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ON WEIGHTED EXTENSIONS OF CARLEMAN’S
INEQUALITY AND HARDY’S INEQUALITY

TAKUYA HARA AND SIN-EI TAKAHASI

(communicated by S. Saitoh)

Abstract. Recently K. S. Kedlaya gives a weighted extension of Carleman’s inequality under
a certain weight condition. However this condition is not essential. In fact we show that the
Kedlaya type extension holds without the weight condition by considering a certain weighted
extension of Hardy’s inequality. Moreover we shall consider the other weighted extension of
Carleman’s inequality.

1. Introduction

T. Carleman presented the following inequality in [2]: for a sequence {x,} of

oo
positive real numbers with > x, < +oco,
n=1

o0

oo
(x1xz .. .x,,)l/” <e E Xp.
n=1

n=1
Recently, K. S. Kedlaya proved the following weighted extension in [4]:
THEOREM (Kedlaya). Let {0y} be a sequence of positive real numbers satisfying

(%)

(03] (05 04]
LS > >
o oy + O o+ o+ 03

o0
If a sequence {x,} of positive real numbers satisfies . Qyx, < 00, then

n=1
o0 o0
Z anxtlxl/(a1+m+an) . .xgn/(qurMJrocn) <e Z .
n=1 n=1

Actually he proves that a certain weighted mixed mean inequality holds under the
condition (%) and shows that the above extension is deduced from this. However we
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note that the condition (*) is not essential for proving the Kedlaya type extension of
Carleman’s inequality.

In Section 2 we first investigate a certain weighted extension of Hardy’s inequality.
As an application of our extension we show that the Kedlaya type extension holds
without the condition (). In Section 3, we shall consider the other weighted extension
of Carleman’s inequality using H. Alzer’s technique observed in [1].

2. A weighted extension of Hardy’s inequality

According to the book [3], Carleman’s inequality can be obtained from Hardy’s
inequality. In order to prove the Kedlaya type extension we shall consider a weighted
extension of Hardy’s inequality.

THEOREM 2.1. Let {a,} be a sequence of positive real numbers. If p > 1 and
o0
a sequence {x,} of positive real numbers satisfies ., o,xh < +oo, then for any

n=1

1<N< o

o o Xy + ..o+ OuXp \P »&
Zan( X1+ ... nn) <(L) Zanxz_ (1)
— o+ ...+ 0y p—1 —

Proof. We first consider the case N < co. Let g be the positive real number with
1/p+1/g = 1. Consider

onxy + ...+ ox
Sp =0 + ...+ Oy, A, = .

Sn
then for any n > 2
p —1 p —1
AP — AD n — Al — AP Ol Xp
n p _ 1 n X n a ( _ 1) n X
= Az - 714[) l{sn n Sn—lAn—l}
o, (p -
Sn Sn—1 —
:A”{l - } APIAL
n O!n(p—l) +an(p_l)p n 1
By Young’s inequality we have
1 1 1 1
ATIA, | < AW D4 An = —AP + —AZ ;
and so
AP AL,

<A§{1_an(isil)}+an€;j 1){( DAL + AN}

:%I)Aﬁ{an(pf1)*psn+s,171(p71)} n(p )A§1

1
= ——(sp1AY

— 5,AD).
o= 1) )

n—1



ON WEIGHTED EXTENSIONS OF CARLEMAN’S INEQUALITY AND HARDY’S INEQUALITY 669

Hence
‘Mﬁ_;%TﬁA%%<pf1“%miﬂ_%M%
which implies
N » N
P e DAL
n=1 p n=1
p 1 <
< OC]AII) — FAI;71QIX1 + F Z(Sn_1A271 — SnAﬁ)
n=2

1
= _p lsNAlpV < 0.

According to Holder’s inequality

N N

p _
EIOCnAI:l<pT1 EIAI:! la,,xn
n= n=

N
p _
= .} ; o /9IAP= . o) P,

1/p

<) (S a) )
Tp-l n:lnn n:lnn .

N
Dividing both sides by ( > oanﬁ) 4 and raising the result to the p -th power, we obtain
n=1

the inequality (1) in the case N < cc.
In order to show the case N = oo, make N — oo, we can obtain

> oxy+ ...+ Oc,,x,,)l’ ( p )P >
Oy < - 4 anxpn- 3
Z ( o+ ...+ a, p—1 nz:; (3)

n=1

So it will be sufficient to show that the equality does not occur. Make N — oo in (2),
we have

= PN et ) P ( = )1/‘1( = )1/"
oAb < —— Y 0, 1AV o Px, < —— o, AL o) .

