of (1), i.e., to the solution y(t) such that sup{|y(t)| :
t � T} > 0 for all T � Ty . A nontrivial solution of (1) is called oscillatory if it
has arbitrary large zeros, otherwise, it is called nonoscillatory. Equation (1) is called
oscillatory if all its solutions are oscillatory.

When α = 1 and p(t) ≡ 0 , Eq. (1) reduces to the equation

(r(t)y′(t))′ + q(t)y(t) = e(t). (2)

Numerous oscillation criteria have been obtained for Eq. (2); see Keener [1], Rainkin
[2], Skidmore and Bowers [3], Skidmore and Leighton [4], and Teufel [5]. In these
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papers, the authors established oscillation criteria for a more general nonlinear equation
by employing a technique introduced by Kartsatos [6] where it is additionally assumed
that e(t) be the second derivative of an oscillatory function h(t) and their oscillation
results require the information of q on the entire half-line [t0,∞) .

However, from the Sturm Separation Theorem, we see that oscillation is only an
interval property, i.e., if there exists a sequence of subintervals [ai, bi] of [t0,∞) , as
ai → ∞ , such that for each i there exists a solution of equation

(r(t)y′(t))′ + q(t)y(t) = 0, t � t0, (3)

that has at least two zeros in [ai, bi] , then every solution of Eq. (3) is oscillatory, no
matter how “bad” Eq. (3) is (or r and q are) on the remaining parts of [t0,∞) .

El-Sayed [7] applied this idea to oscillation and established an interval criterion for
oscillation of a forced second-order linear differential equation (2).

THEOREM A. Suppose that there exist two positive increasing divergent sequences
{a+

n }, {a−n } and two sequences {c+
n } , {c−n } such that c+

n , c−n are positive numbers
and

V±
n =

∫ a±n +π/
√

c±n

a±n

(
c±n [1 − r(t)] cos2

{√
c±n (t − a±n )

}

+
[
q(t) − c±n

]
sin2

{√
c±n (t − a±n )

})
dt

� 0, (4)

for all n � n0 , where n0 is a fixed positive integer. Suppose further that e(t) satisfies

e(t)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

� 0, t ∈
[
a+

n , a+
n + π√

c+
n

]
,

� 0, t ∈
[
a−n , a−n + π√

c−n

]
,

(5)

for all n � n0 . Then Eq. (2) is oscillatory.

In 1999, Wong [8] proved a more general oscillation result for Eq. (2).

THEOREM B. Suppose that for any T � t0 , there exist T � s1 < t1 � s2 < t2
such that

e(t)

⎧⎨
⎩

� 0, t ∈ [s1, t1],

� 0, t ∈ [s2, t2].
(6)

Denote D(si, ti) = {u ∈ C1[si, ti] : u(t) �≡ 0 , u(si) = u(ti) = 0} , i = 1, 2 . If there
exists u ∈ D(si, ti) such that

Qi(u) =
∫ ti

si

[
qu2 − r(u′)2

]
dt � 0, (7)
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for i = 1, 2 , then Eq. (2) is oscillatory.

From the above results we see that Theorems A and B are only concerned with the
linear equation (2). For nonlinear equations, Li and Agarwal [12, 13] considered the
following equations

(r(t)y′(t))′ + q(t)f (y(t)) = e(t), t � t0,

and
(r(t)y′(t))′ + p(t)y′(t) + q(t)f (y(t)) = e(t), t � t0,

where the function f satisfies

f ′(y) � μ > 0 for y �= 0

or
f (y)

y
� ν > 0 for y �= 0,

and obtained the similar results. But, above mentioned results are not applied to the
suprelinear equation (1).

Motivated by the ideas of El-Sayed [7], Li [9, 10, 11], and Li and Agarwal [12, 13,
14], in this paper we obtain, by using an inequality due to Hardy, Littlewood and Polya
[15], we obtain several new interval criteria for oscillation, that is, criteria given by the
behavior of Eq. (1) (or of r, p, q , and e ) only on a sequence of subintervals of [t0,∞) .
These oscillation criteria extend the above mentioned results. Finally, several examples
that dwell upon the importance of our results are also included.

2. Main results

In order to prove our results we use the following well-known inequality which is
due to Hardy, Littlewood and Polya [15].

LEMMA 1. If X and Y are nonnegative, then

Xγ + (γ − 1)Yγ � γXYγ−1, γ > 1,

where equality holds if and only if X = Y .

