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A NEW GENERALIZATION OF GRUSS
INEQUALITY IN INNER PRODUCT SPACES

NENAD UJEVIC

(communicated by J. Pecaric)

Abstract. A new generalization of Griiss inequality in real inner product spaces is derived.
Applications to Lebesgue integrals are given.

1. Introduction

In 1935, G. Griiss proved the following integral inequality
L L o | (@ o) - 7)
—¢)0 —v
e Hgt)dt — —— t)dt Hdt| L ——— 1
o [ 0sta - = [0 [ ) ) (1
provided that f and g are two square integrable functions on [a, b] and satisfying the
condition
p<g()<® and y<f(r)<T, Vi€(ab]. (2)
The constant i is best possible and is achieved for

a+b) 3)

F )= g0) = sen (1= =),
In [2] and [3] we can find the next generalization of (1).

THEOREM 1. Let (X,(-,-)) be a real inner product space and e € X, |le|| = 1.
If @,y, 0,1 are real numbers and x,y are vectors in X so that the condition

(e —x,x—@e) 20 and (Te—y,y—ye) >0 4)

holds, then we have the inequality

(63) ~ (x.e) (3o} < g 10— gl [0 —7]. 5)

The constant % is the best possible.
In this paper we further generalize (5) in real inner product spaces. Applications
to Lebesgue integrals are also given.
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2. Main result

Let X be areal linear space and let (.,.) : X x X — R be such that the following
is valid:

(i) (x,x) >0,x#0,x€eX;
(i) (Ax,y) =A(xy),xy€X, AR
(iii) (x+y,2) = (x,2) +(»,2), %,y,2€X;

( ) <x7y> <y> >,x,y€X.
As we know the space (X, (.,.)) is called a real inner product space.

Let n be a positive integer. Here we suppose that there are, at least, 2n elements

e1,e,...,ey € X suchthat (e;,e) = 6, where §; = { 1077;'5],]. .
In (X, (.,.)) the Cauchy-Schwarz inequality,
ey < Iy (1)
holds, where ||x|| = /{x,x) .
THEOREM 2. Let (X,{., )) a real inner product space and {e;}} C X,
(ei,ej) = ;. If @1, 7, P, T, i = 2 ...,n, are real numbers and x,y € X such

that the conditions
< Z ezazrez* >/ > (2)
and
<y—Z(Pi€i7Zq)i€i—y> >0 (3)
i=1 i=1

hold, then we have the inequality

n

S o @-erYr-n @

i=1 i=1

n

<x7y> - Z <x’ ei> <y76i>

i=1

The constant % is the best possible.

Proof. We have

n 2

X — Z(x,ei> e;

i=1
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<

<)C,y> - Z <)C, ei> <y>ei>

i=1

since (e;,ej) = &;. Using Cauchy-Schwarz inequality and (5) we get

<X—Z<x7€i> e,y — > (v.e) €/> ™)
i=1 j=1

n

Y=Y (e e

n

< =D (xe) e
i=1 j=1
n n
2 2 2 2
= P = D e [ IVIF =D (e ™.
i=1 i=1

We also have

Do (xe) —1) (T = (xe)) - <X_Z%ei’_zriei_x> (8)

i=1
n

= |l =D (xe)?>o0.

i=1
From (2) and (8) it follows
Il =D (xe)” <D0 () =) (T = (xe). 9)

i=1 i=1

In a similar way we get

=

n

17 =32 (re)* < 32 ((ve) = @) (@ = (). (10)

i=1 i=1
If we now use the elementary inequality a;b; < %(a,- +b)?, with a; = T; — (x,e;) ,
b; = (x,e;) — v, then we have

((xe) = 1) (T = (x,e) ) < 7 (0 = 7). (11)

ENJ
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From (9) and (11) it follows

n

ol = (e %ZF% (12)

i=1
In a similar way we get

n

Iyl =~ . 32@ o). (13)

i=1

From (6), (7), (12) and (13) we easily get (4).
To prove that i is the best possible constant we choose the numbers ¢, ¥;, ®;, I,
i=1,2,...,n such that

V=A@ —@), AR, i=12,... n (14)