Assume that the equality occurs in (3), then the second term is equal to the third one.
According to the equality condition for Holder’s inequality, {o,AL} and {o,x,} are
proportional, i.e. there exists a constant ¢ such that oAb = ¢ - opxt (n=1,2,..).
Hence x; =x; =x3 =...,andso 1 = {p/(p — 1)}?. This is a contradiction. O

Using Theorem 2.1 we can obtain a weighted extension of Carleman’s inequality.
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THEOREM 2.2. Let {ay,} be a sequence of positive real numbers. If a sequence
oo

{xa} of positive real numbers satisfies >, a,x, < 400, then forany 1 < N < 0o

n=1

N N
Z anxtlxl/(a1+m+an) . .xgn/(qurMJrocn) <e Z 0. (4)
n=1 n=1
Proof. We first consider the case N < co. Let p > 1 and replace x, by x,l/ P in
the inequality (1), we can obtain
N 1/p 1/p N
X" + ...+ Opxy )P ( )4 )p
ocn( < Ol Xy 5
; O£1+...+(Xn p—l ; ()
Since
) qui/p +...+ anx,l,/p P . ouxy + .4 ol \
lim ( ) = lim ( )
p—00 o +...+a, t——+0 o +...4+0a,
— xtlxl/(OCHrerOCn) . .xflcn/(a1+...+an)
and lim {p/(p — 1)} = e, making p — oo in (5),
p—00
N N
Z anx(lxl/<a‘+“‘+a”> coxOn/ (Gt on) g Z Ol X
n=1 n=1

is valid. Moreover, making N — oo, we can obtain the case N = oo. [

The inequality (4) is the Kedlaya type extension of Carleman’s inequality. However
we don’t need any condition for a weight {c,} .

3. Another type weighted extension of Carleman’s inequality

In this section we consider the other weighted extension of Carleman’s inequality.
The first result is a weighted extension of finite type.

THEOREM 3.1. Let {04,} and {x,} be sequences of positive real numbers. For
any 1 <N < o0,

N N
+..t n Oy
iy 3 A ) S
n=1

n=1
is valid, where

A'N = min{a27 ey aN+1},

Uy = min ﬁf‘l/(al+...+06n> . ﬁ;lxn/(oclJr“AJra,,)’

B = 1 ( o+ ...+ oy )(0‘1+~~+0‘k>/0‘k
k O \Op + ...+ Oy ’
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Proof. We shall apply H. Alzer’s technique observed in [1]. Consider the weighted
arithmetic mean and geometric mean inequality:

o o)1/ (cattom) oy + ...+ Opyn
O ) I ———

)

and replace yr = (0 + ... + o)xe/ oy for each 1 < k < n. Moreover divide both
sides of the obtained inequality by o; + ...+ &+ and sum fromn=1to n=N.
Let Ly and Ry denote the left side and right side of resulting inequality, respectively.
Then

ZN:oclxl+(a1+a2)x2+...+(a1+...+a,1)x,,

Ry =
(ar+ ...+ o)+ ...+ Cyy1)

n=1

N
o
:xl
HZ:; (g +...+0)(on+ ...+ apir)

N o+ o
+x2§(ocl+...+oc,,)(oc1+...+an+1)
o+ ...+ oy
(o +...+ow)(ou + ...+ antr)

+...+XN

<a1 {1 1 }
D e —
\A,Nl o o + ...+ Oy

o + 00 1 1
+ xz{ - }
An oy + 00 o + ...+ 0Nt
o+ ...+ oy 1 1
++ XN{ — }
Ay o+ ...+ oy o + ...+ Oyt
1 (& 1 N
= — Xp— ——— a+...+ocnxn},
AN{; OCI+...+06N+1;( ! )

N
removing the term (g + ...+ oys1) "' Y (0 + ... + @)X, , We can obtain AyRy <
n=1

N
> X, . And put

n=1

ﬂ)ozl/(oclerJroc,,) (al+a2)az/(a1+m+oc,,) o (alerJran )oc,,/(oc1+AAA+a,1)
(231 [2%] On

