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COMPARISON THEOREMS BETWEEN
SEVERAL QUASI-ARITHMETIC MEANS

SHOSHANA ABRAMOVICH, JOSIP PECARIC AND SANJA VAROSANEC

(communicated by Th. Rassias)

Abstract. Comparison between quasi-arithmetic means are established by which we prove
Jensen’s type inequalities.

1. Introduction

In [2] Y - H Kim proved the following (Theorems 1 and 2 there).

THEOREM A. Let ay,...,a,, an be a set of nonnegative quantities, n > 1, x > 1,
vy >0, Then
n 1 .‘C+y n 1 )% n
+ ]
n Z;ai <n Z;aj‘ <Zg’l¥} , (1)
i=1 i=1 i=1
with all equalities holding if and only if a; are the same.
Let ay,ay, ..., ,a, be aset of positive quantities, n > 1, 0 <x <1, y > 0, then

Xy ,
n X n x+y

ﬁai ' < Z%a'f < Z%ai , (2)
i=1

i=1 i=1
with equality holding if and only if all a; are the same.

THEOREM B. Let aj,ay,...,a, be a set of n nonnegative quantities, n > 1,
0<x< 1, =x<y<O0; then
has pans x+y

n x n

n X_ n . ﬂl 1
([la) «Sav<n(Sha) <n(Sla)
i=1 i=1 i=1

i=1
with all equalities holding if and only if all a; are the same.

In this paper we present generalizations of Kim’s results. We also show that his
results are special cases of inequalities proved in [1] involving convex and concave
functions which extend Holder’s inequality.
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2. Main results

THEOREM 1. Let a; €[A,B], i=1,...,n berealnumbers. Let Fi,k=1,...,m
be one to one functions defined on [ A, B | where Fy:[A,B] — [C,D], k=1,...,m
andlet f1 = Fy, frs1 = FkHOFk_l,k =1,...,m—1 be concave increasing functions.

n
Let Fola) =aand 0 < o <1, i=1,...,n, Y. o = 1, then we get the following
i=1

1
comparsion between the quasi arithmetic mean F, ! (Z aiFk(a,-)) and the quasi
i=1

n
arithmetic mean F, ', (Z Oc,-Fkl(a,-)> :
i=1

F! (Z OCiFk(lli)> <FY (Z aiFkl(a,-)> . k=1,..m 3)
i=1 i=1

Equality holds iﬁ‘FkoFk__l1 = L-a+R, where L,R are constant, orifall a;, i =1,...,n
are equal.

Proof. Since f1(a) = Fi(a) is increasing, it follows that Fi(a),k = 1,...,m are
increasing too, and therefore the inequality (3) is equivalent to

n

> oufi(Fioi(ai) < fi (i aiFk—l(ai)> k=1,....m, 4)
i1

i=1
and this follows because f; = Fy o F k__ll is concave. Equality in (3) holds obviously
for all choices of a;, i = 1,...,n, if Fi (Fk__ll(a)) = L-a+ R where L, R are
constant. [J

COROLLARY 1. Choosing f1(a) = Fi(a) = a®s, Fy(a) = v, 1<x< x+y,

0< o< 1,i=1,.n > a=1 wegetthat f,(a) = F, (Fl_l(a)) — av, and
=1

F1(a) = a7, are concave increasing. Therefore we get from (3) that

£ (Z ke (Fz”(ai))) <F! (f o (Fz_l(ai))>
=l i=1
< Fo_1 (i a;Fy (Fz_l(a,-))> ,
i-1

in other words we get a Jensen’s type inequality [3]

n .‘C+y n @ n
Soa) <(Saa) <> wan
i=1 i=1 i=1

When we choose o; = 1/n, i = 1,...,n the last inequality in (1) in Theorem A.
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COROLLARY 2. Choosing Fi(a) = a*, Fa(a) =log(a®), 0 < x < 1, we get that
F, (F{'(a)) = log(a), and F\(a) = a* are concave increasing. Therefore we get from

(3) that
;! (Z OCin(Cli)> <F! (Z o;Fy (Cli)) < Zaiai
i=1 i=1 =1

which in our case is

1
exp ( (Z o;loga; >> = Haf" < (Z owf) < Z oua;.
i=1 i=1 i=1

Taking the last inequality to the power x +y and o = 1/n, i = 1,.,n, we get
Inequality (2) in Theorem A, where instead of 0 < x < 1, y > 0, the inequality is
satisfied for 0 <x <1 and x+y > 0.

COROLLARY 3. Choosing Fi(a) = a*, Fa(a) = a7, Fs(a) = log(a'?),
0<x<1, 0<x+y<x andinserting in (3) we get that for o; = %

i=1 i=1
gn(Fll (i%Fl (a1)>> gn(i%a) -

and this is the result of Theorem B.

THEOREM 2. Let b; €[A, By ], i = 1,...,n be real numbers. Let g k=1,....m
be real functions defined on a real interval gy : [Ak, Bi] — [Ai—1,Bi_1 ], k=1,.
which are ordered as follows:

8jrs+1se0s 8jags1  ATE CONCAVE fUNCHIONS, )y, +15e-» 8jnyss AFE CONVEX functions,
s=0,...,5, jo=0

gj, are decreasing and all the other gy— th are increasing. Only g,,, no matter if
it is convex or concave is not confined to be monotone. Then the inequality

S a1 (82 (. (gm (0)) < 81 (z 0482 (- (g <bi>>>)

i=1

<..<g ( (gk 1 (i gk (Gkr1--- (gm (h‘))))))

i=1

g2- ( (Zo‘tgk“(;'gm(b")))))
<.<@ (gz( (gm 1(%“"&1@")))))
oo - o o (500))

holds. Moreover, under the above conditions equality holds in

o (2 (01 (£ v a8 ) )
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< (g (0 (S Canto)))) (6)

iff gx(a) = La+R, L, R, are constants, or ifall b;,i =1, ...,nare equal.

