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EQUIVALENT QUASINORMS FOR THE ANISOTROPIC

NIKOL’SKIĬ–BESOV SPACES ON A CONE OF FUNCTIONS

WITH A REGULAR FOURIER TRANSFORM

V. I. BURENKOV AND G. E. GARCÍA ALMEIDA

(communicated by L. Pick)

Abstract. We prove the equivalence of the quasinorms of the anisotropic Nikol’skĭı-Besov spaces
to simpler quasinorms on a cone of functions with positive Fourier transforms satisfying some
regularity conditions.

1. Introduction

The main aim of the article is the proof of the equivalence of the quasinorms of
the anisotropic Nikol’skiı̆-Besov spaces B�s

p,θ
(
R

N
)

to simpler quasinorms, which are
weighted Lθ

(
R

N
)

quasinorms of the Fourier transforms with power weights, on a cone
of functionswith sufficiently smooth positive Fourier transforms satisfying some further
regularity conditions. The theorem proven here is an extension of the result, obtained
by Batyrov & Burenkov [3], [4] for the isotropic Nikol’skiı̆-Besov spaces.

2. Definitions and basic properties

In this section we give main definitions, notation and basic properties that will be
required to prove the main result in the next section.

2.1. Definition of the anisotropic Nikol’skiı̆-Besov spaces

Suppose 1 that 0 < p , θ � ∞ , �s = (s1, . . . , sN) , where −∞ < �s < ∞ , and
all sj have the same sign. Thus either �s > 0 or �s < 0 or �s = 0 . If �s > 0 or

�s < 0 , let
1
s

=
1
N

N∑
j=1

1
sj

. Furthermore, let �a =
s
�s

, i.e. �a = (a1, . . . , aN) , where

1 We assume here and in the sequel that for �a = (a1, . . . , aN ) and �b = (b1, . . . , bN) the inequalities
�a < �b , �a � �b mean that aj < bj , aj � bj respectively, for all j ∈ {1, . . . , N} . If b ∈ R , then �a < b ,
�a � b , �a = b mean that aj < b , aj � b , aj = b respectively for all j ∈ {1, . . . , N} .

Mathematics subject classification (2000): 46E35; 42B25.
Key words and phrases: anisotropic function spaces, fractional smoothness, Nikol’skiı̆-Besov.

c© � � , Zagreb
Paper MIA-06-46

497



498 V. I. BURENKOV AND G. E. GARCÍA ALMEIDA

aj =
s
sj

, j = 1, . . . , N . Note that all aj > 0 and
N∑

j=1
aj = N . Thus, s is a

certain mean smoothness and �a measures the anisotropy. If �s = 0 , then s = 0

and �a is an arbitrary vector with positive components satisfying
N∑

j=1
aj = N . (For

different �a one gets different spaces.) In the sequel �a will be called the anisotropy
vector. Define the anisotropic distance of t = (t1, . . . , tN) ∈ R

N from the origin as

|t|�a =

(
N∑

j=1
|tj|

2
aj

) 1
2

and the anisotropic ball Br =
{
t ∈ R

N : |t|�a < r
}

. Next, for k ∈

N0 , let ϕk ∈ C∞
0

(
R

N
)
, ϕk � 0 , and supp ϕ0 ⊂ B2 ; supp ϕk ⊂ B2k+1 \ B2k−1 for all

k ∈ N . Moreover, let for every multi-index α

sup
k∈N0

sup
t∈RN

2k〈�a,α〉 |(Dαϕk) (t)| < ∞, (1)

where 〈�a,α〉 =
N∑

k=1
akαk , and for all t ∈ R

N
∞∑
k=0

ϕk (t) = 1 . One defines Φ�a
(
R

N
)

as

the set of all the collections {ϕk}∞k=0 with the properties listed above.
DEFINITION 1. (Nikol’skiı̆-Besov spaces). One says that f ∈ B�s

p,θ
(
R

N
)

if f ∈
S′
(
R

N
)
, the Schwartz space of tempered distributions, and

‖f ‖B�s
p,θ(RN) =

( ∞∑
k=0

(
2ks
∥∥F−1 (ϕkF (f ))

∥∥θ
L
p(RN)

)) 1
θ

< ∞ (2)

for θ < ∞ or

‖f ‖B�s
p,∞(RN) = sup

k∈N0

(
2ks
∥∥F−1 (ϕkF (f ))

∥∥
L
p(RN)

)
< ∞ (3)

for θ = ∞ , where {ϕk}∞k=0 ∈ Φ�a
(
R

N
)
.

