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ON THE WAY OF WEIGHT COEFFICIENT AND

RESEARCH FOR THE HILBERT–TYPE INEQUALITIES

BICHENG YANG AND THEMISTOCLES M. RASSIAS

(communicated by S. Saitoh)

Abstract. The Hilbert-type inequalities are certain significant weight inequalities, which play
an important role in mathematical analysis and its applications. In this paper, we introduce the
way of weight coefficient and consider its applications to the Hilbert-type inequalities. We will
summarize how to use the way of weight coefficient to obtain some new improvements and
generalizations of the Hilbert-type inequalities.

1. Introduction

1.1. Hilbert’s inequality and equivalent form

If {an}, {bn} are sequences of real numbers such that 0 <
∞∑
n=1

a2
n < ∞ and

0 <
∞∑

n=1
b2

n < ∞ , then (see Hardy et al. [1, Ch. 9])

∞∑
n=1

∞∑
m=1

ambn

m + n
< π

( ∞∑
n=1

a2
n

∞∑
n=1

b2
n

)1/2

, (1.1)

where the constant factor π is the best possible. Its equivalent form is

∞∑
n=1

( ∞∑
m=1

am

m + n

)2

< π2
∞∑

n=1

a2
n, (1.2)

where the constant factor π2 is also the best possible. Inequality (1.1) is well known
as Hilbert’s inequality, which is important in mathematical analysis and its applications
(see Mintrinović et al. [2, Ch. 5]).

The associated equivalent integral forms of (1.1) and (1.2) are the following:
If f , g are real functions such that

∫∞
0 f 2(t)dt < ∞ and

∫∞
0 g2(t)dt < ∞ , then
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∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy < π

(∫ ∞

0
f 2(t)dt

∫ ∞

0
g2(t)dt

)1/2

; (1.1a)

∫ ∞

0

(∫ ∞

0

f (x)
x + y

dx

)2

dy < π2
∫ ∞

0
f 2(t)dt, (1.2a)

where the constant factors π and π2 are both the best possible.
More accurate equivalent forms of (1.1) and (1.2) are (see Mintrinović et al. [3]):

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
< π

( ∞∑
n=0

a2
n

∞∑
n=0

b2
n

)1/2

; (1.1b)

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)2

< π2
∞∑

n=0

a2
n, (1.2b)

where the constant factors π and π2 are both the best possible.
Hardy [1, Th. 324] pointed out an important role of (1.1b) in building the following

Hardy-Littlewood’s inequality:
If f (x) is a real function in L2(0, 1) such that

∫ 1
0 f 2(t)dt < ∞ , we define

an :=
∫ 1

0 xnf (x)dx (n = 0, 1, . . .) . Then

∞∑
n=0

a2
n < π

∫ 1

0
f 2(x)dx, (1.3)

where the constant π is the best possible.
Since Ingham [4] gave the following result:

∞∑
n=0

∞∑
m=0

ambn

m + n + 2α
< π

( ∞∑
n=0

a2
n

∞∑
n=0

b2
n

)1/2 (
α � 1

4

)
, (1.1c)

we can obtain an equivalent form as follows:

∞∑
n=0

( ∞∑
m=0

am

m + n + 2α

)2
< π2

∞∑
n=0

a2
n

(
α � 1

4

)
. (1.2c)

It is obvious that (1.1) and (1.2) are particular results of (1.1c) and (1.2c) for
α = 1 , and (1.1b) and (1.2b) are particular results of (1.1c) and (1.2c) for α = 1/2 .
Hence, (1.1c) provides a unification of Hilbert’s inequalities and (1.2c) unifies their
equivalent form.

We can write the general equivalent integral forms of (1.1c) and (1.2c) as:
If α ∈ R, f , g are real functions, such that∫ ∞

−α
f 2(x)dx < ∞ and

∫ ∞

−α
g2(x)dx < ∞,
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then one has

∫ ∞

−α

∫ ∞

−α

f (x)g(y)
x + y + 2α

dxdy < π

(∫ ∞

−α
f 2(x)dx

∫ ∞

−α
g2(x)dx

)1/2

; (1.1d)

∫ ∞

−α

(∫ ∞

−α

f (x)
x + y + 2α

dx
)2

dy < π2
∫ ∞

−α
f 2(x)dx, (1.2d)

where the constants π and π2 are the best possible.

REMARK 1.1. For α = 0 , (1.1d) reduces to (1.1a). Inequality (1.1d) provides
a generalization of (1.1a). On the other hand, setting X = x − α , Y = y − α ,
F(X) = f (x) and G(Y) = g(y) in (1.1a), we can obtain∫ ∞

−α

∫ ∞

−α

F(X)G(Y)
x + y + 2α

dXdY < π
{∫ ∞

−α
F2(X)dX

∫ ∞

−α
G2(Y)dY

}1/2
.

It follows that (1.1a) and (1.1d) are equivalent; so are (1.2a) and (1.2d).

1.2. Some research results on Hilbert’s inequality

(1) In the year 1991, Xu et al. [5] initialed the way of weight coefficient and gave
a strengthened version of (1.1) as follows:

∞∑
n=1

∞∑
m=1

ambn

m + n
<
{ ∞∑

n=1

(
π − θ

n1/2

)
a2

n

∞∑
n=1

(
π − θ

n1/2

)
b2

n

}1/2
, (1.4)

where θ = 1.1213+ . In [5] it was asked to determine the best constant θ , that keeps
(1.4) valid. In 1992, by using the improved Euler-Maclaurin’s formula (see [6, (2.6)]),
Gao [6] found that the best constant is max θ = 1.281669+ .

Xu et al. [7] also gave a strengthenedversion of Hardy-Hilbert’s inequality applying
the same method. In the last ten years, by using the way of the weight coefficient, several
new weight inequalities are being given.

(2) In the year 1992, by introducing the function as

k(x) =
2
π

∫ ∞

0

e(xt2)
1 + t2

dt − e(x), (1 − e(x) + e(y) � 0)

and using Cauchy’s inequality, Hu [8] gave an improvement of (1.1a) in the form:

{∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy
}2

� π2
{[( ∫ ∞

0
f 2(x)dx

)2
−
( ∫ ∞

0
f 2(x)k(x)dx

)2]

×
[(∫ ∞

0
g2(x)dx

)2
−
( ∫ ∞

0
g2(x)k(x)dx

)2]}1/2
. (1.5)

Similarly, Hu [9] gave an improvement of (1.1b) and Hu [10] provided a survey of
his reseach results in inequalities.
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(3) In the year 1998, by using the way of matrix and inner product, Gao [11] gave
an improvement of (1.1a) as follows:{∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy
}2

� π2
∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx − G(ξ ,η, δ), (1.6)

where G(ξ ,η, δ) =
(‖ξ‖(η, δ)

)2 − 2(ξ , δ)(η, δ)(ξ , δ) +
(‖η‖(ξ ,η)

)2
> 0 and

ξ =
1

(x + y)1/2

(x
y

)1/4
f (x), η =

1
(x + y)1/2

(y
x

)1/4
g(y).

Furthermore by the same method, Gao [12] gave another improvement of (1.1a) as:{∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy
}2

< π2(1 − R)
∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx, (1.7)

where,

R =
1
π

( x
‖g‖ − y

‖f ‖
)2

> 0,

with x =
(

2
π
)1/2(g, e), y =

(
2π
)1/2(f , e−s), and e(t) =

∫∞
0

e−s

s+t ds.
(4) In the year 1998, B. G. Pachpatte [13] builded a new inequality similar to (1.2)

as follows

k∑
m=1

r∑
n=1

m∑
s=1

n∑
i=1

asbi

m + n
� 1

2

√
kr
{ k∑

n=1

(k − m + 1)a2
m

r∑
n=1

(r − n + 1)b2
n

}1/2
. (1.8)

Zhao [14, 15] considered some further generalizations of (1.8). Recently, Yang [16, 17]
considered some new Hardy-Hilbert’s type inequalities.

(5) In the year 2001, by introducing the Γ function, Hong [18] provided a gener-
alization of (1.1a) in the form:

If a > 0 , b � 0 , pi > 1 satisfy
n∑

i=1

1
pi

= 1 and f i � 0 , ri > b , λ > 1
a (n−1− b

ri
)

(ri = [
n∏

j=1
pj]/pi , i = 1, 2, . . . , n), then

∫ ∞

0

∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

i=1
xa
i )λ

n∏
i=1

f i(xi)dx1dx2 . . . dxn

�
Γn−2( 1

a )
an−1Γ(λ )

n∏
i=1

{
Γ
(1

a

(
1 − b

ri

))
Γ
(
λ − 1

a

(
n − 1 − b

ri

)) ∫ ∞

0
xn−1−aλ f pi

i (x)dx
} 1

pi
.

(1.9)
In particular for a = b = 1 , λ = n − 1 , pi = n , n ∈ N \ {1}, and ri = nn−1, we
obtain ∫ ∞

0

∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

i=1
xi)n−1

n∏
i=1

f i(xi)dx1dx2 . . . dxn



ON THE WAY OF WEIGHT COEFFICIENT AND RESEARCH FOR THE HILBERT-TYPE INEQUALITIES 629

� 1
(n − 2)!

[
Γ
(
1 − 1

nn−1

)
Γ
( 1

nn−1

)] n∏
i=1

{∫ ∞

0
f n
i (x)dx

}1/n
. (1.10)

REMARK 1.2. For n = 2 , inequality (1.10) reduces to (1.1a). Hence (1.10) is a
generalization of (1.1a); so is (1.9). In the following we will obtain an improvement of
inequality (1.9).

