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A-STATISTICAL CONVERGENCE OF APPROXIMATING OPERATORS
O. DuMAN, M. K. KHAN AND C. ORHAN

(communicated by N. Elezovic)

Abstract. In this paper we provide various approximation results concerning the classical Ko-
rovkin theorem via A -statistical convergence. We also study the rates of A -statistical conver-
gence of approximating positive linear operators and give some examples.

1. Introduction

Approximation theory has important applications in the theory of polynomial
approximation, in various areas of functional analysis, numerical solutions of differential
and integral equations [1], [4], [12], [17]. Most of the classical approximation operators
tend to converge to the value of the function being approximated. However, at points
of discontinuity, they often converge to the average of the left and right limits of
the function. There are, however, some sharp exceptions such as the interpolation
operator of Hermite-Fejer (see [2]). These operators do not converge at points of simple
discontinuity. For such a misbehavior, the matrix summability methods of Ceséro type
are strong enough to correct the lack of convergence (see [3]). The Cesdro summability
method also corrects Gibbs phenomenon of some non-positive approximation operators
such as the partial sums of Fourier series (see [18], [22], [23]). In recent years another
form of regular (non-matrix ) summability transformation has shown to be quite effective
in “summing” non-convergent sequences which may have unbounded subsequences [7],
[8]. The aim of this paper is to investigate their use in approximation theory settings.

Let K be a subset of N, the set of all natural numbers. The density of K is defined

by 8(K) := lim1 3~ yx(k) provided the limit exists, where yx is the characteristic
(=

function of K. A sequence x := (x;) is called statistically convergent to a number L
if, forevery € > 0, 6{k € N: |[xy —L| > €} =0 [6] (also see [8]). Let A := (au),
n,k=1,2,..., be an infinite summability matrix. For a given sequence x := (x¢), the
A -transform of x, denoted by Ax := ((Ax),), is given by

(Ax)n = amxs,
k=1
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provided the series converges for each n. We say that A is regular if lim(Ax), = L

whenever limx = L [14]. Assume now that A is a non-negative regular summability
matrix. A sequence x = (x;) is called A -statistically convergent to L provided that

forevery € > 0,
lim an = 0.
n Y
k:|xy—L|>¢e

We denote this limit by sz, — limx = L [7] (also see [5], [11], [16], [21]).

Recently some Korovkin type approximation theorems have been studied via sta-
tistical convergencein [13]. In the following we will consider the analogs of the classical
Korovkin theorem via A -statistical convergence by using an arbitrary interval of R.
Furthermore, we examine some A -statistical rates of convergence of positive linear
operators.

2. A-Statistical convergence of positive linear operators

In this section, using A -statistical convergence, we prove a Korovkin type theorem
on an arbitrary interval of R. Throughout I will be an interval of R, and C(I) will
be the linear space of all real-valued continuous functions on 7. If we take I = [a, b],
then C(I) is a Banach space with norm |||, ;) == 51[1p If (x)|, for f € Cla,b]. Let

x€E|a,
g be a non-negative increasing function on [0, 00) with g(0) = 1, then the set C,(I)
is given by

f )
e Tg(Je]))°

C,(I):==<feC(): =0 forany ¢ >0

When I = [a, ], our notation C,(I) will stand for Cla, b] with g(x) = 1. It is clear
that C,(I) is a linear space. We will be concerned with Korovkin type results dealing
with the problem of approximating a function f by a sequence {L,(f,x)} of positive
linear operators over Co(I) (see, for instance, [15]). With this terminology the classical
Korovkin theorem shows that:

“Let {L,} be a sequence of positive linear operators from Cla, b] into Cla, b].
Then the following two statements are equivalent:

(i) lirrln ILn(f %) = f ()l ¢y = O forall £ € Cla,b].

(if) lirl;ll||Ln<fi7x) *fi(x)Hc[a,b] =0 for i = 0,1,2 where fo(y) = 1, fi(y) =y

and fo(y) =y*”
If [ is an arbitrary interval of R and if we apply A -statistical limit operator instead
of limit operator in the Korovkin theorem, then we may conclude the following analogs.