If 1 � p , θ � ∞ , then (2) and (3) are norms, in general case they are quasinorms.
For different collections {ϕk}∞k=0 ∈ Φ�a

(
R

N
)

quasinorms (2) (or (3)) are equivalent1.
The norm ‖f ‖B�s

2(RN) := ‖f ‖B�s
2,2(RN) is equivalent to

‖f ‖(1)
B�s

2(RN) =
∥∥∥∥(1 + |ω |2�a

) s
2
(Ff ) (ω)

∥∥∥∥
L2(RN)

,

which for �s � 0 is equivalent to

‖f ‖(2)
B�s

2(RN) =
∥∥(1 + |ω1|s1 + · · · + |ωN |sN

)
(Ff ) (ω)

∥∥
L2(RN) ,

1Let X be a quasinormed space with the quasinorm ‖·‖1 , and let the quasinorm ‖·‖2 be defined on a
subset Y ⊂ X . One says that ‖·‖1 and ‖·‖2 are equivalent on Y (briefly ‖·‖1 ∼ ‖·‖2 on Y ) if there exist
two constants a , b > 0 such that a ‖x‖1 � ‖x‖2 � b ‖x‖1 for all x ∈ Y . If Y = X , one says that ‖·‖1
and ‖·‖2 are equivalent briefly (‖·‖1 ∼ ‖·‖2) .
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and for �s � 0 to

‖f ‖(3)
B�s

2(RN) =
∥∥∥∥(1 + |ω1||s1| + · · · + |ωN ||sN |

)−1
(Ff ) (ω)

∥∥∥∥
L2(RN)

.

If �s > 0 and 1 � p , θ � ∞ , then for θ < ∞ norm (2) is equivalent to

‖f ‖(4)
B�s

p,θ(RN) = ‖f ‖Lp(RN) +
N∑

j=1

⎛
⎜⎝

∞∫
0

⎛
⎝h−γj

∥∥∥∥∥Δ2
h,j

(
∂rj f

∂x
rj
j

)∥∥∥∥∥
Lp(RN)

⎞
⎠

θ
dh
h

⎞
⎟⎠

1
θ

and norm (3) is equivalent to

‖f ‖(4)
B�s

p,∞(RN) = ‖f ‖Lp(RN) +
N∑

j=1

sup
h>0

⎛
⎝h−γj

∥∥∥∥∥Δ2
h,j

(
∂rj f

∂x
rj
j

)∥∥∥∥∥
Lp(RN)

⎞
⎠ .

Here rj is the greatest integer which is less than sj , γj = sj − rj ; Δ2
h,j = f (x + 2hej)−

2f (x + hej) + f (x) , where h ∈ R and ej is the jth unit vector in R
N , the one with 1

in the jth place and 0 in the other places; and
∂rj f

∂x
rj
j

are weak derivatives.

When s1 = · · · = sN = s we have the isotropic case, and we write Bs
p,θ
(
R

N
)

for

B(s,...,s)
p,θ

(
R

N
)
.

2.2. Embedding theorems for the anisotropic Nikol’skiı̆-Besov spaces

Let 0 < p , θ � ∞ , −∞ < �s < ∞ and all the components of �s have the same
sign. Then the following embeddings are valid:

B�s
p,θ
(
R

N
) ⊂→ B�s

p,θ1

(
R

N
)

(4)

where θ < θ1 � ∞ ;

B�s+�ε
p,θ1

(
R

N
) ⊂→ B�s

p,θ
(
R

N
) ⊂→ B�s−�ε

p,θ2

(
R

N
)
, (5)

where �ε > 0 is proportional to �s , 0 < θ1 , θ2 � ∞ ;