3. More on inequalities involving concave and convex functions

DEFINITION 1. Let g;,i = 1,...,m — 1 be positive functions on x > 0 and let x; >
0, i=1l,..,m.Forr<s,rsec{l,2, .. m—1} wedenote G (Xy, Xri1, ..., Xs41) =

Xr8r (x;_tlgrﬂ (XHZ ---8s (%))) > and G, (ar,ar41) =

Xr+1

a,g,(“;—j), 1<r<m—1,m>1.
The following theorem is proved in [1] (Theorem 1 there).

THEOREM C. Let g; € A where A is a set of monotone functions defined on
x > 0, which are nonlinear on any subinterval of x > 0 and which consists of concave
increasing functions and convex functions. Then

n
> Gim—i (aik, ask, ..y A )
k:1 n n
= Gl,l <Z Ak, Z GZ,mfl ((lzvk, EE) am,k))
k=1 k=1 (7)
n n n n
> .2 Gy (Z Alks Y ks oy D Wiy 2 Gt m—1 (@1, -~-aam,k)>
=1 k=1 =1 =1
n n n
> 2G| 2 Aig Y g, Y Qg
k=1 k=1 =1
holdsforall iy >0, i=1,..m,j<y<m—1,k=1,.,nifgix) i=1,.m=-2

are convex increasing and gn,_1(x) is convex. Moreover, if the compound function
H =g|o0...0g,_1 is an increasing function, then

n n n
§ Gl,mfl (al,k7 ~'~7am,k) = Gl,mfl g Al fey o5 E Am .k (8)
k=1 k=1 k=1

holds for all a;x >0, i =1,...mk=1,....n if and only if gi(x),i =1,...,m—1
are convex increasing. Equality holds in the last inequality iff Z’—; = Z’—z =..= Z’—",
7 75 Y.n
i,j=1,...,m holds.
n
COROLLARY 4. Let ajj = aop = .. = am—1x = i, y 4 =1, k=1,..,n

k=1
and aa'"Tkk = by, k=1,...,n. Then we get from Theorem C inequalities (7) that

Z oxg1 (- (gm—1(bx)))
=1

> g1 [ D ouga (e (gno1 (B2))
k=1



COMPARISON THEOREMS BETWEEN SEVERAL QUASI-ARITHMETIC MEANS 5

28182 (Z 083 (- (gm—1 (bk)))>

SAREN)

Equality holds iff by = by = ... = b,,.

This is a special case of Theorem 2 in Chapter 2 here for convex functions.
We may extend theorems 3 and 4 from [2] as follows

n
THEOREM 3. Let py > 1 and p» < 0. Let 0 < 04 < 1, Y o = 1 and let
i=1

a; >0, i=1,...,n be real numbers. Then

n n n pip2 n P2

o
E aia?IPZ > Hai PP > (E ai“i) > (E aﬂ{”) , (9)
i=1 i=1 i=1 i=1

and if also py <-1 we get

n n P n n Pip2 n —P1
§ oGa"? > E oal > Halfxiplpz > E oya; > E oa; P )
i=1 i=1 i=1 i=1 i=1

(10)

Proof. In the proof of (9) we will use the facts that exp(a) is increasing, log(a)
L,
is concave, a’'?? is decreasing and a”r is concave and we get that

3 opal'?* = exp (log (Z a,-a{?‘m)) > exp (Z o (loga‘?lpz))

i=1 i=1 i=1

= exp <log ((l]ij[l af‘f>plp2212 = (f[l a?‘fzplpz -
- (e (on (7)) = (oo (Ftone)

n Pip2 pPip2
> <exp log (Z a,-a,-)) = (Z Olﬂi)

=1
p2

pip2
/
i

The proof of (10) is similar.

M:

OC,(pl

~—

)

Il
h
T

1

O

COROLLARY 5. Replacingin(9) py =x>1, po=(x+y)/x <0, oy = 1/n we
get Theorem 3 of [2] (corrected) :

+V

=

n vc+v

>

n x+y
x+v a; a
H al / Z .
n . n
i=1 i=1 i=1

~=
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Replacing in (10) py = —(x+y)/x > 1, po = —x < =1, a; = 1/n we get
Theorem 4 of [2] (corrected):

—(x+y)

n x+y n 1 iy y n

X n n X+ 1 X
AN —a; > a" > a; > —a;
n 7 R = i =z i = s
i=1 i=1

i=1 i=1

The proof of the following theorem is immediate:

n
THEOREM 4. Let 1 < py < pr. Lee 0 < o <1, Yoy =1 and a; > 0,
i=1
i=1,...,n. Then

n n
E Oliai?lpz > E Oéiai?z
i=1 i=1

P1 D2 Pip2

n n
> E ol > E oGa;
i—1 i—1

COROLLARY 6. Let x > 1, y > 0. If % > x , then replacing in Theorem 4
o = %,i: l,.,n,p1r=x, pp= ’% we get a refined version of (1)

X =y )
n Xty X n Xty

X n '_X n X .

a; a; a; a;

P P — P —

n n —n n
i=

i=1 i=1 i=1

Xty

REMARK. In corollaries 1, 2, 3 and theorems 3, 4 Jensen’s type inequalities are
established.
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