2. The way of weight coefficient and research for Hilbert’s inequality

2.1. Simple introduction to Xu Lizhi’s way of weight coefficient

In the year 1991, Xu et al. [5] in order to improve (1.1) initiated the way of weight
coefficient, that is as follows:

For the left-hand side of (1.1), uses Cauchy’s inequality as follows:

∞∑
n=1

∞∑
m=1

ambn

m + n
=

∞∑
n=1

∞∑
m=1

[ 1
(m + n)1/2

(m
n

)1/4
am

][ 1
(m + n)1/2

( n
m

)1/4
bn

]

�
{ ∞∑

m=1

[ ∞∑
n=1

1
(m + n)

(m
n

)1/2]
a2

m

∞∑
n=1

[ ∞∑
m=1

1
(m + n)

( n
m

)1/2]
b2

n

}1/2
. (2.1)

Then, it is defined the weight coefficient ω(n) as follows

ω(n) :=
∞∑

m=1

1
(m + n)

( n
m

)1/2
(n ∈ N). (2.2)

By (2.1), it follows that

∞∑
n=1

∞∑
m=1

ambn

m + n
�
{ ∞∑

m=1

ω(m)a2
m

∞∑
n=1

ω(n)b2
n

}1/2
. (2.3)

A decomposition of the weight coefficient ω(n) is written in the form

ω(n) = π − θ(n)
n1/2

(n ∈ N), (2.4)

where θ(n) := (π − ω(n))n1/2 . We obtain

θ(n) =
[
π −

∞∑
m=1

1
(m + n)

( n
m

)1/2]
n1/2 > θ := 1.1213+ (n ∈ N).

Using (2.4), we have

ω(n) < π − θ
n1/2

(n ∈ N, θ = 1.1213+). (2.5)

Hence by (2.3), it follows that (1.4) is valid.
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The open problem that was posed in [5] is asking for the maximal value of θ , that
keeps (2.5) true. Since Gao [6] proved that {θ(n)} is a strictly increasing sequence, it
follows that

θ0 := min
n∈N

θ(n) = θ(1) = 1.281669+,

and θ(n) � θ0 , (n ∈ N) . The equality holds when n = 1 . Hence (2.5) reduces to

ω(n) � π − θ0

n1/2
(n ∈ N, θ0 = 1.281669+),

where the equality holds for n = 1 .
The answer of Xu’s open problem is that θ0 = 1.281669+ .

2.2. Some strengthened inequalities of (1.1b)

First, we introduce the improved Euler-Maclaurin’s formula (see [19, 20]) in the
form:

If f ∈ C7[0,∞) satisfies (−1)if (i)(x) > 0 , f (i)(∞) = 0 , (i = 1, 2, . . . , 7) and∫∞
n f (x)dx < ∞ , (n ∈ N0) , then

∞∑
k=n

f (k) =
∫ ∞

n
f (x)dx +

1
2
f (n) +

∫ ∞

n
ρ1(x)f ′(x)dx,

− 1
12

f ′(n) +
1

720
f (3)(n) <

∫ ∞

n
ρ1(x)f ′(x)dx < − 1

12
f ′(n), (2.6)

where ρ1(x) = x− [x]− 1/2 is the first-order Bernoulli’s function. One applies here a
method similar to the process of building (2.1). We have

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
�
{ ∞∑

n=0

ω̃(n)a2
n

∞∑
n=0

ω̃(n)b2
n

}1/2
, (2.7)

where the weight coefficient ω̃(n) is defined by

ω̃(n) :=
∞∑

m=0

1
(m + n + 1)

( n + 1
m + 1

)1/2
(n ∈ N0 = N ∪ {0}). (2.8)

Applying the following decomposition:

ω̃(n) = π − ϑ(n)
(n + 1)1/2

,

ϑ(n) =
[
π −

∞∑
m=0

1
(m + n + 1)

( n + 1
m + 1

)1/2]
(n + 1)1/2,

by (2.6) we obtain (see [20])

ϑ(n) � ϑ0 := min
n∈N0

ϑ(n) = ϑ(0) = 0.5292496+.
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Then we have

ω̃(n) � π − ϑ0

(n + 1)1/2
(n ∈ N0,ϑ0 = 0.5292496+), (2.9)

where the equality holds for n = 0 . Substituing (2.9) into (2.7), we have a strengthened
version of (1.1b) in the form

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[
π − ϑ0√

n + 1

]
a2

n

∞∑
n=0

[
π − ϑ0√

n + 1

]
b2

n

}1/2
, (2.10)

where ϑ0 = 0.5292496+ .

REMARK 2.1. (i) Yang et al. [21] gave a new inequality of (2.8) as follows:

ω̃(n) < π − 7
5(
√

n + 3)
(n ∈ N0), (2.11)

and proved that the right-hand side of (2.11) and (2.9) were not comparable. Hence a
new strengthened version of (1.1b) is given by:

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[
π − 7

5(
√

n + 3)

]
a2

n

∞∑
n=0

[
π − 7

5(
√

n + 3)

]
b2

n

}1/2
.

(2.10a)
(ii) Yang et al. [22] set a new weight coefficient of (1.1b) by considering

ω̃1(n) :=
∞∑

m=0

1
(m + n + 1)

( 2n + 1
2m + 1

)1/2
(n ∈ N0),

and obtained the following inequality

ω̃1(n) < π − 5

6
√

2n + 1
(n ∈ N0).

Then a new strengthened version of (1.1b) is obtained by

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[
π− 5

6
√

2n + 1

]
a2

n

∞∑
n=0

[
π− 5

6
√

2n + 1

]
b2

n

}1/2
, (2.10b)

which is not comparable to (2.10) and (2.10a).
(iii) Yang [23] also obtained

ω̃1(n) < π − θ
(2n + 1)3/2

(θ = 0.92955+, n ∈ N0).

Then a new strengthened version of (1.1b)was built as:

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[
π − θ√

(2n + 1)3

]
a2

n

∞∑
n=0

[
π − θ√

(2n + 1)3

]
b2

n

}1/2
.

(2.10c)
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2.3. Applications to the equivalent form and Hardy-Littlewood’s inequality

(1) Application to an improvement of (1.2b).

Setting bn :=
∞∑

m=0

am
m+n+1 , by (1.2b), we have

0 <

∞∑
n=0

b2
n =

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)2
< ∞.

In view of (2.10), we obtain

0 <
( ∞∑

n=0

b2
n

)2
=
[ ∞∑

n=0

( ∞∑
m=0

am

m + n + 1

)2]2
=
( ∞∑

n=0

∞∑
m=0

ambn

m + n + 1

)2

<

∞∑
n=0

[
π − ϑ0√

n + 1

]
a2

n

∞∑
n=0

[
π − ϑ0√

n + 1

]
b2

n

< π
∞∑

n=0

[
π − ϑ0√

n + 1

]
a2

n

( ∞∑
n=0

b2
n

)
.

Hence we have a strengthened version of (1.2b) in the form:

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)2
< π

∞∑
n=0

[
π − ϑ0√

n + 1

]
a2

n (ϑ0 = 0.5292496+). (2.12)

(2) Application to an improvement of (1.3).
Since we have

an =
∫ 1

0
xnf (x)dx (n = 0, 1, . . .),

suppose {bn} is a sequence of real numbers, such that 0 <
∞∑

n=0
b2

n < ∞ . Then by

Cauchy’s inequality,we have

( ∞∑
n=0

anbn

)2
=
( ∞∑

n=0

∫ 1

0
bnx

nf (x)dx
)2

=
[ ∫ 1

0
(

∞∑
n=0

bnx
n)f (x)dx

]2

�
∫ 1

0

( ∞∑
n=0

bnx
n
)2

dx
∫ 1

0
f 2(x)dx

=
∫ 1

0

( ∞∑
n=0

∞∑
m=0

bmbnx
m+n
)
dx
∫ 1

0
f 2(x)dx

=
∞∑

n=0

∞∑
m=0

bmbn

∫ 1

0
xm+ndx

∫ 1

0
f 2(x)dx

=
∞∑

n=0

∞∑
m=0

bmbn

m + n + 1

∫ 1

0
f 2(x)dx.
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By (2.10), it follows that

( ∞∑
n=0

anbn

)2
<

∞∑
n=0

[
π − ϑ0√

n + 1

]
b2

n

∫ 1

0
f 2(x)dx.

Hence, for bn = an in the above inequality, we have an improvement of (1.3) in the
form:( ∞∑

n=0

a2
n

)2
<

∞∑
n=0

[
π − ϑ0√

n + 1

]
a2

n

∫ 1

0
f 2(x)dx (ϑ0 = 0.5292496+). (2.13)

2.4. Some generalizations of Hilbert’s integral inequality (1.1a)

In the year 1998, Yang [24] first introduced the β function and considered some
generalizations of (1.1a). By introducing some parameters, Yang [25, 26, 27, 28]
obtained the following two theorems.

THEOREM 2.1. If λ > 0, f , g are real functions, such that

0 <

∫ ∞

0
t1−λ f 2(t)dt < ∞ and 0 <

∫ ∞

0
t1−λg2(t)dt < ∞,

then∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy < B
(λ

2
,
λ
2

){∫ ∞

0
t1−λ f 2(t)dt

∫ ∞

0
t1−λg2(t)dt

}1/2
,

(2.14)
where the constant factor

B
(λ

2
,
λ
2

)
=
∫ ∞

0

1
(1 + u)λ

u−1+λ/2du

is the best possible (B(u, v), (u, v > 0) is the β function). Its equivalent form is given
by ∫ ∞

0
yλ−1

[ ∫ ∞

0

f (x)
(x + y)λ

dx
]2

dy <
[
B
(λ

2
,
λ
2

)]2 ∫ ∞

0
t1−λ f 2(t)dt, (2.15)

where the constant factor
[
B
( λ

2 , λ2
)]2

is still the best possible. In particular,
(i) for λ = 2n (n ∈ N) , we have∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)2n

dxdy <
[(n − 1)!]2

(2n − 1)!

{∫ ∞

0

1
t2n−1

f 2(t)dt
∫ ∞

0

1
t2n−1

g2(t)dt
}1/2

;

(2.14a)∫ ∞

0
y2n−1

[ ∫ ∞

0

f (x)
(x + y)2n

dx
]2

dy <
[(n − 1)!]4

[(2n − 1)!]2

∫ ∞

0

1
t2n−1

f 2(t)dt, (2.15a)

(ii) for λ = 2n + 1 (n ∈ N) , we have∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)2n+1

dxdy <
[(2n − 1)!!]2

(4n)!
π
{∫ ∞

0

1
t2n

f 2(t)dt
∫ ∞

0

1
t2n

g2(t)dt
}1/2

;

(2.14b)
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∫ ∞

0
y2n
[ ∫ ∞

0

f (x)
(x + y)2n+1

dx
]2

dy <
[(2n − 1)!!]4

[(4n)!]2
π2
∫ ∞

0

1
t2n

f 2(t)dt, (2.15b)

where the constant factors in the above inequalities are all the best possible.