THEOREM 1. Let I be an arbitrary interval of R. Foran x € I, let {y, :n > 1}
be a collection of measures defined on (I,B), where B is the sigma field of Borel
measurable subsets of 1. Let g be a function such that f>(y) = y* is in Cq4(I) and for

any § >0, sup [ g(|y])dun«(y) < oo, where Is := [x — 8,x+ 8| N1. Let {L,} be
neN I\Is
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defined by
ummaﬂmewmewafqm.

1

Let A = (an) be a non-negative regular summability matrix. Then the following two
statements are equivalent:

(i) sta— liirln\L,,(f,x) —f(x)]| =0 forall f € C,(I).
(i) sta — lim |L,(f;,x) — fi(x)| = 0 for i =0,1,2 where fo(y) =1, f1(y) =y
and f2(y) = y*.

Proof. The implication (i) = (i) is clear. So we will prove the implication
(if) = (i). Let f € C,(I) and fix x € I. Since f is continuous on I, for every
€ > 0 there exists a real number § > 0 such that |[f (y) — f (x)| < € for y satisfying
|x —y| < 6. Now we can write

F ) =l =1F ) =F @25 ) + I ) = () 25 0)-

Using this, positivity and linearity of the operator, we get

ILa(f %) =f ()| = \L(f—f(X) 0,%) = f (¥)(Ln(fo, %) — f ())\
Lu(lf = (fol s 2) + I ()] [La(Fo, %) = fo(x)]

/v i)+ [ 176) = 0l dins)

I\l

+lf( ML (fo,x) — fo(x)]
e / Attnx(¥) + I ()] 1L (Fos x) — fol0)]

/A

/A

+ [ 176) =7 0l ditnsts)
I\Ig

= eLa(fo,x) — sfo( )+ &fo(x) + [ (0] [La(fo, %) = fo ()]

+ [ 10) £l dunsty)

I\Ig

So we have the inequality

\Mmﬂ—ﬂw|<8+8+VUmL%,) folx)
/v )| dita (). (1)

1\Ig

It follows from the Cauchy-Bunyakowsky-Schwarz inequality that
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[ o) sl = [ 200 - @dunb)
I\Is I\Is
< [/XI\Is( dﬂnx ] /V ‘qdﬂnX()
1 I\

where 117 + é =1 and p > 1. By hypothesis and the definition of the function g we
conclude that f € C,(I) implies f? € C,(I) and also that there exists a number K
such that

1

k/v W dun)| < K. 2)

I\I5

Now define the function @ : I — R by ¢(y) = (yg;>z , S0 we have

MMAM==/MWwWW@

1

< / O (y)din (y)

1
= % [(La(f2, %) = f2(x)) = 2x(Ln(f1,%) = f1(x)) + 2 (Lu(fo, x) = fo(x)] -

Using the inequality |x + y|* < |x|* + [y|* foreach o € (0, 1], we have
1 L
o L0070, ) — o1+ 28 el L) — 10

H%%M*hwﬁ} (3)
Combining (1) with (2) and (3) we conclude that

Ium@ﬂ@<8+@+V®HM%J)ﬁwﬂ+§{ﬁlAM@hwﬁ
28 17 La(1,%) = 1017 + |La(f2,%) = )7

[Mn,x(l \15)]’% <

2 1
Taking B(x) := max{e + 1), %, K (%)p , K (%)p } , we have

2
op

[La(f 3) = £ ()] < &+ B0) {La(fo. ) = fo(0)] + [La(Fo,x) — folo)|7 "
Hmmw—IMVHuww—ﬁmﬁ}

foreach n € N. Given r > 0, choose € > 0 such that € < r. Define
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D = {n:|Lulfo.) = folx)| + |Lalfo, ) = folx)|7 + [Lalf1 ) —f1(0)]?

HILa0) -l > S5

D, = {n: [Ln(fo, %) —fo(x)| = AIB_(xE) }’

D = {n: o) ~filt > 155 ).