B�s
p,θ
(
R

N
) ⊂→ B

�ρ
q,θ
(
R

N
)
, (6)

where p < q � ∞ , �ρ = κ�s , κ = 1 −
(

1
p
− 1

q

)
N
s

. (If �s = 0 , then �ρ =

−
(

1
p
− 1

q

)
N
�a

, where �a is the anisotropy vector defining B�0
p,θ
(
R

N
)
. If �s 
= 0 and

κ = 0 , hence �ρ = 0 , then the anisotropy vector defining B�0
p,θ
(
R

N
)

is equal to
s
�s

.)
Here continuous embedding ⊂→ is defined as follows:
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DEFINITION 2. Let X , Y be two quasinormed spaces. If X ⊂ Y and in addition
there exists c > 0 such that

‖x‖Y � c ‖x‖X ,

by all x ∈ X , where ‖·‖Y , ‖·‖X are the quasinorms in Y , X respectively, then it is
said that the continuous embedding

X ⊂→ Y

holds.

For more details about Nikol’skiı̆-Besov spaces see Nikol’skiı̆ [6], Besov, Il’in and
Nikol’skiı̆ [1], Triebel [8]–[11], Schmeisser and Triebel [7], Burenkov [2].

3. Equivalent quasinorms on a cone of functions with a regular Fourier
transform

THEOREM. Assume that 0 < p , θ � ∞ , −∞ < �s < ∞ , and all the components

of �s have the same sign. Let �a =
s
�s

if �s 
= 0 . If �s = 0 , let �a be an arbitrary vector

with positive components, satisfying
N∑

j=1
aj = N . Moreover, for λ > 1 , let Λ (λ , �a, p)

denote the cone of all functions f ∈ S′
(
R

N
)

satisfying the following conditions:
1) (Ff ) (ξ) > 0 for all ξ ∈ R

N ,
2) for ξ , η ∈ R

N

1
2

� |ξ |�a
|η|�a

� 2 ⇒ 1
λ

� (Ff ) (ξ)
(Ff ) (η)

� λ , (7)

3) for all α ∈ N
N
0 satisfying

|α| � 1
p

+ 1 (8)

the derivatives DαFf are continuous on R
N and

|(DαFf ) (ξ)| � λ
(
1 + |ξ |2�a

)− 〈�a,α〉
2

(Ff ) (ξ) . (9)

Then for all λ > 1

‖f ‖B�s
p,θ(RN) ∼

∥∥∥∥∥
(
1 + |ξ |2�a

) 1
2

(
s−N

p + N
θ′
)

(Ff ) (ξ)

∥∥∥∥∥
Lθ(RN)

(10)

on Λ (λ ,�a, p) , where
1
θ

+
1
θ ′ = 1 .
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In the isotropic case �s = (s, . . . , s) , hence �a = �1 ≡ (1, . . . , 1) , and (10) reduces
to the equivalence

‖f ‖Bs
p,θ(RN) ∼

∥∥∥∥∥
(
1 + |ξ |2

) 1
2

(
s−N

p + N
θ′
)

(Ff ) (ξ)

∥∥∥∥∥
Lθ(RN)

(11)

on Λ
(
λ ,�1, p

)
, which has been established in Batyrov & Burenkov [3], [4].

Proof.
Step 1. Note that without loss of generality we can choose {ϕk}k∈N0

∈ Φ�a
(
R

N
)

given in the definition of the anisotropicNikol’skiı̆-Besov spaces satisfying the following
conditions:

ϕk (x) = 1 for x ∈ B
2k+ 1

3
\ B

2k− 1
3

and supp ϕk ⊂ B
2k+ 2

3
\ B

2k− 2
3

for k ∈ N ;

ϕ0 (x) = 1 for x ∈ B
2

1
3

and supp ϕ0 ⊂ B
2

2
3
.