Proof. Define the weight function ω(x) as

ω(x) :=
∫ ∞

0

1
(x + y)λ

(x
y

)1−λ/2
dy, x ∈ (0,∞).

Setting u = y/x in the above integral, we find ω(x) = B
( λ

2 , λ
2

)
x1−λ . By using

Cauchy’s inequality and the method similar to building (2.1), we have

∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy =
∫ ∞

0

∫ ∞

0

[ f (x)

(x + y)
λ
2

(x
y

) 1−λ/2
2
][ g(y)

(x + y)
λ
2

(y
x

) 1−λ/2
2
]
dxdy

�
{∫ ∞

0

∫ ∞

0

f 2(x)
(x + y)λ

(x
y

)(1−λ/2)
dxdy

∫ ∞

0

∫ ∞

0

g2(y)
(x + y)λ

(y
x

)(1−λ/2)
dxdy

}2

=
{∫ ∞

0
ω(x)f 2(x)dx

∫ ∞

0
ω(y)g2(y)dy

}1/2

= B
(λ

2
,
λ
2

){∫ ∞

0
x1−λ f 2(x)dx

∫ ∞

0
y1−λg2(y)dy

}1/2
. (2.16)

If (2.16) takes the form of equality, then there exists constants a and b , which are
not all zero, such that (see [29, p. 29])

a
f 2(x)

(x + y)λ
(x

y

)(1−λ/2)
= b

g2(y)
(x + y)λ

(y
x

)(1−λ/2)
, a.e. in (0,∞) × (0,∞).

It follows that ax2−λ f 2(x) = by2−λg2(y) , a.e. in (0,∞) × (0,∞) . Hence there exist
a real constant C and

ax2−λ f 2(x) = by2−λg2(y) = C, a.e. in (0,∞).

Suppose a �= 0 such that x1−λ f 2(x) = (C/a)x−1 , a.e. in (0,∞) . It would contradict
the fact that 0 <

∫∞
0 x1−λ f 2(x)dx < ∞ . Hence, (2.16) takes the form of strict

inequality and (2.14) holds.
If the constant factor B

( λ
2 , λ

2

)
in (2.14) is not the best possible, then there exists

a positive constant K (with K < B
( λ

2 , λ
2

)
), such that (2.14) is still valid if we replace

B
( λ

2 , λ
2

)
by K . For 0 < ε < λ/2 , setting

f ε(t) = t(λ−2−ε)/2, t ∈ [1,∞); f ε(t) = 0, t ∈ (0, 1),

one has

1
ε

(
B
(λ

2
,
λ
2

)
+ o(1)

)
=
∫ ∞

0

∫ ∞

0

f ε(x)gε(y)
(x + y)λ

dxdy

< K
{∫ ∞

0
t1−λ f 2

ε (t)dt
∫ ∞

0
t1−λg2

ε(t)dt
}1/2

=
K
ε

.
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It follows that B
( λ

2 , λ
2

)
� K , which contradicts the fact K < B

( λ
2 , λ

2

)
. Hence the

constant factor B
( λ

2 , λ
2

)
in (2.14) is the best possible.

Setting g(y) as:

g(y) := yλ−1
∫ ∞

0

|f (x)|
(x + y)λ

dx (y ∈ (0,∞)),

one obtains{∫ ∞

0
y1−λg2(y)dy

}2
=
{∫ ∞

0
yλ−1

[ ∫ ∞

0

|f (x)|
(x + y)λ

dx
]2

dy
}2

=
{∫ ∞

0

∫ ∞

0

|f (x)|g(y)
(x + y)λ

dxdy
}2

�
[
B
(λ

2
,
λ
2

)]2 ∫ ∞

0
x1−λ f 2(x)dx

∫ ∞

0
y1−λg2(y)dy;

0 <

∫ ∞

0
yλ−1

[ ∫ ∞

0

f (x)
(x + y)λ

dx
]2

dy
∫ ∞

0
y1−λg2(y)dy

�
[
B
(λ

2
,
λ
2

)]2 ∫ ∞

0
x1−λ f 2(x)dx < ∞.

If follows that the above two inequalities take the form of strict inequalities by the fact
0 <

∫∞
0 y1−λg2(y)dy < ∞ and using (2.14). Hence, we have (2.15).
On the other hand, if (2.15) is valid, by Cauchy’s inequality, we have∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy =
∫ ∞

0

[
y(λ−1)/2

∫ ∞

0

f (x)
(x + y)λ

dx
][

y(1−λ )/2g(y)
]
dy

�
{∫ ∞

0
yλ−1

[ ∫ ∞

0

f (x)
(x + y)λ

dx
]2

dy
∫ ∞

0
y1−λg2(y)dy

}1/2
.

By (2.15), we have (2.14). Hence, (2.14) and (2.15) are equivalent. We can conclude
that the constant factor in (2.15) is the best possible by the equivalence of (2.14) and
(2.15).

The theorem is proved.

THEOREM 2.2. If 0 � a < b � ∞, λ > 0, f and g are real functions, such that∫ ∞

0
t1−λ f 2(t)dt < ∞ and

∫ ∞

0
t1−λg2(t)dt < ∞,

then, (i) for 0 < a < b < ∞, we have∫ b

a

∫ b

a

f (x)g(y)
(x + y)λ

dxdy < B
(λ

2
,
λ
2

)[
1 −

(a
b

) λ
4
]{∫ b

a
t1−λ f 2(t)dt

∫ b

a
t1−λg2(t)dt

} 1
2
;

(2.17)∫ b

a
yλ−1

[ ∫ b

a

f (x)
(x + y)λ

dx
]2

dy <
{

B
(λ

2
,
λ
2

)[
1 −

(a
b

)λ/4]}2
∫ b

a
t1−λ f 2(t)dt,

(2.18)
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(ii) for 0 = a < b < ∞, we have

∫ b

0

∫ b

0

f (x)g(y)
(x + y)λ

dxdy < B
(λ

2
,
λ
2

)

×
{∫ b

0

[
1 − 1

2

( t
b

)λ/2]
t1−λ f 2(t)dt

∫ b

0

[
1 − 1

2

( t
b

)λ/2]
t1−λg2(t)dt

}1/2
; (2.19)

∫ b

0
yλ−1

[ ∫ b

0

f (x)
(x + y)λ

dx
]2

dy <
[
B
(λ

2
,
λ
2

)]2 ∫ b

0

[
1 − 1

2

( t
b

)λ/2]
t1−λ f 2(t)dt,

(2.20)
(iii) for 0 < a < b = ∞, we have∫ ∞

a

∫ ∞

a

f (x)g(y)
(x + y)λ

dxdy < B
(λ

2
,
λ
2

)

×
{∫ ∞

a

[
1 − 1

2

(a
t

)λ/2]
t1−λ f 2(t)dt

∫ ∞

a

[
1 − 1

2

(a
t

)λ/2]
t1−λg2(t)dt

}1/2
; (2.21)

∫ ∞

a
yλ−1

[ ∫ ∞

a

f (x)
(x + y)λ

dx
]2

dy <
[
B
(λ

2
,
λ
2

)]2 ∫ ∞

a

[
1 − 1

2

(a
t

)λ/2]
t1−λ f 2(t)dt.

(2.22)

REMARK 2.2. (i) For λ = 1 , since B(1/2, 1/2) = π , (2.14) reduces to (1.1a).
Hence (2.14) is a generalization of (1.1a) with a single parameter. It is obvious
that (2.17), (2.19) and (2.21) are generalizations of (1.1a) with a single parameter, and
(2.18), (2.20) and (2.22) are generalizations of (1.2a) and (2.15) with some parameters.

(ii) For λ = 1 , some new improvement of (2.17), (2.19) and (2.21) are given as
follows (see Xie et al. [30]):

∫ b

a

∫ b

a

f (x)g(y)
x + y

dxdy <
(
π − 4 arc tan

√
a
b

){∫ b

a
f 2(t)dt

∫ b

a
g2(t)dt

}1/2
; (2.17a)

∫ b

0

∫ b

0

f (x)g(y)
x + y

dxdy <
{∫ b

0

(
π − 2 arc tan

√
t
b

)
f 2(t)dt

×
∫ b

0

(
π − 2 arc tan

√
t
b

)
g2(t)dt

}1/2
; (2.19a)

∫ ∞

a

∫ ∞

a

f (x)g(y)
x + y

dxdy <
{∫ ∞

a

(
π − 2 arc tan

√
a
t

)
f 2(t)dt

×
∫ ∞

a

(
π − 2 arc tan

√
a
t

)
g2(t)dt

}1/2
. (2.21a)
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2.5. A generalization of Hilbert’s inequality (1.1) with a single parameter

THEOREM 2.3. If 0 < λ � 4, {an}, {bn} are real sequences, such that

0 <

∞∑
n=1

n1−λa2
n < ∞ and 0 <

∞∑
n=1

n1−λb2
n < ∞,

then (see Yang [31])

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
< B

(λ
2

,
λ
2

){ ∞∑
n=1

n1−λa2
n

∞∑
n=1

n1−λb2
n

}1/2
, (2.23)

where the constant factor B
( λ

2 , λ2
)

is the best possible. In particular, for λ =
1/2, 2, 3, 4, we have

∞∑
n=1

∞∑
m=1

ambn√
m + n

<
Γ2(1/4)√

π

{ ∞∑
n=1

√
na2

n

∞∑
n=1

√
nb2

n

}1/2
; (2.24)

∞∑
n=1

∞∑
m=1

ambn

(m + n)2
<
{ ∞∑

n=1

1
n
a2

n

∞∑
n=1

1
n
b2

n

}1/2
; (2.25)