In the sequel we say that a function H := H(t) belongs to a function class
D(si, ti) = {H ∈ C1[si, ti] : H(t) �≡ 0 , H(si) = H(ti) = 0} , i = 1, 2 , denoted by
H ∈ D(si, ti) , i = 1, 2 .

THEOREM 1. Suppose that for any T � t0 , there exist T � s1 < t1 � s2 < t2 such
that q(t) � 0 on [s1, t1] ∩ [s2, t2] and (6) holds. If there exists H ∈ D(si, ti) such that

∫ ti

si

H2(t)q(t)dt �
(

1
α + 1

)α+1 ∫ ti

si

r(t)
|H(t)|α−1

∣∣∣∣2H′(t) − p(t)
r(t)

H(t)
∣∣∣∣
α+1

dt, (8)



490 WAN–TONG LI

for i = 1, 2 , then every solution of Eq. (1) is oscillatory.

Proof. Suppose that y(t) is a nonoscillatory solution which is positive, say y(t) >
0 when t � T0 for some T0 depending on the solution y(t) . Denote

u(t) =
r(t)|y′(t)|α−1y′(t)

|y(t)|α−1y(t)
, t � T0. (9)

Then, for every t � T0 , we obtain

u′(t) = −q(t) − p(t)
r(t)

u(t) − α
|u(t)|(α+1)/α

r1/α(t)
+

e(t)
|y(t)|α−1y(t)

. (10)

By assumption, we can choose s1, t1 � T0 so that e(t) � 0 on the interval I = [s1, t1]
with s1 < t1 . On the interval I , u(t) satisfies by (10),

q(t) � −u′(t) − p(t)
r(t)

u(t) − α
|u(t)|(α+1)/α

r1/α(t)
. (11)

Let H ∈ D(s1, t1) be given as in hypothesis. Multiplying H2 through (11) and
integrating over I , we have

∫ t1

s1

H2(t)q(t)dt � −
∫ t1

s1

H2(t)
[
u′(t) +

p(t)
r(t)

u(t) + α
|u(t)|(α+1)/α

r1/α(t)

]
dt. (12)

Integrating (12) by parts and using the fact that H(s1) = H(t1) = 0 , we obtain

∫ t1

s1

H2(t)q(t)dt � −
∫ t1

s1

H2(t)
[
u′(t) +

p(t)
r(t)

u(t) + α
|u(t)|(α+1)/α

r1/α(t)

]
dt

=
∫ t1

s1

2H(t)H′(t)u(t)dt − α
∫ t1

s1

H2(t)
|u(t)|(α+1)/α

r1/α(t)
dt −

∫ t1

s1

H2(t)
p(t)
r(t)

u(t)dt

=
∫ t1

s1

(
2H′(t) − p(t)

r(t)
H(t)

)
H(t)u(t)dt − α

∫ t1

s1

H2(t)
|u(t)|(α+1)/α

r1/α(t)
dt

�
∫ t1

s1

∣∣∣∣2H′(t) − p(t)
r(t)

H(t)
∣∣∣∣ |H(t)| |u(t)| dt − α

∫ t1

s1

H2(t)
|u(t)|(α+1)/α

r1/α(t)
dt. (13)

Taking

X =
[
αH2(t)

]α/α+1 |u(t)|
r1/α+1(t)

, γ =
α + 1
α

,

Y =
αα/α+1

(α + 1)α+1
· rα/α+1(t)|H(t)|α

H2α2/α+1(t)

∣∣∣∣2H′(t) − p(t)
r(t)

H(t)
∣∣∣∣
α

.
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According to Lemma 1, we obtain for t ∈ [s1, t1]
∣∣∣∣2H′(t) − p(t)

r(t)
H(t)

∣∣∣∣ |H(t)||u(t)| − αH2(t)
|u(t)|(α+1)/α

r1/α(t)

� r(t)
(α + 1)α+1

· |H(t)|α+1

H2α(t)

∣∣∣∣2H′(t) − p(t)
r(t)

H(t)
∣∣∣∣
α+1

=
r(t)

(α + 1)α+1
·

∣∣∣2H′(t) − p(t)
r(t)H(t)

∣∣∣α+1

|H(t)|α−1
.

Hence, (13) implies

∫ t1

s1

H2(t)q(t)dt �
∫ t1

s1

1
(α + 1)α+1

· r(t)
|H(t)|α−1

∣∣∣∣2H′(t) − p(t)
r(t)

H(t)
∣∣∣∣
α+1

dt,

which contradicts the assumption (8). This contradiction proves that y(t) is oscillatory.
When y(t) is eventually negative, we see H ∈ D(s2, t2) and e(t) � 0 on [s2, t2]

to reach a similar contradiction. The proof is complete.

