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ON THE GENERALIZED HARDY-HILBERT
INEQUALITY AND ITS APPLICATIONS

GAO MINGZHE AND GAO XUEMEI

(communicated by J. Pecari¢)

p—2+A
A v
_ 2—
%) —0,(A)/@n+ )T (with 0,(A) >0, r=p, g, 1-§ <A <2, L+l=1
and p > ¢ > 1) can be established by means of Euler-Maclaurin summation formula, where

B(m,n) is B function. Inparticular, when A = 1, animprovement on Hardy-Hilbert’s inequality
is obtained. As its applications, Hardy-Littlewood’s inequality is extended and refined.

Abstract. A generalized Hardy-Hilbert inequality with weight function of the form B(

1. Introduction

Let {a,} and {b,} be two sequences of nonnegative real numbers, % + é =1

andp>¢g>1.1f0< Y d, <400 and 0 < Y b} < 400, then

n=0 n=0
mPn T = L’ = i
Z()ij—n+l sing(zoaﬁ)l(zobz)q (1)

where the constant factor - E is best possible. This is famous Hardy-Hilbert’s inequal-

ity (see [1]). Recently, Yang and Debnath [2] generalized this result. To be specific,
they established the following inequality:

S5 i < a( R T S (e g)
o S (e )l :
(S (rg) )

where the constant B (’F[Z)—H, =2

) is best possible.

The main purpose of this paper is to establish a strengthened result of (2) and to
realize extensions and refinement of Hardy-Littlewood’s inequality.
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2. Lemmas

In order to verify our main results, we need the following lemmas.

LEMMA 1. Let f(x) be a continuous and differentiable function in [0,+0c0). If
f(x) 10, then

e} oo 1 00 /
D10 = [ s 510+ [ ptar e o)
1

where p(x) = x — [x] — 5.

Proof. 1t follows from the paper [3] that

m m 1 m
S r@ = [ rwdre ¢ m s+ [ et @@
k=n+1 n n
where p(x) =x — [x] — 1.

Let m — oo, n = 0 and notice that f (x) | 0. It follows from (4) that the equality
(3) holds after simplifications.

LEMMA 2. Let @(x) | 0. Then

~ [ pet s < 3000 o)
0
where p(x) = x—[x] — 1.
Proof. Since fkkH p(x)dx=0,k=0,1,2,... we have
e > k41 1
- pear=3" [ —pw(o0) ~o(k+ )

Aﬂép@mw@¢@+§ndx

N /k+1 " ((p(k N %) — ok + 1)) dx} + i Ot
k k=0

=-0(0)+ Z O,
k=0
where
k+4 k+1
0 = /k —P)(@(x) — @(k)) dx + /k+1 P)((k +1) — p(x)) dx.

Due to the fact that @(x) | 0, hence o < 0. Whence Y o < 0. It follows that the
k=0
inequality (5) keeps valid.
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LEMMA 3. Let%+i:1,p>q> 1, n € Ny and1—§</l<2. Define the
function F, by

A INI-4 [3m ] 1\ 5
Frim2) = (n+3) /0 ) @ (6)
where r =p, q. Then
2—2
2n+1)7 1 A
F,(n.A) > 2t 1) - # + ot [ (7)

Proof. Applying integration by parts to F,(n,A) we have

2—A 1
2n+1)77 N4 A T 1 |_2=h
F.(nA) = + (n+—) x 7 dx
(n4) 2(1 -2 (n+ 1) 2/ 1-FE )y (L0
2—A 1
Cn+1)7F 1 l—A/m 1 |_2=A
> V(TS I A
M -Hmrry AT Tt T
(8)
Owing to the fact that
1 2—A 1 2—A
iyl T xI==
/ 7dx>/ ———dx
A+l A+l
0 (1+x) 0 (1+2n1+1)
A—1422E

T (o 1) (2 - 22
(2n + 11
= 2/1+2(n+1)l+1 :

It shows from (8) and (9) that the inequality (7) is valid affter simplifications.

LEMMA 4. With the same assumption as in Lemma 3, define the function f by

2—A

1 2n+ 1\ =5
f(x):(x+n+1)l(2x+1) » ¥€[0,+00). (10)

Then
2-A)(r+2-21)

Ar(r—2+A1) 7 (1)

R )= 30~ [t as>

where p(x) =x—[x] — 5.

Proof. Let ¢(x) = —f'(x). Then ¢(x) | 0. By Lemma 2 we have
- ! =— h X)Q(x) dx !
| prwas== [ potds < go
Cn+ D) A 202-2)
8(n+1)* (n+1+ r )
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According to the inequality (7) we can obtain

Fo(n,A) — %f(O) - /Ooo () () d

Qn+ 1) [(2-2)(1+ L)
4r(2n + 1) 14

__ 6)
(2n+ 1)

Thus the lemma is proved.

3. Main results
In this section, we shall prove our main theorem and establish some important
corollaries.
=1, p>2q>1and

THEOREM 1. Let a,, b, 20 (n =0,1,2,...), 1.1
p q
s 1—A
<3 (nt3)! T < oo,

1-2<a<2. If0<2(n+%) *d < 400 and 0

then

ZZ me {qu/mn }{Zw,,xn }é (12)

m=0 n=0 n=0

1-A _ _
where wr@?n):(,wl) {B<p 2+7L7q 2+/1> 0,(4) M}and
2 p q (2n+ 1)* ==
2-A)(r+2-2)
dr(r+A—-2)

Proof. We may apply Holder’s inequality to estimate the left-hand side of (12) as
follows:

a,, 2m+ 1\ %
ZZ m+n+ ZZ %(2n+1)lq

m=0 n=0 m=0 n=0 m+n+1)

0,(A) = r=p,q.
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b, 2n4+1\%
1) ( )Iq

(m+n+ 2m+1
1
ii am (2m+1)% g
== (m+n+1 2n+1
1
i"" b (2n+1)% I
Lol (mtn+ 1) \2m+ 1
1 L
{qu (A.n al;}"{Zw,,(x,n)bg}"
n=0
> 1 2n+ 1\
Whefe“’r(’l7”):Z(m+n+1)/1(2m+1) ' T=P 4
m=0

Let f (x) be the function defined by (10). Clearly, f (x) is continuous and differ-
entiable in [0, +00) and f(x) | 0. In view of Lemma 1 we have

o = [ "Wt L (0) + / " o () d. (13)

where p(x) =x — [x] — 1.