∞∑
n=1

∞∑
m=1

ambn

(m + n)3
<

π
8

{ ∞∑
n=1

(an

n

)2 ∞∑
n=1

(an

n

)2}1/2
; (2.26)

∞∑
n=1

∞∑
m=1

ambn

(m + n)4
<

1
6

{ ∞∑
n=1

1
n3

a2
n

∞∑
n=1

1
n3

b2
n

}1/2
. (2.27)

The equivalent form of (2.23) is given by

∞∑
n=1

nλ−1
[ ∞∑

m=1

am

(m + n)λ
]2

<
[
B
(λ

2
,
λ
2

)]2 ∞∑
n=1

n1−λa2
n, (2.28)

where the constant factor
[
B
( λ

2 , λ
2

)]2
is still the best possible. In particular, for

λ = 1/2, 2, 3, 4, we have

∞∑
n=1

1√
n

[ ∞∑
m=1

am√
m + n

]2
<

Γ4(1/4)
π

∞∑
n=1

√
na2

n; (2.29)

∞∑
n=1

n
[ ∞∑

m=1

am

(m + n)2

]2
<

∞∑
n=1

1
n
a2

n; (2.30)

∞∑
n=1

[
n

∞∑
m=1

am

(m + n)3

]2
<

π2

64

∞∑
n=1

(an

n

)2
; (2.31)

∞∑
n=1

n3
[ ∞∑

m=1

am

(m + n)4

]2
<

1
36

∞∑
n=1

1
n3

a2
n. (2.32)
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The idea for the proof of Theorem 2.3. Similarly as we builded (2.1), we have

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
�
{ ∞∑

m=1

ω̃λ (m)a2
m

∞∑
n=1

ω̃λ (n)b2
n

}1/2
, (2.33)

where the weight coefficient ω̃λ (n) is defined by

ω̃λ (n) :=
∞∑

m=1

1
(m + n)λ

( n
m

)1−λ/2
(n ∈ N). (2.34)

Setting f n(t) = 1
(t+n)t1−λ/2 (t ∈ (0,∞)) , we find

ω̃λ (n) = n1−λ/2
∞∑

m=1

f n(m) = n1−λ/2
[ ∫ ∞

0
f n(t)dt − Q(n)

]
. (2.35)

By using (2.6) and integration by parts, we obtain

Q(n) :=
∫ ∞

0
f n(t)dt −

∞∑
m=1

f n(m) > 0 (0 < λ � 4, n ∈ N),

and
∫∞

0 f n(t)dt = n−λ/2B
(λ

2 , λ
2

)
. By (2.35), we find

ω̃λ (n) < B
(λ

2
,
λ
2

)
n1−λ (0 < λ � 4, n ∈ N). (2.36)

In view of (2.33), we have (2.23).
For 0 < ε < λ/2 , setting ãn := n−1+(λ−ε)/2 , then by (2.6) we find

∞∑
n=1

∞∑
m=1

ãmãn

(m + n)λ
�
(
B
(λ

2
,
λ
2

)
+ o(1)

) ∞∑
n=1

1
n1+ε ; (2.37)

{ ∞∑
n=1

n1−λ ã2
n

∞∑
n=1

n1−λ ã2
n

}1/2
=

∞∑
n=1

1
n1+ε . (2.38)

If the constant factor B
(λ

2 , λ
2

)
in (2.23) is not the best possible, then by (2.37)

and (2.38), we can obtain a contradiction.

REMARK 2.3. When λ > 4 , we can not verify that (2.23) and (2.28) are valid.

3. Some strengthened versions of Hardy-Hilbert’s inequalities

In the year 1925, Hardy-Riesz extended Hilbert’s inequality (1.1) as (see Hardy
[32]):

If p > 1 , 1
p + 1

q = 1 , {an} , {bn} are non-negative sequences of real numbers,
such that

0 <

∞∑
n=1

ap
n < ∞ and 0 <

∞∑
n=1

bq
n < ∞,
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then ∞∑
n=1

∞∑
m=1

ambn

m + n
<

π
sin(π/p)

{ ∞∑
n=1

ap
n

}1/p{ ∞∑
n=1

bq
n

}1/q
, (3.1)

where the constant factor π
sin(π/p) is the best possible. Inequality (3.1) is well known as

Hardy-Hilbert’s inequality, and the equivalent form is
∞∑
n=1

( ∞∑
m=1

am

m + n

)p
<
[ π
sin(π/p)

]p ∞∑
n=1

ap
n, (3.2)

where the constant factor
[ π

sin(π/p)

]p
is still the best possible.

More exact the following Hardy-Hilbert’s inequalities and equivalent forms are
∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<

π
sin(π/p)

{ ∞∑
n=0

ap
n

}1/p{ ∞∑
n=0

bq
n

}1/q
; (3.3)

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)p
<
[ π
sin(π/p)

]p ∞∑
n=0

ap
n, (3.4)

where the constant factors π
sin(π/p) and

[ π
sin(π/p)

]p
are all the best possible.

In the year 1991, Xu et al. [7] used the way of weight coefficient, and built a
strengthened version of (3.1) as follows:

∞∑
n=1

∞∑
m=1

ambn

m + n
<
{ ∞∑

n=1

[ π
sin(π/p)

− p − 1
n1/p + n−1/q

]
ap

n

}1/p

×
{ ∞∑

n=1

[ π
sin(π/p)

− q − 1
n1/q + n−1/p

]
bq

n

}1/q
. (3.5)

For p = q = 2 , (3.5) reduces to
∞∑

n=1

∞∑
m=1

ambn

m + n
<
{ ∞∑

n=1

[
π − 1

n1/2 + n−1/2

]
a2

n

∞∑
n=1

[
π − 1

n1/2 + n−1/2

]
b2

n

}1/2
, (3.6)

which is different from (1.4).
About the meaning of the word “strengthened”, in 1986, Mikhlin [33] gave the

following Karlson’s inequality and its improvement for illustration:

If {an} is a sequence of real numbers, such that 0 <
∞∑

n=1
n2a2

n < ∞ , then

( ∞∑
n=1

a2
n

)4
< π2

∞∑
n=1

a2
n

∞∑
n=1

n2a2
n, (3.7)

where the constant factor π2 is the best possible. Mikhlin said, the constant π2 in (3.7)
could not be made smaller, although itself might be strengthened as:( ∞∑

n=1

a2
n

)4
< π2

∞∑
n=1

a2
n

∞∑
n=1

(
n − 1

2

)2
a2

n. (3.8)
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For getting a version similar to (1.4), we can rewrite (3.8) in the form:

( ∞∑
n=1

a2
n

)4
<

∞∑
n=1

a2
n

∞∑
n=1

(
π − π

2n

)2
n2a2

n. (3.8a)

3.1. Two strengthened versions of (3.1)

(1) A strengthened version of (3.1) similar to (1.4).
Let γ be the Euler constant, 1−γ = 0.42278433+ . We established a strengthened

version of (3.1) as

∞∑
n=1

∞∑
m=1

ambn

m + n
<
{ ∞∑

n=1

[ π
sin
( π

p

)−1 − γ
n

1
p

]
ap

n

} 1
p
{ ∞∑

n=1

[ π
sin
( π

p

)−1 − γ
n

1
q

]
bq

n

} 1
q
. (3.9)

In the year 1997, Yang and Gao [34] derived (3.9). In 1998, Gao and Yang [35]
considered some of its applications. In the following we discuss the Key idea of the
proof:

First, by Hölder’s inequality, we have

∞∑
n=1

∞∑
m=1

ambn

m + n
�
{ ∞∑

n=1

ωq(n)ap
n

}1/p{ ∞∑
n=1

ωp(n)bq
n

}1/q
, (3.10)

where the weight coefficient ωr(n) is defined by:

ωr(n) :=
∞∑

m=1

1
m + n

( n
m

)1/r
(n ∈ N, r = p, q). (3.11)

Setting the decomposition of ωr(n) in the form

ωr(n) =
π

sin(π/r)
− θr(n)

n1−1/r
, (3.12)

by (3.11) and (3.12), we have

θr(n) :=
[ π
sin(π/r)

−
∞∑

m=1

1
m + n

( n
m

)1/r]
n1−1/r. (3.13)

By using (2.6) and some computational analysis, we show that {θr(n)} is a strictly
increasing sequence. Therefore

θr(n) � min
n∈N

{θr(n)} = θr(1) =
π

sin(π/r)
−

∞∑
m=1

1
m + 1

( 1
m

)1/r
. (3.14)

It follows that
θr(1) > inf

r>1
{θr(1)} = lim

r→∞ θr(1) = 1 − γ .

Hence we find
θr(n) > inf

r>1
min
n∈N

{θr(n)} = 1 − γ (n ∈ N).
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In view of (3.12), we build the following inequality of the weight coefficient:

ωr(n) <
π

sin(π/p)
− 1 − γ

n1−1/r
(r = p, q, n ∈ N). (3.15)

Hence, by (3.10) we have (3.9).
(2) A strengthened version of (3.1) similar to (3.5).
In 1998, Yang and Debnath [36] obtained the following interesting inequality:

∞∑
n=1

∞∑
m=1

ambn

m + n
<
{ ∞∑

n=1

[ π
sin(π/p)

− 1
2n1/p + n−1/q

]
ap

n

}1/p

×
{ ∞∑

n=1

[ π
sin(π/p)

− 1
2n1/q + n−1/p

]
bq

n

}1/q
. (3.16)

By using (3.9) and (2.6), the following inequality of (3.11) was obtained

ωr(n) <
π

sin(π/p)
− 1

2n1−1/r + n−1/r
(r = p, q, n ∈ N). (3.17)

Then by (3.10) we get (3.16).

REMARK 3.1. Inequality (3.16) is an improvement of (3.5). We compare the
right-hand side of (3.15) and (3.17) as follows.

For n = 1 , 2, we obtain

π
sin(π/p)

− 1 − γ
n1−1/r

<
π

sin(π/p)
− 1

2n1−1/r + n−1/r
,

and for n � 3 , we deduce

π
sin(π/p)

− 1 − γ
n1−1/r

>
π

sin(π/p)
− 1

2n1−1/r + n−1/r
.