We also choose f; € X, i =1,2,...,n such that

<el>fj> :07 <fl>f]> :6115 l7.]: 1,2,,71 (15)
If we now define
T+ 7 T — v
= i i 16
x ; ¢ —&-; 3 f (16)
and
~ D, + ¢ ~ D — ¢,
= ; ; 17
y ; 5 ¢ +; 5/ (17)
then we have
‘ F l (D l l (D ]
i=1 i=1
and
: ~ (0 + %) (P + @)
S (we) (ve) = (19)
i=1 i=1

If x is given by (16) then we have

<x - i Yieis Zn: Lie; — X> (20)
i=1 i=1

DT+ g~ SR — 3 S Wy
i=1

i=1 i=1

=3 T+ %Z%(Fi +%).
i=1 i=1

= 0.
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Hence, the element x satisfies the condition (2).
In a similar way we can show that the element y, given by (17), satisfies the
condition (3). From (18) and (19) it follows

n n

(53) =D (e (e = 3 L INBZ @), (1)

i=1 i=1

We also have

nFi_iq)i_iz — (I — y)?
(Z( Y)i w)) :Z( 4?)

i=1 i=1 i=1

n

R RY
(q)l 4(pz) , (22)

since (14) holds.
From (21) and (22) we get

n

<x,y> - Z <)C, ei> <y>ei>

i=1

B % Z(Fi %) ' (®i — ¢1)%. (23)

This completes the proof. [

3. Special cases

Let (X,(-,-)) be areal inner product space. If we substitute n = 1 in (4) then
we get

1
[{x,y) = (xer) (yen)| < 701 =l @1 — o ()
provided

(x—rie1,Tier —x) 20 and  (y— @re;,Pre; —y) > 0. (2)

If we now compare (1)—(2) and (5)—(4) then we see that (1) is equivalent to (5).
Hence, Theorem 2 is a generalization of Theorem 1.

Applications to integrals are also natural.

Let (Q,X, 1) be ameasure space consisting of a set Q , a o-algebra X of subsets
of Q and a countable additive and positive measure ¢ on X with valuesin RU {co} .
Denote L,(Q) the Hilbert space of all real valued functions f defined on Q and
2-integrable on Q ,i.e. [ |f ()] du(r) < oc.

Q

PROPOSITION 1. Let f,g € L,(Q), {¥i}] C L(Q), (¥i,¥)) = &, i,j =
L,2,...,n. If ¥, 0:, s, @y, i =1,2,...,n are real numbers such that the conditions

/ [f(f) - Z%‘Pi(t)] [Z LYi() f(f)] du(t) > 0,
i-1 -1

Q
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Jfo o

Q
hold, then we have the inequality

/f )~ [rants [ s

" 1/2
< I[Z 1)) (@i ) ] :
i=1

i=1

and

Z(D‘I’ ]du(t)>o

=

The constant Z is best possible.

Proof. We simply apply Theorem 2 with
8) = (.9 = [1@goau. O
Q

We now show that (3) is a direct generalization of (1).
Let Q = [a,b] and W¥,(r) = 1/v/b — a, n = 1. Proposition 1 implies

b b b
[ s~ = [ r0ar [ st <310 =m0~ g

provided

/(f — i) (T (2) —f(2)dr > 0,

/ (8() — 0¥ (1) (@ %, (1) — g()dr > 0.

a

Suppose that there exist constants y, ¢, [, ® € R such that
y<f()<T and @<g(t) <D, 1€ ab].
If we define
n=yvb—a TIi=IVb—a, ¢ =¢vVb—a, @ =0Vb—a

then we have
b

[6@ - nro) e - o)

4)
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since f(1) —y >0 and ' —f(r) > 0, t € [a,)]. Similar reasons give

b
/ (8(0) — @1'F1 (1) (®1%4 (1) — g(1))dr > 0.

Thus,

b b b
[rogwar— 1 [rwa [ sa) < - *=2E=D,

The above inequality is equivalent to (1).

Hence, Proposition 1 is a generalization of (1).
Finally, let us mention that Griiss type inequalities are used in many recently

published papers. For example, see [1], [4], 5], [7] and [10]. Inequalities considered in
this paper can also be applied to problems in the mentioned papers. See also remarks
in [2].

[6]
7]
8]

]
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