Step 2. Let f ∈ Λ (λ ,�a, p) , then for all c1 � 2 there exists c2 > 0 , depending
only on c1 , λ and �a , such that

c−1
1 � |ξ |�a

|η|�a
� c1 ⇒ c−1

2 � (Ff ) (ξ)
(Ff ) (η)

� c2. (12)

This follows by condition 2). First, by induction one can prove that for all m ∈ N

2−m � |ξ |�a
|η|�a

� 2m ⇒ λ−m � (Ff ) (ξ)
(Ff ) (η)

� λm. (13)

Indeed, for m = 1 this is condition 2). Assume that (13) holds for m = k and let

2−k−1 � |ξ |�a
|η|�a

� 2k+1.

If |η|�a � |ξ |�a , take η1 ∈ R
N such that |η1|�a = 2 |η|�a . Then

1
2

� |ξ |�a
|η1|�a

� 2k

and by (13) with m = k and m = 1

λ−k−1 (Ff ) (η) � λ−k (Ff ) (η1) � (Ff ) (ξ) � λ k (Ff ) (η1) � λ k+1 (Ff ) (η) .

If |η|�a > |ξ |�a , then a similar argument works if one takes η2 ∈ R
N such that |η2|�a =

1
2
|η|�a .

For arbitrary c1 � 2 we choose m ∈ N such that 2m � c1 < 2m+1 , i.e. m =⌊
ln c1

ln 2

⌋
. Then (12) follows with c2 = λm+1 . Here x� denotes the integer part of x .

Step 3. Let f ∈ Λ (λ ,�a, p) . Then for all c1 � 2 there exists c2 > 0 , depending
only on c1 , λ , �a and N , such that
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|ξ |�a , |η|�a � c1 ⇒ c−1
2 � (Ff ) (ξ)

(Ff ) (η)
� c2. (14)

This follows by condition 3)with |α| = 1 . Indeed, |ξj − ηj| � 2ca
1 , j = 1, . . . , N ,

where a = max
j=1,...,N

aj and

∣∣∣∣ln (Ff ) (ξ)
(Ff ) (η)

∣∣∣∣ = |(ln Ff ) (ξ) − (ln Ff ) (η)|

=

∣∣∣∣∣∣
N∑

j=1

(ξj − ηj)

1∫
0

(
∂ ln Ff

∂xj

)
(η + t (ξ − η)) dt

∣∣∣∣∣∣
� 2ca

1

N∑
j=1

sup
x∈RN

∣∣∣∣
(

∂ ln Ff
∂xj

)
(x)
∣∣∣∣

� 2Nca
1 max

j=1,...,N
sup

x∈RN

∣∣∣( ∂Ff
∂xj

)
(x)
∣∣∣

(Ff ) (x)
� 2Nλca

1.

Hence

e−2Nλca
1 � (Ff ) (ξ)

(Ff ) (η)
� e2Nλca

1 .

Step 4. There exist c3 , c4 > 0 such that∣∣(F−1ϕkFf
)
(x)
∣∣ � c32kN (Ff )

(
2k�a
)

(15)

for all f ∈ Λ (λ , �a, p) , k ∈ N0 and x ∈ R
N , where 2k�a =

(
2ka1 , . . . , 2kaN

)
, and∣∣(F−1ϕkFf

)
(x)
∣∣ � c42kN (Ff )

(
2k�a
)

(16)

for all f ∈ Λ (λ , �a, p) , k ∈ N0 and x ∈ R
N satisfying

|x|�a � N− 1
b 2−k−1, (17)

where b = min
j=1,...,N

aj .

Indeed, by the properties of the functions ϕk (see Section 2.1 and Step 1) for all
x ∈ R

N

∣∣(F−1ϕkFf
)
(x)
∣∣ = (2π)−

N
2

∣∣∣∣∣∣
∫

RN

eix·ξϕk (ξ) (Ff ) (ξ) dξ

∣∣∣∣∣∣
� (2π)−

N
2

∫
Ak

(Ff ) (ξ) dξ ,

where A0 = B2 and Ak = B2k+1 \ B2k−1 for k ∈ N . Since

ξ ∈ A0 =⇒ |ξ |−→a , |−→1 |−→a � max
{

2,
√

N
}

,
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where �1 = (1, . . . , 1) , and for k ∈ N