It follows that (3.9) and (3.16) are not related and these are two distinct strengthened
versions of (3.5).

(3) Two distinct strengthened versions of (3.2).
We have (see [36])

∞∑
n=1

( ∞∑
m=1

am

m + n

)p
<
[ π
sin(π/p)

]p−1 ∞∑
n=1

[ π
sin(π/p)

− 1 − γ
n1/p

]
ap

n; (3.18)

∞∑
n=1

( ∞∑
m=1

am

m + n

)p
<
[ π
sin( πp )

]p−1 ∞∑
n=1

[ π
sin( πp )

− 1 − γ

2n
1
p + n

−1
q

]
ap

n. (3.19)
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3.2. Two strengthened versions of (3.3)

(1) A strengthened version of (3.3) similar to (3.9).
In the year 1999, Yang [37] built the following strengthened version of (3.3):

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[ π
sin(π/p)

− ln 2 − γ
(2n + 1)1+1/p

]
ap

n

}1/p

×
{ ∞∑

n=0

[ π
sin(π/p)

− ln 2 − γ
(2n + 1)1+1/q

]
bq

n

}1/q
, (3.20)

where, ln 2 − γ = 0.1159315+ (γ is Euler constant).

The idea of proof. By Hölder’s inequality, we have

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
�
{ ∞∑

n=0

ω̃q(n)ap
n

}1/p{ ∞∑
n=0

ω̃p(n)bq
n

}1/q
, (3.21)

where the weight coefficient ω̃r(n) is defined by

ω̃r(n) :=
∞∑

m=0

1
m + n + 1

( 2n + 1
2m + 1

)1/r
(n ∈ N0, r = p, q). (3.22)

Consider the decomposition of ω̃r(n) in the form:

ω̃r(n) =
π

sin(π/r)
− θ̃(n, r)

(2n + 1)2−1/r
. (3.23)

By (3.22) and (3.23), we have

θ̃(n, r) :=
[ π
sin(π/r)

−
∞∑

m=0

1
m + n + 1

( 2n + 1
2m + 1

)1/r]
(2n + 1)2−1/r. (3.24)

By using (2.6), we may show that {θ̃(n, r)} is strictly decreasing for r , and
{θ̃(n,∞)} is strictly increasing. Hence, we obtain

θ̃(n, r) > min
n∈N0

inf
r>1

{θ̃(n, r)} = θ̃(n0, r) = ln 2 − γ . (3.25)

By (3.23), we find the following inequality of the weight coefficient as:

ω̃r(n) <
π

sin(π/p)
− ln 2 − γ

(2n + 1)2−1/r
(r = p, q, n ∈ N0). (3.26)

By (3.21) we derive (3.20).
(2) Another strengthened version of (3.3) similar to (3.16).
In the year 2000, Yang [38] obtained another strengthened version of (3.3) as:

∞∑
n=0

∞∑
m=0

ambn

m + n + 1
<
{ ∞∑

n=0

[ π
sin(π/p)

− 1
13(n + 1)(2n + 1)1/p

]
ap

n

}1/p
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×
{ ∞∑

n=0

[ π
sin(π/p)

− 1
13(n + 1)(2n + 1)1/q

]
bq

n

}1/q
. (3.27)

Furthermore using (3.20) and (2.6), we find the following inequality of the weight
coefficient:

ω̃r(n) <
π

sin(π/p)
− 1

13(n + 1)(2n + 1)1−1/r
(r = p, q, n ∈ N0). (3.28)

Hence, by (3.21) we have (3.27). Obviously, we can show that (3.20) and (3.27) are
not comparable.

(3) Two distinct strengthened versions of (3.4).
By the proof of the equivalence in Theorem 2.1 and (3.28), we have

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)p
<
[ π
sin( πp )

]p−1 ∞∑
n=0

[ π
sin( πp )

− ln 2 − γ
(2n + 1)1+ 1

p

]
ap

n; (3.29)

∞∑
n=0

( ∞∑
m=0

am

m + n + 1

)p
<
[ π
sin( πp )

]p−1 ∞∑
n=0

[ π
sin( πp )

− 1

13(n + 1)(2n + 1)
1
p

]
ap

n;

(3.30)

3.3. Generalization and improvement of Hardy-Littlewood’s inequality (1.3)

In the year 2000, by using (3.27), Yang [39] gave a generalization and an improve-
ment of (1.3) as follows:

THEOREM 3.1. If p � 2, 1
p + 1

q = 1, f ∈ L2(0, 1), such that

0 <

∫ 1

0
f 2(x)dx < ∞ and an =

∫ 1

0
xnf (x)dx (n ∈ N0),

then( ∞∑
n=0

ap
n

)1+ 1
p

<
[ π
sin( πp )

] 1
q
{ ∞∑

n=0

[ π
sin( πp )

− 1

13(n+1)(2n+1)
1
p

]
ap(p−1)

n

} 1
p
∫ 1

0
f 2(x)dx;

(3.31)( ∞∑
n=0

ap
n

)1+ 1
p

<
π

sin( πp )

{ ∞∑
n=0

ap(p−1)
n

} 1
p
∫ 1

0
f 2(x)dx. (3.32)

Proof. Since lq ⊆ lp , (0 < q � p) (see [29,p. 24]), and for p � 2 , {an} ∈ l2 ,

(⊆ lp(p−1)) , then we have
∞∑
n=0

ap(p−1)
n < ∞ . By Cauchy’s inequality we obtain

( ∞∑
n=0

ap
n

)2
=
{ ∞∑

n=0

ap−1
n

∫ 1

0
xnf (x)dx

}2

=
{∫ 1

0

( ∞∑
n=0

ap−1
n xn

)
f (x)dx

}2
�
∫ 1

0

( ∞∑
n=0

ap−1
n xn

)2
dx
∫ 1

0
f 2(x)dx
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=
( ∫ 1

0

∞∑
n=0

∞∑
m=0

ap−1
m ap−1

n xm+ndx
)∫ 1

0
f 2(x)dx

=
( ∞∑

n=0

∞∑
m=0

ap−1
m ap−1

n

∫ 1

0
xm+ndx

)∫ 1

0
f 2(x)dx

=
[ ∞∑

n=0

∞∑
m=0

ap−1
m bp−1

n

m + n + 1

] ∫ 1

0
f 2(x)dx.

In view of p = q(p − 1) , by (3.27) we have( ∞∑
n=0

ap
n

)2
�
{ ∞∑

n=0

[ π
sin(π/p)

− 1
13(n + 1)(2n + 1)1/p

]
ap(p−1)

n

}1/p

×
{ ∞∑

n=0

[ π
sin(π/p)

− 1
13(n + 1)(2n + 1)1/q

]
ap

n

}1/q
∫ 1

0
f 2(x)dx. (3.33)

Hence we find( ∞∑
n=0

ap
n

)1+ 1
p �

[ π
sin( πp )

] 1
q
{ ∞∑

n=0

[ π
sin( πp )

− 1

13(n+1)(2n+1)
1
p

]
ap(p−1)

n

} 1
p
∫ 1

0
f 2(x)dx.

(3.34)
It is obvious that {an} ∈ lp (p � 2) . Then by (3.27), inequality (3.33) takes the form
of strict inequality; so does (3.34). Hence we have (3.31), and then we have (3.32).

REMARK 3.4. For p = 2 , inequality (3.32) reduces to (1.3). It follows that (3.32)
is a generalization of (1.3). In (3.33), for p = q = 2 , since it does not take the form of
equality, we have( ∞∑

n=0

a2
n

)2
<

∞∑
n=0

[
π − 1

13(n + 1)(2n + 1)1/2

]
a2

n

∫ 1

0
f 2(x)dx, (3.35)

which is an improvement of (1.3). Obviously, (3.35) and (2.13) are not comparable.

4. Some generalizations of Hardy-Hilbert’s inequality

Hardy et al [1, Ch. 9] pointed out that the integral form relating (3.1) and (3.2) can
be expressed in the form:

If p > 1, 1
p + 1

q = 1 , f , g are real functions such that

0 <

∫ ∞

0
f p(t)dt < ∞ and 0 <

∫ ∞

0
gq(t)dt < ∞,

then ∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy <
π

sin(π/p)

{∫ ∞

0
f p(t)dt

}1/p{∫ ∞

0
gq(t)dt

}1/q
; (4.1)∫ ∞

0

(∫ ∞

0

f (x)
x + y

dx
)p

dy <
[ π
sin(π/p)

]p ∫ ∞

0
f p(t)dt, (4.2)
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where the constants π
sin(π/p) and

[ π
sin(π/p)

]p
are all the best possible. Inequalities (4.1)

and (4.2) are equivalent.
Inequality (4.1) is well known as Hardy-Hilbert’s integral inequality. For p =

q = 2 , (4.1) reduces to (1.1a), and (4.2) reduces to (1.2a). On generalizing (4.1) with
single parameter, Hardy et al [1, Th. 340] claimed:

If p > 1, q > 1, 1
p + 1

q � 1 and 0 < λ = 2 − 1
p − 1

q � 1 , then∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy � K
{∫ ∞

0
f p(x)dx

}1/p{∫ ∞

0
gq(y)dy

}1/q
, (4.3)

where the constant K = K(p, q) is related p and q .
For 1

p + 1
q = 1, λ = 2 − 1

p − 1
q = 1, since K(p, q) = π

sin(π/p) , it follows that
(4.3) is a generalization of (1.1a). Since the parameter λ in (4.3) relates p , q , it may
be improved. In the year 1998, by introducing the β function and some parameters,
Yang [24] gave some generalizations of (1.1a) and (1.2a), and Yang [40, 41] gave some
further generalizations of (4.1). In the year 2000, Yang [42,43] proved that the constant
factors in the extended inequalities are all the best possible.