It is easy to deduce that

o) _ 0o 2—A
/0 f(x)dx:(nJr%) )L/O (1_’_%_1})/1(2’;11) dx
4 oo 22
=(3) )
—A 00 271 T 27/1
() @) [ @) @)
e

where F,(n, ) is defined by (6), and B is B function, here B = B(A — (1—22),1—
2

- Fr(n>l)7

I‘t follows from (13), (14) and (11) that
w,(A,n) = (n + %)I_AB - {F,(n,)t) - %f(O) - /00O p(x)f (x) dx}

-2
SN (RS pa p—
2 2n+ 14~

2-A)(r+2-2)
4r(r—2+A)

where 0,(A) =
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Notice that & + 1 =1, hence A — (1 — ﬂ) — =242 Whence
P q q p

B (1-252) 0 - 2R p(pm 2tk a2edy

Thus the proof of the theorem is completed.
When p = g = 2, we obtain an improvement of the correspondent result of the
paper [2].
1—-A

COROLLARY 1. If 0 < ioj (n+ %)17%}% < +oo and 0 < ioj (n+1) "0 <
~+o00, then " "
X b > IR A Ay B(A) e
gg(m+n+1)a<{§(”+§) (B(33) - Zrm J“n}
> IN2 A A 0(A) s
AL ) 06
where O(A) = w, B(’%, ’%) is B function.

8A
In particular, for A =2, 0(2) = 0, the result of the paper [2] is obtained.

When A =1, B(é, é) = 7T, we can attain a refinement of Hilbert’s inequality.

COROLLARY 2. If 0 < Za < 400 and 0 < Zb2<+oo then
n=0 n=0

IR {g(”—w%)“i} {g(”—wﬁ)bﬁ} -

Also, for A = 1, it is observed from Theorem 1 that B(’%l, %) = B(l - %, é)
= ﬁ , we get consequently a sharp result on the inequality (1).

COROLLARY 3. If 0 < " dh < +o0 and 0 < 3 b} < 400, then

n=0 n=0
oo oo n1bn oo n 9 )4
Syt S (el
m=0 n=0 m+n+ 1 n=0 s (271 + l)p
1
[e'e) 9 q
x{ ( 7177[7 p l)bq} 7
o oMy (2n+ 19
r+1
h 0, , Fr=p,
where yrE— r=p,q
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4. Applications

In this section, according to the above — mentioned result we will give extensions

and a refinement on Hardy-Littlewood’s inequality.
Let f(x) € L*(0,1) and f (x) #0. If

1
an:/ X'f (x) dx, n=0,1,2,...
0

then

oo 1
2 2
nE:O a, < 7'[/0 fo(x)dx

(15)

where 7 is the best constant that keeps (15) valid. The inequality (15) is called Hardy-
Littlewood’s inequality (see [1]). With the use of Corollary 3 we establish firstly an

extension of (15).

THEOREM 2. With the above assumption, then

{Za } {zg (si:% O‘q(n))aﬁ}é {i (si:fg _

n=

r+1
where 0,.(n) = ., Fr=p,q.
4r(r—1)2n+ 1)1+

Proof. By our assumption, we have

1
2 — WX d
a2 / £ (x) dx

Using the Cauchy-Schwarz inequality and Corollary 3 we obtain

(z; Z/ a'f (x dx
([ (Seeyead

n=0

/ (Zanx")zdx/ F2(x)dx
/liiamanxm”dx/ F2(x)dx

m=0 n=0

oo o0

n))aZ}a /Olfz(x) dx
(16)
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T r+1

. - , = s .
sin 4r(r—1)2n+ 1)' -7 P
Since f(x) # 0, a2 # 0 for n € Ny. Therefore it is impossible to take equality

in (17). It shows that the equality (16) is valid. Thus the theorem is proved.

where ©,(n) =

If a,(n) (r=p, q) is replaced by zero, then we attain the following.

COROLLARY 4. With the assumption as in Theorem 2, then

(S <z (E)(Z) [ros o

It is evident that the inequality (18) is also an extension on (15).
At last, we establish an improvement on (15).

COROLLARY 5. Assume that p = q = 2, then

e i 1
(;ai)z <2 (r— =)t [ Pas

This is obviously an immediate result of Theorem 2.

REFERENCES

(1] G.H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press. Cambridge MA,
1952.

YANG BICHENG AND LOKENATH DEBNATH, On a New Generalization of Hardy-Hilbert’s Inequality and
Its Applications, J. Math. Anal. Appl., Vol. 233, 2 (1999), p. 484-497

ZHANG NANYUE, Euler-MacLaurin Summation Formula and Its Applications, Mathematics in Practice
and Theory, 1 (1985), p. 30-37.

2

(]

(Received June 10, 2002) Gao Mingzhe
Department of Mathematics

and Computer Science

Normal College

Jishou University

Jishou Hunan 416 000

People’s Republic of China

e-mail: mingzhegao@163.com

Gao Xuemei

Department of Mathematics
and Computer Science
Normal College

Jishou University

Jishou Hunan 416 000
People’s Republic of China

Mathematical Inequalities & Applications