ξ ∈ Ak ⇒ 1

2
√

N
� |ξ |�a∣∣2k�a

∣∣
�a

=
|ξ |�a√
N2k

� 2√
N

,

by Steps 2 and 3 it follows that, for some c5 > 0

c−1
5 (Ff )

(
2k�a
)

� (Ff ) (ξ) � c5 (Ff )
(
2k�a
)

(18)

for all k ∈ N0 and ξ ∈ Ak . Hence (15) follows.
On the other hand∣∣(F−1ϕkFf

)
(x)
∣∣

= (2π)−
N
2

∣∣∣∣∣∣∣
∫
Ak

cos x · ξ ϕk (ξ) (Ff ) (ξ) dξ + i
∫
Ak

sin x · ξ ϕk (ξ) (Ff ) (ξ) dξ

∣∣∣∣∣∣∣
� (2π)−

N
2

∣∣∣∣∣∣∣
∫
Ak

cos x · ξϕk (ξ) (Ff ) (ξ) dξ

∣∣∣∣∣∣∣ .

If |x|−→a � N− 1
b 2−k−1 and ξ ∈ Ak , hence |ξ |−→a � 2k+1 , then |xj| � N− aj

b 2−aj(k+1) ,
|ξj| � 2aj(k+1) and

|x · ξ | �
N∑

j=1

|xj| |ξj| �
N∑

j=1

N− aj
b � 1.

Hence cos x · ξ � cos 1 and by applying (18) we get

∣∣(F−1ϕkFf
)
(x)
∣∣ � (2π)−

N
2 cos 1

∫
Ak

ϕk (ξ) (Ff ) (ξ) dξ

� c6 (Ff )
(
2k�a
)∫

Ak

ϕk (ξ) dξ ,

where c6 = c−1
5 (2π)−

N
2 cos 1 .

Since ϕk (ξ) = 1 for ξ ∈ B
2k+ 1

3
\ B

2k− 1
3
, we have

∫
Ak

ϕk (ξ) dξ � meas B
2k+ 1

3
− meas B

2k− 1
3

= 2kN
(
2

N
3 − 2−

N
3

)
meas B1,

because, by the scaling argument, it follows that

meas Br = ra1+···+aNmeas B1 = rNmeas B1, r > 0.

Hence inequality (16) follows.
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Step 5. There exist c5 , c6 > 0 such that

c52
kN
p′ (Ff )

(
2k�a
)

�
∥∥F−1ϕkFf

∥∥
Lp(RN) � c62

kN
p′ (Ff )

(
2k�a
)

(19)

for all f ∈ Λ (λ , �a, p) and k ∈ N0 .
From (15), (16) and (17) it follows that for some c7 , c8 > 0

c72
kN
p′ (Ff )

(
2k�a
)

�
∥∥F−1ϕkFf

∥∥
Lp

(
|x|�a�N

− 1
b 2−k−1

) � c82
kN
p′ (Ff )

(
2k�a
)

for all f ∈ Λ (λ , �a, p) and k ∈ N0 .
So it remains to estimate

∥∥F−1ϕkFf
∥∥

Lp

(
|x|�a�N

− 1
b 2−k−1

) above.

Step 6. Note that

|xj|
1
aj <

r√
N

, j = 1, . . . , N ⇒ |x|�a < r.

Hence if we define cuboids Qr as

Qr =
{
x ∈ R

N : |xj| < raj , j = 1, . . . , N
}

,

then
Q r√

N
⊂ Br.

In particular
Qσ2−k ⊂ B

N
− 1

b 2−k−1
,

where σ =
1
2
N− 1

b− 1
2 . For ν = (ν1, . . . , νN) , where νj = 0 or 1 , j = 1, . . . , N , we

define cuboids

Qν =
{
x ∈ R

N : |xj| < σj2−kaj if νj = 0 ; |xj| � σj2−kaj if νj = 1
}

,

where σj = σaj , j = 1, . . . , N . Then Q0 = Qσ2−k and

R
N \ B

N
− 1

b 2−k−1
⊂ R

N \ Q0 =
⋃

0�ν�1
|ν|>0

Qν.