~ 4B(x

~—

Dy = {ns L0 Al > 5

Dy = {n:Ln(fz,x) G 223(;)}.

Then it is easy to see that D C Dy U D, U D3 U Dy4. Thus (4) yields that

Z ankgzankgzank+ Zank+zatzk+ Zank

K| Ly (F ) —f ()| =7 keD keD kED, kED; k€D,
and taking limit as n — oo part (i) follows. O
An argument similar to the above proof leads to the following

COROLLARY 2. If I isaclosed and bounded interval, then the following statements
are equivalent:

(i) sta — li}gn L (%) = f ()| cap) = O forall f € Cla, b].

(ll) Sty — llrIlIl HLn(fj,)C) —f,-(x)||c[a’b] =0 for fi(x) = xi’ 1= 07 1, 2.
Furthermore, when A is replaced by the identity matrix one obtains the classical
Korovkin theorem.

3. Rates of A -statistical convergence

In the classical summability settings rates of summation have been introduced in
several ways (see for instance, [9], [19], [20]). The concept of statistical rates of con-
vergence, for nonvanishing two null sequences, is studied in [10]. In this section we
introduce various ways of defining rates of convergence in the A -statistical sense. Un-
fortunately no single definition seems to have become the “standard” for the comparison
of rates of summability transforms. The situation becomes even more uncharted when
one considers rates of A -statistical convergence. In this section our aim is to propose
several different ways one may define rates of A -statistical transforms.

DEFINITION 1. Let A = (a,x) be a non-negative regular summability matrix and
let (a,) be a positive non-increasing sequence. We say that the sequence x = (xx) is
A -statistically convergent to the number L with the rate of o(a,) if forevery € > 0,

lim 1 Z ap = 0.

a
" kilxg—L| e
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In this case we write
xx — L =stg —o(ax), (as k — 00).

DEFINITION 2. Let the matrix A = (a,;) and the sequence (a,) be the same as in
Definition 1. We say that the sequence (x;) is A -statistically bounded with the rate of
O(a,) if forevery € > 0,

In this case we write
X = sty — O(ax), (as k — 00).

In the above two definitions the “rate” is more controlled by the entries of the
summability method rather than the terms of the sequence (x;). For instance, when
one takes the identity matrix I, if a,, = o(a,) then x; — L = sty — o(a) for any
convergent sequence (x; — L) regardless of how slowly it goes to zero. To avoid such
an unfortunate situation one may borrow the concept of convergence in measure from
measure theory to define the rate of convergence as follows.

DEFINITION 3. Let the matrix A = (a,;) and the sequence (a,) be the same as in
Definition 1. We say that the sequence (x;) is A -statistically convergentto L with the
rate of o, (a,) if for every € > 0,

lim E Ay = 0.
n
k:|xk—L\26uk
In this case we write
Xp — L= sty —op(ar), (as k — o).

DEFINITION 4. Let the matrix A = (a,;) and the sequence (a,) be the same as in
Definition 1. We say that the sequence (x;) is A -statistically bounded with the rate of
On(ay) if for there is a positive number M such that

lim Z e = 0.

k:|xg | =May

In this case we write
X = sta — Op(ar), (as k — 00).

It is perhaps possible to define more variants of the above definitions. Instead of
presenting an exhaustive list, we will now show that, as far as approximation theory
is concerned, all four definitions lead to analogous results. For this purpose, first let
us mention a few standard concepts from approximation theory. Let f € C(I). The
modulus of continuity of f, denoted by w(f, §), is defined to be

w(f,8) = sup [f(x) —f ()]

xyel
[x—y|< 8

The modulus of continuity of the function f in C(I) gives the maximum oscillation of
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f in any interval of length not exceeding § > 0. It is well known that a necessary and
sufficient condition for a function f € Cla, b] is

%in})w(f,S) =w(f,0) =0.
It is also well known that for any constants ¢ >0, § > 0,

w(f,e8) < (1+[c])w(f,6) (5)

where [c] is defined to be the greatest integer less than or equal to c.
We will need the following lemma.