If α = 1 and p(t) ≡ 0 , by Theorem 1, we have the following corollary, which is
the main result of Wong [8].

COROLLARY 1. Suppose that for any T � t0 , there exist T � s1 < t1 � s2 < t2
such that q(t) � 0 on [s1, t1] ∩ [s2, t2] and (6) holds. If there exists H ∈ D(si, ti) such
that ∫ ti

si

H2(t)q(t)dt >

∫ ti

si

r(t)[H′(t)]2dt, (14)

for i = 1, 2 , then every solution of Eq. (2) is oscillatory.

Next, we will establish a more general oscillation result for Eq. (1).

THEOREM 2. Suppose that for any T � t0 , there exist T � s1 < t1 � s2 < t2
such that q(t) � 0 on [s1, t1]∩ [s2, t2] and ( 6) holds. If there exist H ∈ D(si, ti) and a
positive, function φ ∈ C1([t0,∞)) such that

∫ ti

si

H2(t)φ(t)q(t)dt

>

(
1

α + 1

)α+1 ∫ ti

si

r(t)φ(t)
|H(t)|α−1

∣∣∣∣2H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H(t)

∣∣∣∣
α+1

dt, (15)

for i = 1, 2 , then every solution of Eq. (1) is oscillatory.

Proof. Suppose that y(t) is a nonoscillatory solution which is positive, say y(t) >
0 when t � T0 for some T0 depending on the solution y(t) . Now, we define

w(t) = φ(t)
r(t)|y′(t)|α−1y′(t)

|y(t)|α−1y(t)
, t � T0.
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Then, for every t � T0 , we obtain

φ(t)q(t) − φ(t)e(t)
|y(t)|α−1y(t)

= −w′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
w(t) − α

|w(t)|(α+1)/α

(r(t)φ(t))1/α . (16)

By assumption, we can choose s1, t1 � T0 so that e(t) � 0 on the interval I = [s1, t1]
with s1 < t1 . On the interval I , w(t) satisfies by (16),

φ(t)q(t) +
φ(t)|e(t)|

|y(t)|α−1y(t)

= −w′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
w(t) − α

|w(t)|(α+1)/α

(r(t)φ(t))1/α . (17)

Similar to the proof of Theorem 1, we have

φ(t)q(t) � −w′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
w(t) − α

|w(t)|(α+1)/α

(r(t)φ(t))1/α . (18)

Let H ∈ D(s1, t1) be given as in hypothesis. Multiplying H2 through (18) and
integrating over I , we have

∫ t1

s1

H2(t)φ(t)q(t)dt � −
∫ t1

s1

H2(t)w′(t)dt

+
∫ t1

s1

H2(t)
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
w(t)dt − α

∫ t1

s1

H2(t)
|w(t)|(α+1)/α

(r(t)φ(t))1/α dt. (19)

Integrating (19) by parts and using the fact that H(s1) = H(t1) = 0 , we obtain
∫ t1

s1

H2(t)φ(t)q(t)dt � −
∫ t1

s1

2H(t)H′(t)w(t)dt

+
∫ t1

s1

H2(t)
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
w(t)dt − α

∫ t1

s1

H2(t)
|w(t)|(α+1)/α

(r(t)φ(t))1/α dt

�
∫ t1

s1

∣∣∣∣2H(t)H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H2(t)

∣∣∣∣ |w(t)| dt

−α
∫ t1

s1

H2(t)
|w(t)|(α+1)/α

(r(t)φ(t))1/α dt. (20)

Taking

X =
[
αH2(t)

]α/α+1 |u(t)|
[r(t)φ(t)]1/α+1

, q =
α + 1
α

,

Y =
(

α
α + 1

)α+1 (
r(t)φ(t)

(αH2(t))α

)α/(α+1) ∣∣∣∣2H(t)H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H2(t)

∣∣∣∣
α

.



INTERVAL OSCILLATION CRITERIA FOR LINEAR DIFFERENTIAL EQUATIONS 493

In view of Lemma 1, we obtain for t ∈ [s1, t1]∣∣∣∣2H(t)H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H2(t)

∣∣∣∣ |w(t)| − α
|w(t)|(α+1)/α

(r(t)φ(t))1/α

�
(

1
α + 1

)α+1 r(t)φ(t)
|H(t)|α−1

∣∣∣∣2H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H(t)

∣∣∣∣
α+1

.