Therefore∥∥F−1ϕkFf
∥∥

Lp

(
|x|�a�N

− 1
b 2−k−1

) �
(
2

N( 1
p−1)

+

) ∑
0�ν�1

|ν|>0

∥∥F−1ϕkFf
∥∥

Lp(Qν) , (20)

where (a)+ = max {a, 0} .
Step 7. For all m ∈ N and 0 � ν � 1 , |ν| > 0 , there exist c9 > 0 such that for

all f ∈ Λ (λ ,�a, p) , k ∈ N and x ∈ Qν

∣∣(F−1ϕkFf
)
(x)
∣∣ � c9

∣∣x−mν∣∣ 2k(N−〈�a,mν〉 ) (Ff )
(
2k�a
)

. (21)
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Indeed (1) and condition 3) imply that∣∣(F−1ϕkFf
)
(x)
∣∣ = ∣∣∣(−ix)−mν (F−1 (Dmν (ϕkFf )) (x)

)∣∣∣
� c10

∣∣x−mν∣∣ ∫
Ak

|Dmν (ϕkFf ) (ξ)| dξ

∑
0�β�mν

� c11

∣∣x−mν∣∣ ∫
Ak

∣∣∣(Dβϕk

)
(ξ)
∣∣∣ · ∣∣∣(Dmν−βFf

)
(ξ)
∣∣∣ dξ

� c12

∣∣x−mν∣∣ ∑
0�β�mν

∫
Ak

2−k〈�a,β〉
(
1 + |ξ |2�a

)− 〈�a,mν−β〉
2

(Ff ) (ξ) dξ

� c12

∣∣x−mν∣∣ ∑
0�β�mν

2−k〈�a,β〉
(
22(k−1)

)− 〈�a,mν−β〉
2

∫
Ak

(Ff ) (ξ) dξ

� c13

∣∣x−mν∣∣ 2−k〈�a,mν〉
∫
Ak

(Ff ) (ξ) dξ ,

where c10 , c11 , c12 , c13 > 0 are independent of f , k and x . Since for η = 2
k�a

and all
ξ ∈ Ak the left-hand side inequality in (14) for k = 0 and the left-hand side inequality
in (12) for k ∈ N are satisfied with some c1 � 2 independent of k , inequality (21)
follows by applying (14) and (12).

Step 8. Let m =
⌊

1
p

⌋
+ 1 . Then

∥∥x−mν∥∥
Lp(Qν) � c142

k(〈�a,mν〉− N
p ), (22)

where c14 > 0 is independent of k ∈ N0 .
Indeed, if p = ∞ , then m = 1 and∥∥x−mν∥∥

L∞(Qν) =
∏

j:νj=1

max
xj�σj2

−kaj
x−1
j = c15

∏
j:νj=1

2kaj = c152k〈�a,ν〉 ,

where c15 > 0 is independent of k . If p < ∞ , then mp > 1 and

∥∥x−mν∥∥p

Lp(Qν) = 2N
∏

j:νj=0

σj2
−kaj∫

0

dxj

∏
j:νj=1

∞∫
σj2

−kaj

x−mp
j dxj

= c162−k(a1+···+aN )
∏

j:νj=1

2kajmp = c162k(〈�a,mν〉 p−N),

where c16 > 0 is independent of k .
Inequalities (20), (21) and (22) imply that∥∥F−1ϕkFf

∥∥
Lp

(
|x|�a�N

− 1
b 2−k−1

) � c172
kN
p′ (Ff )

(
2k�a
)

,
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where c17 > 0 is independent of f and k , and inequality (19) follows.
Step 9. If θ < ∞ , inequality (19) implies that

‖f ‖B�s
p,θ(RN) ∼

⎛
⎝ ∞∑

k=0

(
2

k

(
s+ N

p′
)

(Ff )
(
2k�a
))θ⎞⎠

1
θ

(23)

on Λ (λ ,�a, p) .
To accomplish the proof it suffices to verify that also

∥∥∥∥∥
(
1 + |ξ |2�a

) 1
2

(
s−N

p + N
θ′
)

(Ff ) (ξ)

∥∥∥∥∥
Lθ(RN)

∼
⎛
⎝ ∞∑

k=0

(
2

k

(
s+ N

p′
)

(Ff )
(
2k�a
))θ⎞⎠

1
θ

(24)
on Λ (λ ,�a, p) .