LEMMA 3. Let x = (xx) and y = (yx) be two sequences. Assume that A = (a)
is a non-negative regular summability matrix. Let (a,) and (b,) be positive non-
increasing sequences. If for some real numbers Ly, L,, we have x;, — Ly = sty — o(ay)
and yr — Ly = sty — o(by) as k — 0o, then the following hold:

(l) (xk — Ll) + (yk — L2) = Sty — O(Ck),

(ll) ()Ck — Ll)(yk — Lz) = Sty — O(Ck)
where ¢, = max{a,,b,}. Similar conclusions hold with little “o” replaced by big
“0”.

Proof. (i) Using hypothesis we see that

1 1 1
_ < _
cn Z Apk X a, Z ‘ i + bn Z Ank
k| (o —Li) £ —L2) | 2¢€ kil —Li| =€ |y —La| > &
from which the result follows immediately.
; (ii) Apply the fact that if aff > €, then o > % or B > % for any «,
>0. O

The above proof can easily be modified to prove the following analog.

LEMMA 4. Let x = (xx) and y = (yx) be two sequences. Assume that A = (aux)
is a non-negative regular summability matrix. Let (a,) and (b,) be positive non-
increasing sequences. If for some real numbers Ly, L,, we have x;, — Ly = sty — om(ax)
and y, — Ly = sty — 0, (by) as k — oo, then the following hold:

(i) (v —Ly) = (v — Lp) = sty — op(ck), where ¢ = max {ag, by }.

(ll) ()Ck — Ll)(yk — Lz) = Sty — om(akbk)

Similar conclusions hold with little “ o0,, ” replaced by big “O,, ”.

Now we will find the rates of A -statistical convergence of the sequence of positive

linear operators in Theorem 1.

THEOREM 5. Let I be an arbitrary interval of R. Foran x € I, let {lnx:n > 1}
be a collection of measures definedon (I,B). Let g be afunction suchthat f(y) = y* is

in Cy(I) andforany 8 >0, sup [ g(|y|)du.«(y) < oo, where Is := [x—8,x+8]NI.
neN \1s

Let {L,} be defined by

Lo(f.x) = / FO)dins(v), n€N and f € C,(0).
1



696 0. DUMAN, M. K. KHAN AND C. ORHAN

Suppose that A = (ay) is a non-negative regular summability matrix and assume the
operators L, satisfy the conditions

(1) La(fo,x) = fo(x) = sta — o(an(x)) with fo(y) =1

(i) wif,on(x)) = sta — o(bu(x)) with 06,(x) = \/La(@s, %), and @u(y) =

(v —x)%,
where (a,(x)) and (b,(x)) are positive non-increasing sequences. Then
L,(f,x) — f (x) = sta — o(cp(x)), as n — oo,

where c,(x) = max {a,(x), b,(x)}. Similar results hold when litile “ o ” is replaced by
big “0O .

Proof. Using the definition of L,(f,x) and applying (5), for any § > 0 we have

L0 ~f 0] = / £ )i (3) @)

< / ) = () dtna0) + 1 0 ) — o)
< / " (f,ay; 1) i) 41 109 ~ o)
<

/ (1 i [%D W(F )bt () + 1 () (Lo ) — fol)]

Therefore

a0 -1 @1 < w0.0) [ (14 22 ) duns) + 170 1) 10

1
< w8 {Ln) + E G W) o).

Put § = &, (x) := \/La(¢x, X), s0 we get

1La(F ) =f ()] < w(f, 0 (0)){1 + Lu(fo, )} + [f ()] L (fo, X) = fo()|
2w(f, o (x)) +w(f', o (x)) |La(f0, %) — folx)]|
+ I @) [La(fo, x) = fox)] - (6)
Given € > 0, by (6) we have

1
cn(x ( ) Z Ank

k| Ly (f ) —f (x) | €

<
<
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Now conditions (i), (if) and Lemma 3 yield the proof. [
The following analog also holds.