Vy = min ,
1<ngN o] + ...+ Oy
then
oy /(o +...4+0; o/ (ay+... 40

N (g_ixl) 1/ (ou n>~-~(al+&‘+a”xn) /(00 n)
b=y e
al+-~-+an+l

n=1
N

> vy thlxl/(alJrMJran) . .xgn/(a1+m+an)_

n=1
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Hence we can obtain

N
(ou+...4+0m)
ANVN 2 :)C 1 n) . _xflc,,/(oclerJroc,,) < § :xm

n=1
so it only remains to show uy = vy . But it will be sufficient to show that

ﬁlal/(awmwn) . Ban/(awmwn)

(ﬂ)al/(al+~~+afl) (oc1+ocz )0‘2/(051+~~~+0¢n) o (oc1+m+ozn)an/(a1+m+05n)
o [2%) On

6
oq + ...+ Oyt ()

for each n. In fact,

o= ()" (G ) (z)"
1
( ) ( 051+O!2 )OtHrDlz.“( a1+_._+an )a1+4“+a,1
061+052 oy + 0 + 03 o+ .

:(ail) ( ) ( )an ot O

1
caft (o + o) (ot o)
e 2) (o ) (0 + ...+ Oypg )0t
o (Ocl)oq(alJraz)az (a1+_._+a”)otn 1
B ap (05} Oy (051 + ...+ Oln+1)al+m+an ’

raising to the power 1/(c + ...+ o), (6) is valid. O

N
In the proof of Theorem 3.1 we remove the term (g + ... + oy 1)~ D (o +

n=1

s a)x,. If > @, = +o00 and Y x, < +00, then this term is sufficiently small,
= n=1
that is,
| N
lim —— o+ ...+ a,)x, =0.
N*?OOal+...+aN+1;(l )

oo
To see this, let € be an arbitrary positive number. Since ) x, < 400, there exists a

n=1
00

number Ny suchthat > x, < é&.Forany N > Ny,
n=Np+1
1 N
_ o+ ...+ o)X
OC]+...+O€N+1;(1 n)n
No
max x, o+ ...+
(n n)nz::l(l n) N o+ ...+ 0oy
by et
o + ...+ Oy o + ...+ Oy

n=Np+1
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No
(maxx,) > (ou + ...+ o)

n n=1

o + ...+ ONtp

+ E.

By taking the upper limit with respect to N and letting € | 0, we obtain the desired
equality.
Next we shall consider the infinite case. By Theorem 3.1, put y = irlelf Anly , then

we have - -
y lelxl/(al+<44+an> . .xr(izn/(oc1+m+oc,,) < me (7)

n=1 n=1

whenever Y x, < +0o. When inf i, = 0, ¥ = 0 and the inequality (7) is trivial. If
n=1 n
lim o, = +o0, then

n—oo

Bm/(aﬁrdran) .. .ﬁan/(alﬁ'“ﬁ'an) < (L)al/(alJrMJran) ... (i)aﬂ/<al+u+aﬂ)
! " = (04] Oy

[04] 1 oy, 1
<—= 4
o+...+0, 0o o +...+a, oy

- 0 (o),
o+ ...+ oy

ar/(out..+om) Ba,l/(oclJr“AJroc,,)

which implies inf f3; =0, and so ¥y = 0. Consequently,

when lim o, = +o00, the inequality (7) is also trivial. We shall consider the case

n—oo

when {c,} is bounded.

THEOREM 3.2. Let {a,} be a sequence of positive real numbers satisfying 0 <
m< o, <M< +oo (n=1,2,...). Ifasequence {x,} of positive real numbers
oo

satisfies Y x, < 400 then

n=1

M/m 2 o
RS g S

n=1 n=1

Proof. Put ty = (0 + ...+ 04)/ 1, then for any k € N

Be=

o+ ...+ oy )(a1+m+ak)/ak
O

oq + ...+ Oy

1 1 e/ O
> uls)
M\1+ l/lk

1 /1 \M/m
> —(—) .
M\e
Since Ay = inf «, > m and
2<n<N+1

1 /1 \M/m
— inf ar/(Cttom)  pon/(citetom) o - (_)
Uy lglfqlgN B] Bn > M\e
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the assertion is proved by Theorem 3.1. [
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The inequality (8) reduces to Carleman’s inequality in case of m = M .
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