Hence, (20) implies∫ t1

s1

H2(t)φ(t)q(t)dt

�
(

1
α + 1

)α+1 ∫ ti

si

r(t)φ(t)
|H(t)|α−1

∣∣∣∣2H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H(t)

∣∣∣∣
α+1

dt,

which contradicts the assumption (15). This contradiction proves that y(t) is oscillatory.
When y(t) is eventually negative, we see H ∈ D(s2, t2) and e(t) � 0 on [s2, t2]

to reach a similar contradiction. The proof is complete.

3. Example

In this section we will show the applications of our oscillation criteria by two
examples. We will see that the equations in the examples are oscillatory based on the
results in Section 2, though the oscillation cannot be demonstrated by the results of
[8, 9, 10].

EXAMPLE 1. Consider the following forced half-linear differential equation

(
r(t)|y′(t)|α−1y′(t)

)′
+ p(t)|y′(t)|α−1y′(t) + 5

(
3
2

)8/3

|y(t)|α−1y(t) = sin t, (21)

where t � 1,α = 1
3 , r(t) = p(t) = 2 + cos t . The zeros of the forcing term sin t are

nπ . Let H(t) = sin t . For any T � 1 , choose n sufficient large so that nπ = 2kπ � T
and set s1 = 2kπ and t1 = (2k + 1)π in (2.1). It is easy to verify that∫ t1

s1

H2(t)q(t)dt = K
∫ (2k+1)π

2kπ
sin2 tdt =

K
2
π,

where K = 5
(

3
2

)8/3
, and(

2
α + 1

)α+1 ∫ t1

s1

r(t)
|H(t)|α−1

∣∣∣∣H′(t) − p(t)
2r(t)

H(t)
∣∣∣∣
α+1

dt

=
(

3
2

)4/3 ∫ (2k+1)π

2kπ

(2 + cos t)
(sin t)−2/3

∣∣∣∣cos t +
1
2

sin t

∣∣∣∣
4/3

dt

=
1
5
K

(
3
2

)−4/3 ∫ (2k+1)π

2kπ
(2 + cos t)(sin t)2/3

∣∣∣∣cos t +
1
2

sin t

∣∣∣∣
4/3

dt

� 1
5
K

∫ (2k+1)π

2kπ
(2 + cos t)dt =

2
5
Kπ <

1
2
Kπ,
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which implies that (8) hold for i = 1 .
Similarly, for s2 = (2k + 1)π and t2 = 2(k + 1)π , we can show that (8) holds. It

follows from Theorem 1 that every solution of Eq. (21) is oscillatory.

EXAMPLE 2. Consider the following half-linear differential equation
(
t−λ |y′(t)|α−1y′(t)

)′
− t−λ |y′(t)|α−1y′(t) + Kt−λ |y(t)|α−1y(t) = sin t, (22)

where t � 1 and α = 1/5, λ > 0 is constant, K = 5 (5(3 + λ )/6)6/5 and the zeros of
the forcing term sin t are nπ . Let H(t) = sin t . For any T � 1 , choose n sufficient
large so that nπ = 2kπ � T and set s1 = 2kπ and t1 = (2k + 1)π in (2.8). Taking
φ(t) = tλ , then

∫ t1

s1

H2(t)φ(t)q(t)dt = K
∫ (2k+1)π

2kπ
sin2 tdt =

K
2
π,

and
(

1
α + 1

)α+1 ∫ t1

s1

r(t)φ(t)
|H(t)|α−1

∣∣∣∣2H′(t) +
(
φ ′(t)
φ(t)

− p(t)
r(t)

)
H(t)

∣∣∣∣
α+1

dt

=
(

5
6

)6/5 ∫ (2k+1)π

2kπ
(sin t)4/5

∣∣∣∣2 cos t +
λ
t

sin t + 1

∣∣∣∣
6/5

dt

�
(

5
6

)6/5 ∫ (2k+1)π

2kπ

(
3 +

λ
t

)6/5

dt

=
(

5
6

)6/5 ∫ (2k+1)π

2kπ
(3 + λ )6/5 dt

= 2

(
5(3 + λ )

6

)6/5

π =
2
5
Kπ <

1
2
Kπ,

which implies that (15) hold for i = 1 .
Similarly, for s2 = (2k + 1)π and t2 = 2(k + 1)π , we can show that (15) holds.

It follows from Theorem 2 that every solution of Eq. (22 ) is oscillatory.
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