4.1. On generalizations of (4.1) and (3.1) with single parameter

THEOREM 4.1. If p > 1, 1
p + 1

q = 1 , λ > 2 − min{p, q} , f , g are non-negative
real functions, such that

0 <

∫ ∞

0
t1−λ f p(t)dt < ∞ and 0 <

∫ ∞

0
t1−λgq(t)dt < ∞,

then ∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy < B
(p + λ − 2

p
,
q + λ − 2

q

)

×
{∫ ∞

0
t1−λ f p(t)dt

} 1
p
{∫ ∞

0
t1−λgq(t)dt

} 1
q
; (4.4)∫ ∞

0
y(λ−1)(p−1)

[ ∫ ∞

0

f (x)
(x + y)λ

dx
]p

dy

<
[
B
(p + λ − 2

p
,
q + λ − 2

q

)]p ∫ ∞

0
t1−λ f p(t)dt, (4.5)

where the constant factors B
( p+λ−2

p , q+λ−2
q

)
and

[
B
( p+λ−2

p , q+λ−2
q

)]p
are all the best

possible. Inequalities (4.4) and (4.5) are equivalent. In particular, for λ = 2 , we have∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)2

dxdy <
{∫ ∞

0

1
t
f p(t)dt

}1/p{∫ ∞

0

1
t
gq(t)dt

}1/q
; (4.6)

∫ ∞

0
yp−1

[ ∫ ∞

0

f (x)
(x + y)2

dx
]p

dy <

∫ ∞

0

1
t
f p(t)dt. (4.7)

REMARK 4.1. For λ = 1 , (4.4) reduces to (4.1), and (4.5) reduces to (4.2). It
follows that (4.4) and (4.5) are generalizations of (4.1) and (4.2) with the best constant
factors. It is obvious that (4.4) is more elegant than (4.3).
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The method of proving Theorem 4.1. Similarly to the proof of Theorem 2.1, by
Hölder’s inequality, we have∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy <
{∫ ∞

0
ωλ (q, x)f p(x)dx

} 1
p
{∫ ∞

0
ωλ (p, y)gq(y)dty

} 1
q
,

(4.8)
where the weight function ωλ (r, t) is defined by

ωλ (r, t) :=
∫ ∞

0

1
(t + s)λ

( t
s

)1−λ/r
ds (r = p, q, t ∈ (0,∞)). (4.9)

Setting u = s/t in the integral of (4.9), we have

ωλ (r, t) = t1−λ
∫ ∞

0

1
(1 + u)λ

u−1+(r+λ−2)/rdu (r = p, q).

In view of the following formula related the β function and the Γ function (see [44, p.
117]):

B(u, v) =
∫ ∞

0

t−1+v

(1 + t)u+v
dt =

Γ(u)Γ(v)
Γ(u + v)

= B(v, u) (u, v > 0), (4.10)

and p+λ−2
p + q+λ−2

q = λ , we have

ωλ (q, x) = ωλ (p, x) = B
(p + λ − 2

p
,
q + λ − 2

q

)
x1−λ . (4.11)

Hence, by (4.8), we have (4.4).
For ε > 0 small enough, define the functions f ε(t) and gε(t) as:

f ε(t) = gε(t) = 0, for t ∈ (0, 1);

f ε(t) = t(λ−2−ε)/p, gε(t) = t(λ−2−ε)/q, for t ∈ [1,∞);
we find that {∫ ∞

0
t1−λ f p

ε (t)dt
}1/p{∫ ∞

0
t1−λgq

ε(t)dt
}1/q

=
1
ε
;∫ ∞

0

∫ ∞

0

f ε(x)gε(y)
(x + y)λ

dxdy =
1
ε
B
(p + λ − 2

p
,
q + λ − 2

q

)
+ o(1) (ε → 0+).

We may show that the constant factor B
( p+λ−2

p , q+λ−2
q

)
in (4.4) is the best possible,

by using the method of Theorem 2.1.
Setting g(y) as:

g(y) := y(λ−1)(p−1)
[ ∫ ∞

0

f (x)
(x + y)λ

dx
]p−1

(y ∈ (0,∞)),

then we have∫ ∞

0
y1−λgq(y)dy =

∫ ∞

0
y(λ−1)(p−1)

[ ∫ ∞

0

f (x)
(x + y)λ

dx
]p

dy

=
∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy.
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By (4.4), we have (4.5). Furthermore using the method of Theorem 2.1, by (4.5) and
Hölder’s inequality, we have (4.4). Hence (4.4) and (4.5) are equivalent. We can show
that the constant factor in (4.5) is the best possible by the equivalence of (4.4) and (4.5).

THEOREM 4.2. If p > 1 , 1
p + 1

q = 1 , 2 − min{p, q} < λ � 2 , {an} , {bn} are
non-negative real sequences such that

0 <

∞∑
n=1

n1−λap
n < ∞ and 0 <

∞∑
n=1

n1−λbq
n < ∞,

then (see [45])

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
< B

(p + λ − 2
p

,
q + λ − 2

q

){ ∞∑
n=1

n1−λap
n

} 1
p
{ ∞∑

n=1

n1−λbq
n

} 1
q
;

(4.12)
∞∑
n=1

n(λ−1)(p−1)
[ ∞∑

m=1

am

(m + n)λ
]p

<
[
B
(p + λ − 2

p
,
q + λ − 2

q

)]p ∞∑
n=1

n1−λap
n,

(4.13)
where the constant factors B

( p+λ−2
p , q+λ−2

q

)
and

[
B
( p+λ−2

p , q+λ−2
q

)]p
are the best

possible. Inequalities (4.12) and (4.13) are equivalent. In particular, for λ = 2 , we
have ∞∑

n=1

∞∑
m=1

ambn

(m + n)2
<
{ ∞∑

n=1

1
n
ap

n

}1/p{ ∞∑
n=1

1
n
bq

n

}1/q
; (4.14)

∞∑
n=1

n(p−1)
[ ∞∑

m=1

am

(m + n)2

]p
<

∞∑
n=1

1
n
ap

n. (4.15)

REMARK 4.2. For λ = 1 , (4.12) reduces to (3.1), and (4.13) reduces to (3.2);
for p = q = 2 , (4.12) reduces to (2.23), and (4.13) reduces to (2.28). It follows that
(4.12) is a generalization of (3.1) and (2.23), and (4.13) is a generalization of (3.2) and
(2.28). Their associated integral inequalities are (4.4) and (4.5).

The method of proving Theorem 4.2. By Hölder’s inequality, we have

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
�
{ ∞∑

n=1

ω̃λ (q, n)ap
n

}1/p{ ∞∑
n=1

ω̃λ (p, n)bq
n

}1/q
, (4.16)

where the weight coefficient ω̃λ (r, n) is defined by:

ω̃λ (r, n) :=
∞∑

m=1

1
(m + n)λ

( n
m

)(2−λ )/r
(n ∈ N, r = p, q). (4.17)

For 0 � 2 − min{p, q} < λ � 2, we have

ω̃λ (r, n) < ωλ (r, n) =
∫ ∞

0

1
(y + n)λ

(n
y

)(2−λ )/r
dy.
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Then by (4.11), we have

ω̃λ (r, n) < B
(p + λ − 2

p
,
q + λ − 2

q

)
n1−λ (n ∈ N, r = p, q).

In view of (4.16), we have (4.12).
For ε > 0 small enough, setting

ãn = n(λ−2−ε)/p, b̃n = n(λ−2−ε)/q (n ∈ N),

we find
∞∑

n=1

∞∑
m=1

ãmb̃n

(m + n)λ
>

∫ ∞

1
x(λ−2−ε)/p

∫ ∞

1

1
(x + y)λ

y(λ−2−ε)/qdydx

=
1
ε
B
(p + λ − 2

p
,
q + λ − 2

q

)
+ o(1);

{ ∞∑
n=1

ãp
n

}1/p{ ∞∑
n=1

b̃q
n

}1/q
= 1 +

∞∑
n=2

1
n1+ε < 1 +

∫ ∞

1

1
t1+ε dt =

1
ε
(1 + ε).

If the constant factor in (4.12) is not the best possible, we may get a contradiction
following the above results. The rest of the proof is similar to the method of proving
Theorem 4.1.

4.2. Further generalizations of (4.1) and (3.1) with a single parameter

In the year 1998, Kuang [46] provided the following generalization of (4.1):
If max{1/p, 1/q} < λ � 1, then∫ ∞

0

∫ ∞

0

f (x)g(y)
xλ + yλ

dxdy <
π

λ (sin(π/pλ ))1/p(sin(π/qλ ))1/q

×
{∫ ∞

0
t1−λ f p(t)dt

}1/p{∫ ∞

0
t1−λgq(t)dt

}1/q
. (4.18)

For λ = 1 , inequality (4.18) reduces to (4.1). In the year 2000, Hu [47] gave a
generalization of Hardy-Littlewood-Polya’s inequality with a single parameter λ , and
then, Yang [48] improved (4.18) in the following:

Setting x = Xλ , y = Yλ (λ > 0) in (4.1), one has dx = λXλ−1dX, dy =
λYλ−1dY and∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy =
∫ ∞

0

∫ ∞

0

[Xλ−1f (Xλ )][Yλ−1g(Yλ )]
Xλ + Yλ λ 2dXdY

<
π

sin(π/p)

{∫ ∞

0
λXλ−1f p(Xλ )dX

}1/p{∫ ∞

0
λYλ−1gq(Yλ )dY

}1/q

=
π

sin(π/p)

{∫ ∞

0
f p(x)dx

}1/p{∫ ∞

0
gq(y)dy

}1/q
.
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Setting F(X) = Xλ−1f (Xλ ), G(Y) = Yλ−1g(Yλ ) in the above inequality, we find∫ ∞

0

∫ ∞

0

F(X)G(Y)
Xλ + Yλ dXdY <

π
λ sin(π/p)

×
{∫ ∞

0
X(p−1)(1−λ )Fp(X)dX

}1/p{∫ ∞

0
Y(q−1)(1−λ )Gq(Y)dY

}1/q
. (4.19)

It is obvious that (4.19) and (4.1) are equivalent, and the constant factor in (4.19)
is the best possible. Applying the same way, we can build a generalization of (4.2), that
is equivalent to (4.19).