THEOREM 6. Let I be an arbitrary interval of R. Foran x € I, let {Un:n > 1}
be a collection of measures definedon (I,B). Let g be a function suchthat f>(y) = y* is

in Cy(I) andforany 8 >0, sup [ g(|y|)dunx(y) < 0o, where Is := [x—8,x+8]|NI.
neN 1\Jg
Let {L,} be defined by

L,(f,x) :/f(y)d,un,x(y), neN and f € CyI).

Suppose that A = (ay) is a non-negative regular summability matrix and assume the
operators L, satisfy the conditions
(l) Ln(foax) _fO(x) = Sig — Om(an(x)) with fO(y) =1,
(i) w(f,on(x)) = sta — om(by(x)) with a,(x) = \/L.(@x, %), and @.(y) =
(y—x)?,
where (a,(x)) and (b,(x)) are positive non-increasing sequences. Then

L,(f,x) —f (x) = sta — om(cn(x)), as n— oo,

where ¢,(x) = max {a,(x), bn(x), an(x)by(x)}. Similar results hold when little “o,, ”
is replaced by big “ O,, ”.

4. Concluding remarks

In this section, we first explain what type of positive linear approximation oper-
ators may have the property that they are not convergent to the function, and yet they
are A -statistically convergent. Then we discuss A -statistical rates for some classical
approximation operators.

Let P,(f,x) be a positive linear operator which can be decomposed as follows

Pn(f7x) :An(f7x) + un(x) Bn(fax)a

where A,(f,x) is convergent to f(x) pointwise (or norm-wise), and B,(f,x) is
bounded in n pointwise (or norm-wise) and u,(x) is pointwise (or norm-wise) A -
statistically null sequence. Then P,(f,x) will be A -statistically convergent pointwise
(or norm-wise). To show how one can easily construct such operators, first note that
if A = (ay) is a non-negative regular matrix such that li,rln max |awk| = 0, then A-

statistical convergence is stronger than convergence [16]. Assume now that (u,) is an
A -statistically null sequence but not convergent. Without loss of generality we may
assume that (u,) is a non-negative; otherwise we would replace (u,) by (Ju,|). Now
define (P,) on Cla,b] by P,(f,x) = (1 + u,)L,(f,x) where (L,) is the sequence
of positive linear operators in the Korovkin theorem. Now observe that (L,) being
convergentand (u,) being A -statistically null, their product will also be A -statistically
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null. Hence (P,) will not be convergentto f but will be A -statistically convergent to
f.

Now we provide an example showing the A -statistical rate of convergence of
some classical approximation operators. Consider a sequence of positive linear oper-
ators L,(f,x) over I = [a,b] obeying the conditions of Korovkin’s theorem such as
the classical positive linear approximation operators among which the Bernstein poly-
nomials operator is a typical prototype. In this case we get the following A -statistical
rate.

COROLLARY 7. Ifa sequence of operators (L,) obeys the conditions of Korovkin’s
theorem then we have

007~ Wl =5t =0 (1) forail 1 € Clat)

where A is the Cesdro summability method.

Proof. The result follows from the fact that L,(f) converges to f implying that
for any & > 0, the inequality [|L,(f) —f||¢(,,) > € takes place for at most finitely
many valuesof n. [

Again we may obtain analogs of the above result if we use the other definitions
of rates of convergence. Similar results could be stated in terms of pointwise limits of
some positive linear operators that are defined over C,(I) when I is an unbounded
interval. We omit the straight forward details.

In the end we should remark that our primary focus dealt with positive linear
operators. However A -statistical convergence concept could be used for nonpositive
approximation operators such as the Dirichlet operator for 27 -periodic functions. It
is a well known fact that the Fejer kernel, being the Cesaro summability transform of
the Dirichlet kernel, is able to correct the lack of convergence behavior of the Dirichlet
operator. It is still an open question as to how useful is the A -statistical summability
concept in correcting the lack of convergence of such nonpositive operators.
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