Indeed,∥∥∥∥∥
(
1 + |ξ |2�a

) 1
2

(
s−N

p + N
θ′
)

(Ff ) (ξ)

∥∥∥∥∥
θ

Lθ(RN)

=
∞∑
k=0

∫
Dk

((
1 + |ξ |2�a

) 1
2

(
s− N

p + N
θ′
)

(Ff ) (ξ)

)θ

dξ ,

where D0 = B1 , Dk = B2k \ B2k−1 , k ∈ N . Moreover, there exist c18 , c19 > 0 such
that for all ξ ∈ Dk , k ∈ N0

c182k �
(
1 + |ξ |2−→a

) 1
2 � c192k

and, by Steps 2, 3,

c18 (Ff )
(
2k�a
)

� (Ff ) (ξ) � c19 (Ff )
(
2k�a
)

.

This implies (24).
The case θ = ∞ is similar.
Thus, the theorem is proved. �

REMARK. For 0 < p , θ � ∞ , −∞ < �s < ∞ let us consider another space
describing anisotropic smoothness:

G�s
p,θ
(
R

N
)

=

⎧⎨
⎩f ∈ S′

(
R

N
)

:

∥∥∥∥∥
(
1 + |ξ |2�a

) 1
2

(
s− N

p + N
θ′
)

(Ff ) (ξ)

∥∥∥∥∥
Lθ(RN)

< ∞
⎫⎬
⎭ .

Then the statement of the theorem proved above may be written as

B�s
p,θ
(
R

N
) ∩ Λ (λ ,�a, p) = G�s

p,θ
(
R

N
) ∩ Λ (λ ,�a, p) (25)
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for λ > 1 .
Consider the embedding theorem for the anisotropic Nikol’skiı̆-Besov spaces

B�s
p,θ
(
R

N
) ⊂→ B

�ρ
q,θ
(
R

N
)
, (26)

where 0 < p < q � ∞ , 0 < θ � ∞ , �ρ = κ
−→s and κ = 1 − N

s

(
1
p
− 1

q

)
. (See

Section 2.2.) The theorem implies that under the same assumptions on the parameters
for any λ > 1

B�s
p,θ
(
R

N
) ∩ Λ (λ ,�a, p) = B

�ρ
q,θ
(
R

N
) ∩ Λ (λ ,�a, p) , (27)

where �a =
s
�s

(
=

ρ
�ρ

)
.

Indeed, first assume that �s 
= 0 and �ρ 
= 0 . Then G�s
p,θ
(
R

N
)

= G�ρ
q,θ
(
R

N
)

since

s − N
p

= ρ − N
q

and
s
�s

=
ρ
�ρ

. Moreover, Λ (λ ,�a, p) ⊂ Λ (λ ,�a, q) since p < q .

Therefore

B�s
p,θ
(
R

N
) ∩ Λ (λ ,�a, p) = G�s

p,θ
(
R

N
) ∩ Λ (λ ,�a, p)

= G
�ρ
q,θ
(
R

N
) ∩ Λ (λ ,�a, q) ∩ Λ (λ , �a, p)

= B�ρ
q,θ
(
R

N
) ∩ Λ (λ ,�a, p) .

If �s = 0 or �ρ = 0 the proof is similar. One should take into account the comments in
Section 2.2. related to these cases.

Note that relation (27) immediately implies that the embedding (26) is sharp, i.e.
it is impossible to replace �ρ by �� + �ε where �ε � 0 and εj > 0 for at least one j .

Finally we recall one of the statements of type (25) obtained previously by C. S.
Herz [5]. For the cone C of positive decreasing functions of |x| , in [5] Proposition 1.8,
it was proved for the isotropic case that

Bs
p,θ
(
R

N
) ∩ C = Lp,θ

(
R

N
) ∩ C

for 0 < s <
1
p

, where Lp,θ
(
R

N
)

is the Lorentz space.
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Universidad Autónoma de Yucatán
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México
e-mail: galmeida@tunku.uady.mx

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