THEOREM 4.3. If p > 1 , 1
p + 1

q = 1 , λ > 0 , f , g are non-negative real functions
such that∫ ∞

0
t(p−1)(1−λ )f p(t)dt < ∞, and

∫ ∞

0
t(q−1)(1−λ )gq(t)dt < ∞,

then ∫ ∞

0

∫ ∞

0

f (x)g(y)
xλ + yλ

dxdy <
π

λ sin(π/p)

×
{∫ ∞

0
t(p−1)(1−λ )f p(t)dt

}1/p{∫ ∞

0
t(q−1)(1−λ )gq(t)dt

}1/q
; (4.20)

∫ ∞

0
yλ−1

(∫ ∞

0

f (x)
xλ + yλ

dx
)p

dy <
[ π
λ sin(π/p)

]p ∫ ∞

0
t(p−1)(1−λ )f p(t)dt, (4.21)

where the constant π
λ sin(π/p) and

[ π
λ sin(π/p)

]p
are all the best possible. Inequalities

(4.20) and (4.21) are equivalent.

REMARK 4.3. Inequality (4.20) is obviously more elegant than (4.18), which is a
generalization of (4.1) with a single parameter.

THEOREM 4.4. If p > 1 , 1
p + 1

q = 1 , 0 < λ � min{p, q} , {an} , {bn} are
non-negative real sequences, such that

∞∑
n=1

n(p−1)(1−λ )ap
n < ∞, and

∞∑
n=1

n(q−1)(1−λ )bq
n < ∞,

then

∞∑
n=1

∞∑
m=1

ambn

mλ + nλ
<

π
λ sin( πp )

{ ∞∑
n=1

n(p−1)(1−λ )ap
n

} 1
p
{ ∞∑

n=1

n(q−1)(1−λ )bq
n

} 1
q
, (4.22)

∞∑
n=1

nλ−1
( ∞∑

m=1

am

mλ + nλ

)p
<
[ π
λ sin(π/p)

]p ∞∑
n=1

n(p−1)(1−λ )ap
n, (4.23)
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where the constant factors π
λ sin(π/p) and

[ π
λ sin(π/p)

]p
are all the best possible. Inequal-

ities (4.22) and (4.23) are equivalent.

Idea of the proof. By Hölder’s inequality, we have
∞∑
n=1

∞∑
m=1

ambn

mλ + nλ
=

∞∑
n=1

∞∑
m=1

[ am

(mλ + nλ )
1
p

(m1/q

n1/p

)1−λ(m
n

) λ
qp
]

×
[ bn

(mλ + nλ )
1
q

( n1/p

m1/q

)1−λ( n
m

) λ
pq
]

�
{ ∞∑

m=1

∞∑
n=1

ap
m

mλ + nλ

(mp/q

n

)1−λ(m
n

) λ
q
} 1

p
{ ∞∑

n=1

∞∑
m=1

bq
n

mλ + nλ

(nq/p

m

)1−λ( n
m

) λ
p
} 1

q

=
{ ∞∑

m=1

ω̃λ (p, m)m(p−1)(1−λ )ap
m

}1/p{ ∞∑
n=1

ω̃λ (q, n)n(q−1)(1−λ )bq
n

}1/q
,

(4.24)
where the weight coefficient ω̃λ (r, n) is defined by

ω̃λ (r, n) :=
∞∑

m=1

1
mλ + nλ

· nλ (1−1/r)

m1−λ/r
(r = p, q, n ∈ N). (4.25)

For 0 < λ � min{p, q}, we have 1 − λ/r � 0 (r = p, q) , and then

ω̃λ (r, n) <

∫ ∞

0

1
tλ + nλ

· nλ (1−1/r)

t1−λ/r
dt.

Setting y = (t/n)λ in the above integral, we obtain ω̃λ (r, n) < π/[λ sin(π/r)] . By
(4.24), we have (4.22).

The second step. For ε > 0 small enough, setting

ãn = n−[1+ε+(p−1)(1−λ )]/p, b̃n = n−[1+ε+(q−1)(1−λ )]/q (n ∈ N),

then we obtain
∞∑
n=1

∞∑
m=1

ãmb̃n

mλ + nλ
>

∫ ∞

1
x−[1+ε+(p−1)(1−λ )]/p

∫ ∞

1

y−[1+ε+(q−1)(1−λ )]/q

xλ + yλ
dydx

=
1
ε

( π
λ sin(π/p)

+ o(1)
)

(ε → 0+);

{ ∞∑
n=1

n(p−1)(1−λ )ãp
n

}1/p{ ∞∑
n=1

n(q−1)(1−λ )b̃q
n

}1/q

= 1 +
∞∑

n=2

1
n1+ε < 1 +

∫ ∞

1

1
t1+ε dt =

1
ε
(1 + ε).

If the constant factor in (4.22) is not the best possible, we may get a contradiction
by using the above results.
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The third step. Similar to the way of proof in Theorem 4.1, we can show that
(4.22) and (4.23) are equivalent. Then by the equivalence of (4.22) and (4.23), we may
show that the constant factor in (4.23) is the best possible.

4.3. Two new generalizations of (3.3) with single parameter

(1) In the year 1999, by introducing a parameter λ and the β function, Yang and
Debnath [49] gave generalizations of (3.3) and (3.4) as follows:

THEOREM 4.5. If p > 1, 1
p + 1

q = 1, 2 − min p, q < λ � 2, {an}, {bn} are
non-negative real sequences, such that

∞∑
n=0

(n + 1/2)1−λap
n < ∞, and

∞∑
n=0

(n + 1/2)1−λbq
n < ∞,

then ∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)λ
< B

(p + λ − 2
p

,
q + λ − 2

q

)

×
{ ∞∑

n=0

(n +
1
2
)1−λap

n

}1/p{ ∞∑
n=0

(n +
1
2
)1−λbq

n

}1/q
; (4.26)

∞∑
n=0

(n +
1
2
)(p−1)(λ−1)

[ ∞∑
m=0

am

(m + n + 1)λ
]p

<
[
B
(p + λ − 2

p
,
q + λ − 2

q

)]p ∞∑
n=0

(n +
1
2
)1−λap

n, (4.27)

where the constant factors B
( p+λ−2

p , q+λ−2
q

)
and

[
B
( p+λ−2

p , q+λ−2
q

)]p
are all the best

possible. Inequalities (4.26) and (4.27) are equivalent. In particular,
(i) for λ = 2 , we have two equivalent inequalities as:

∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)2
< 2
{ ∞∑

n=0

1
2n + 1

ap
n

}1/p{ ∞∑
n=0

1
2n + 1

bq
n

}1/q
; (4.28)

∞∑
n=0

(2n + 1)p−1
[ ∞∑

m=0

am

(m + n + 1)2

]p
< 2p

∞∑
n=0

1
2n + 1

ap
n, (4.29)

(ii) for p = q = 2 , we have 0 < λ � 2 , and

∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)λ
< B

(λ
2

,
λ
2

){ ∞∑
n=0

(n+
1
2
)1−λa2

n

∞∑
n=0

(n+
1
2
)1−λb2

n

}1/2
; (4.30)

∞∑
n=0

(n +
1
2
)λ−1

[ ∞∑
m=0

am

(m + n + 1)λ
]2

<
[
B
(λ

2
,
λ
2

)]2 ∞∑
n=0

(n +
1
2
)1−λa2

n. (4.31)
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REMARK 4.4. For λ = 1 , (4.26) reduces to (3.3), and (4.27) reduces to (3.4).
Hence inequalities (4.26) and (4.27) are generalizations of (3.3) and (3.4) with the best
possible constant factors.

The idea of proof of Theorem 4.5. By using Hölder’s inequality, we have
∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)λ
�
{ ∞∑

n=0

ωλ (q, n)ap
n

}1/p{ ∞∑
n=0

ωλ (p, n)bq
n

}1/q
, (4.32)

where the weight coefficient ωλ (r, n) is defined by

ωλ (r, n) :=
∞∑

m=0

1
(m + n + 1)λ

( n + 1/2
m + 1/2

)(2−λ )/r
(n ∈ N0, r = p, q). (4.33)

By using (2.6), we obtain

ωλ (r, n) �
(
n +

1
2

)1−λ
∫ ∞

0

1
(1 + u)λ

(1
u

) 2−λ
r

du −
(
n +

1
2

) 2−λ
r

Rλ (r, n), (4.34)

where,

Rλ (r, n) : =
(
n +

1
2

)1−λ− 2−λ
r
∫ 1/(2n+1)

0

1
(1 + u)λ

(1
u

)(2−λ )/r
du

−
[3r + 2 − λ

6r
+

λ
12(n + 1)

] 2(2−λ )/r

(n + 1)λ
.

Integration by parts, implies Rλ (r, n) > 0 . Hence by (4.34), we have

ωλ (r, n) <
(
n +

1
2

)1−λ ∫ ∞

0

1
(1 + u)λ

(1
u

)(2−λ )/r
du

=
(
n +

1
2

)1−λ
B
(p + λ − 2

p
,
q + λ − 2

q

)
(r = p, q). (4.35)

By (4.32), we have (4.30). Similarly to the proof of Theorem 4.4, one can finish the
proof.

(2) In the year 2003, Yang [50] gave further generalizations of (3.3) and (3.4) as
follows:

THEOREM 4.5. If p > 1 , 1
p + 1

q = 1 , 0 < λ � min p, q , {an} , {bn} are
non-negative real sequences, such that

∞∑
n=0

(n + 1/2)(p−1)(1−λ )ap
n < ∞ and

∞∑
n=0

(n + 1/2)(q−1)(1−λ )bq
n < ∞,

then ∞∑
n=0

∞∑
m=0

ambn

(m + n + 1)λ
< B

(λ
p

,
λ
q

)

×
{ ∞∑

n=0

(n +
1
2
)(p−1)(1−λ )ap

n

}1/p{ ∞∑
n=0

(n +
1
2
)(q−1)(1−λ )bq

n

}1/q
; (4.36)
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∞∑
n=0

(n+
1
2
)λ−1

[ ∞∑
m=0

am

(m + n + 1)λ
]p

<
[
B
(λ

p
,
λ
q

)]p ∞∑
n=0

(n+
1
2
)(p−1)(1−λ )ap

n, (4.37)

where the constant factors B
( λ

p , λ
q

)
and

[
B
( λ

p , λq
)]p

are all the best possible. Inequal-
ities (4.36) and (4.37) are equivalent.

REMARK 4.6. By (4.26) and (4.36), it follows that there are two more distinct
generalizations of (3.3) with the same double series form and the best constant factors.
The method of proof of Theorem 4.5 is following the same way as in Theorem 4.4.

5. On an extended multiple Hardy-Hilbert’s integral inequality

On multiple Hardy-Hilbert’s integral inequality, Hardy et al. [1, Th. 322] stated:
If p, q, . . . , r are n numbers, such that p > 1, q > 1, . . . , r > 1, 1

p + 1
q + . . .+ 1

r =
1 , K(x, y, . . . , z) is a positive function of n variables x, y, . . . , z, and of a homogenous
form of degree −n + 1 , such that∫ ∞

0
. . .

∫ ∞

0
K(1, y, . . . , z)y−1/q . . . z−1/rdy . . . dz = k,

then ∫ ∞

0

∫ ∞

0
. . .

∫ ∞

0
K(x, y, . . . , z)f (x)g(y) . . . h(z)dxdy . . . dz

� k
( ∫ ∞

0
f p(x)dx

)1/p(∫ ∞

0
gq(y)dy

)1/q
. . .
(∫ ∞

0
hr(z)dz

)1/r
. (5.1)

We give an improvement and an extension of (5.1)in the following (see Yang [51]).

THEOREM 5.1. If n ∈ N \ {1}, pi > 1, λ > n − min{pi; 1 � i � n}, satisfy
n∑

i=1

1
pi

= 1, and

f i � 0, 0 <

∫ ∞

0
tn−1−λ f pi

i (t)dt < ∞ (i = 1, 2, . . . , n),

then

∫ ∞

0
. . .

∫ ∞

0

n∏
i=1

f i(xi)

(
n∑

i=1
xi)λ

dx1 . . . dxn <
1

Γ(λ )

n∏
i=1

Γ
(pi + λ − n

pi

){∫ ∞

0
tn−1−λ f pi

i (t)dt
} 1

pi
,

(5.2)

where the constant factor 1
Γ(λ )

n∏
i=1

Γ
( pi+λ−n

pi

)
is the best possible. In particular,

(i) for λ = n − 1 , we have

∫ ∞

0
. . .

∫ ∞

0

n∏
i=1

f i(xi)

(
n∑

i=1
xi)n−1

dx1 . . . dxn <
1

(n − 1)!

n∏
i=1

Γ
(pi − 1

pi

){∫ ∞

0
f pi
i (t)dt

} 1
pi

;

(5.3)
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(ii) for pi = n , (i = 1, 2, . . . , n) , we have λ > 0 , and

∫ ∞

0
. . .

∫ ∞

0

n∏
i=1

f i(xi)

(
n∑

i=1
xi)λ

dx1 . . . dxn <
1

Γ(λ )

[
Γ
(λ

n

)]n{ n∏
i=1

∫ ∞

0
tn−1−λ f n

i (t)dt
} 1

n
.

(5.4)

REMARK 5.1. For n = 2 , (5.2), (5.3) and (5.4) reduce respectively to (4.4), (4.1)
and (1.1a). Inequality (5.2) is a generalization of (5.3) with a single parameter, which
is more elegant than (5.1) and (1.9) (for a = b = 1 ). The main result of [52] is (5.4).

We prove some lemmas before we give a proof of the theorem.

LEMMA 5.1. If ri > 0 (i ∈ N) , setting λ (k) =
k+1∑
i=1

ri (k ∈ N) , then

∫ ∞

0
. . .

∫ ∞

0

1

(1 +
k∑

j=1
uj)λ (k)

k∏
i=1

uri−1
i du1 . . . duk =

1
Γ(λ (k))

k+1∏
i=1

Γ(ri). (5.5)

Proof. We establish (5.5) by mathematical induction. For k = 1 , we have (5.5)
by (4.10). Suppose for k ∈ N, that (5.5) is valid. Then for k + 1 , since λ (k + 1) =∑k+2

i=2 ri + r1 , by setting v = u1/(1 +
k+1∑
i=2

) , we obtain

∫ ∞

0
. . .

∫ ∞

0

1

(1 +
k+1∑
j=1

uj)λ (k+1)

k+1∏
i=1

uri−1
i du1 . . . duk+1

=
∫ ∞

0
. . .

∫ ∞

0

k+1∏
i=2

uri−1
i

(1 +
k+1∑
j=2

uj)λ (k+1)−r1

du2 . . . duk+1

[ ∫ ∞

0

vr1−1

(1 + v)λ (k+1) dv
]
. (5.6)

Since we have ∫ ∞

0

vr1−1

(1 + v)λ (k+1) dv =
1

Γ(λ (k + 1))
Γ
( k+1∑

i=2

ri

)
Γ(r1).

By the assumption of Mathematical induction for k , we have

∫ ∞

0
. . .

∫ ∞

0

k+1∏
i=2

uri−1
i

(1 +
k+1∑
j=2

uj)λ (k+1)−r1

du2 . . . duk+1 =
1

Γ(
k+2∑
i=2

ri)

k+2∏
i=2

Γ(ri).

By (5.6), we have (5.5) for k+1 . By induction, it follows that (5.5) is valid for k ∈ N .
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LEMMA 5.2. If n ∈ N \ {1} , pi > 1 , λ > n − min{pi; 1 � i � n}, satisfy
n∑

i=1

1
pi

= 1, and for j ∈ {1, 2, . . . , n}, set ωj(xj) as

ωj(xj) := x
1+ λ−n

pj
j

∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

j=1
xj)λ

∏
1�i�=j�n

x
λ−n
pi

i dx1 . . . dxj−1dxj+1 . . . dxn. (5.7)

Then each ωj(xj) is constant, that is

ωj(xj) =
1

Γ(λ )

n∏
i=1

Γ
(pi + λ − n

pi

)
(j = 1, 2, . . . , n). (5.8)

Proof. Fix j . Setting p̃i and ui as p̃n = pj, and

p̃i = pi, ui =
xi

xj
, for i = 1, 2, . . . , j − 1;

p̃i = pi+1, ui =
xi+1

xj
, for i = j, . . . , n − 1

in (5.7), by simplification we have

ωj(xj) =
∫ ∞

0
. . .

∫ ∞

0

1

(1 +
n−1∑
i=1

ui)λ

n−1∏
i=1

u
λ−n
p̃i

i du1 . . . dun−1. (5.9)

Substitution of n − 1 for k , λ for λ (k) , and 1 − (n − λ )/p̃i for ri (i = 1, 2, . . . , n)
into (5.5), by (5.9) we have

ωj(xj) =
1

Γ(λ )

n∏
i=1

Γ
( p̃i + λ − n

p̃i

)
=

1
Γ(λ )

n∏
i=1

Γ
(pi + λ − n

pi

)
(j = 1, 2, . . . , n).

(5.10)
Equality (5.8) is valid.

LEMMA 5.3. Following the assumption of Lemma 5.2, if 0 < ε < λ − n +
min{pi; 1 � i � n}, then

ε
∫ ∞

0
. . .

∫ ∞

0

n∏
i=1

x
λ−n−ε

pi
i

(
n∑

j=1
xj)λ

dx1 . . . dxn � 1
Γ(λ )

n∏
i=1

Γ
(pi + λ − n

pi

)
+ o(1) (ε → 0+).

(5.11)

Proof. Setting ui = xi/xn (i = 1, 2, . . . , n − 1), we have

ε
∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

j=1
xj)λ

n∏
1

x
λ−n−ε

pi
i dx1 . . . dxn � [ωn(xn) + o(1)] − εA, (5.12)
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where, A is defined by

A :=
∫ ∞

1
x−1
n

n−1∑
j=1

[∫
. . .

∫
Dj

1

(1 +
n−1∑
i=1

ui)λ
u
λ−n−ε

p̃i
i du1 . . . dun−1

]
dxn,

with

Dj =
{
(u1, u2, . . . , un−1) : 0, uj � 1/xn, 0 < uk < ∞ (k �= j)

}
.

We can obtain that A = O(1) , and by (5.12) and (5.8) (for j = n ), we have (5.11).

Proof of Theorem 5.1. By Hölder’s inequality and (5.9), we have

∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

i=1
xi)λ

n∏
i=1

f i(xi)dx1 . . . dxn

=
∫ ∞

0
. . .

∫ ∞

0

n∏
j=1

{ f j(xj)

(
n∑

i=1
xi)λ/pj

[
x
(n−λ )(1− 1

pj
)

j

∏
1�i�=j�n

x
λ−n
pi

i

]}
dx1 . . . dxn

�
n∏

j=1

{∫ ∞

0
ωj(xj)xn−1−λ f

pj
j (xj)dxj

} 1
pj .

Since the above equality does not hold (see [29, p. 29]), by (5.8), we have (5.2).
For 0 < ε < λ − n + min{p − i; 1 � i � n}, setting

˜f j(xj) = 0, x ∈ (0, 1); ˜f j(xj) = x
λ−n−ε

pj
j , xj ∈ [1,∞) (j = 1, 2, . . . , n),

we obtain ε
n∏

i=1

{∫∞
0 tn−1−λ ˜f pi

i (t)dt
} 1

pi = 1 , and by (5.11), we have

ε
∫ ∞

0
. . .

∫ ∞

0

1

(
n∑

i=1
xi)λ

n∏
i=1

˜f i(xi)dx1 . . . dxn � 1
Γ(λ )

n∏
i=1

Γ
(pi + λ − n

pi

)
+ o(1).

If the constant factor in (5.2) is not the best possible, then by the above results, we
may get a contradiction.

REMARK 5.2. We do not consider the equivalent form and the series form of (5.2).
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