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Abstract. A generalized Hardy-Hilbert inequality with weight function of the form B
(

p−2+λ
p ,

q−2+λ
q

)
− θr(λ)/(2n+ 1)λ−

2−λ
r (with θr(λ) > 0 , r = p , q , 1− q

p < λ � 2 , 1
p + 1

q = 1

and p � q > 1 ) can be established by means of Euler-Maclaurin summation formula, where
B(m, n) is β function. In particular, when λ = 1 , an improvement onHardy-Hilbert’s inequality
is obtained. As its applications, Hardy-Littlewood’s inequality is extended and refined.

1. Introduction

Let {an} and {bn} be two sequences of nonnegative real numbers, 1
p + 1

q = 1

and p � q > 1 . If 0 <
∞∑
n=0

ap
n < +∞ and 0 <

∞∑
n=0

bq
n < +∞ , then

∞∑
m=0

∞∑
n=0

ambn

m + n + 1
<

π
sin π

p

( ∞∑
n=0

ap
n

) 1
p
( ∞∑

n=0

bq
n

) 1
q

(1)

where the constant factor π
sin π

p
is best possible. This is famous Hardy-Hilbert’s inequal-

ity (see [1]). Recently, Yang and Debnath [2] generalized this result. To be specific,
they established the following inequality:

∞∑
m=0

∞∑
n=0

ambn

(m + n + 1)λ
< B

(p − 2 + λ
p

,
q − 2 + λ

q

){ ∞∑
n=0

(
n +

1
2

)1−λ
ap

n

} 1
p

×
{ ∞∑

n=0

(
n +

1
2

)1−λ
bq

n

} 1
q

(2)

where the constant B
(

p−2+λ
p , q−2+λ

q

)
is best possible.

The main purpose of this paper is to establish a strengthened result of (2) and to
realize extensions and refinement of Hardy-Littlewood’s inequality.
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2. Lemmas

In order to verify our main results, we need the following lemmas.

LEMMA 1. Let f (x) be a continuous and differentiable function in [0, +∞) . If
f (x) ↓ 0 , then

∞∑
k=0

f (k) =
∫ ∞

0
f (x) dx +

1
2
f (0) +

∫ ∞

0
ρ(x)f ′(x) dx, (3)

where ρ(x) = x − [x] − 1
2 .

Proof. It follows from the paper [3] that
m∑

k=n+1

f (k) =
∫ m

n
f (x) dx +

1
2
(f (m) − f (n)) +

∫ m

n
ρ(x)f ′(x) dx, (4)

where ρ(x) = x − [x] − 1
2 .

Let m → ∞ , n = 0 and notice that f (x) ↓ 0 . It follows from (4) that the equality
(3) holds after simplifications.

LEMMA 2. Let ϕ(x) ↓ 0 . Then

−
∫ ∞

0
ρ(x)ϕ(x) dx <

1
8
ϕ(0), (5)

where ρ(x) = x − [x] − 1
2 .

Proof. Since
∫ k+1

k ρ(x) dx = 0 , k = 0 , 1, 2, . . . we have

−
∫ ∞

0
ρ(x)ϕ(x) dx =

∞∑
k=0

∫ k+1

k
−ρ(x)

(
ϕ(x) − ϕ

(
k +

1
2

))
dx

=
∞∑
k=0

{∫ k+ 1
2

k
−ρ(x)

(
ϕ(k) − ϕ

(
k +

1
2

))
dx

+
∫ k+1

k+ 1
2

ρ(x)
(
ϕ
(
k +

1
2

)
− ϕ(k + 1)

)
dx

}
+

∞∑
k=0

αk

=
1
8
ϕ(0) +

∞∑
k=0

αk,

where

αk =
∫ k+ 1

2

k
−ρ(x)(ϕ(x) − ϕ(k)) dx +

∫ k+1

k+ 1
2

ρ(x)(ϕ(k + 1) − ϕ(x)) dx.

Due to the fact that ϕ(x) ↓ 0 , hence αk < 0 . Whence
∞∑
k=0

αk < 0 . It follows that the

inequality (5) keeps valid.
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LEMMA 3. Let 1
p + 1

q = 1 , p � q > 1 , n ∈ N0 and 1 − q
p < λ � 2 . Define the

function Fr by

Fr(n, λ ) =
(
n +

1
2

)1−λ ∫ 1
2n+1

0

1
(1 + x)λ

(1
x

) 2−λ
r

dx, (6)

where r = p , q . Then

Fr(n.λ ) >
(2n + 1)

2−λ
r

2(n + 1)λ

{
1

1 − 2−λ
r

+
λ

4(n + 1)

}
. (7)

Proof. Applying integration by parts to Fr(n, λ ) we have

Fr(n.λ ) =
(2n + 1)

2−λ
r

2
(
1 − 2−λ

r

)
(n + 1)λ

+
(
n +

1
2

)1−λ λ
1 − 2−λ

r

∫ 1
2n+1

0

1
(1 + x)λ+1

x1− 2−λ
r dx

� (2n + 1)
2−λ

r

2
(
1 − 2−λ

r

)
(n + 1)λ

+ λ
(
n +

1
2

)1−λ ∫ 1
2n+1

0

1
(1 + x)λ+1

x1− 2−λ
r dx.

(8)
Owing to the fact that∫ 1

2n+1

0

x1− 2−λ
r

(1 + x)λ+1
dx >

∫ 1
2n+1

0

x1− 2−λ
r(

1 + 1
2n+1

)λ+1
dx

=
(2n + 1)λ−1+ 2−λ

r

2λ+1(n + 1)λ+1
(
2 − 2−λ

r

)
� (2n + 1)λ−1+ 2−λ

r

2λ+2(n + 1)λ+1
.

(9)

It shows from (8) and (9) that the inequality (7) is valid affter simplifications.

LEMMA 4. With the same assumption as in Lemma 3, define the function f by

f (x) =
1

(x + n + 1)λ
(2n + 1

2x + 1

) 2−λ
r

, x ∈ [0, +∞). (10)

Then

Fr(n, λ ) − 1
2
f (0) −

∫ ∞

0
ρ(x)f ′(x) dx >

(2 − λ )(r + 2 − λ )
4r(r − 2 + λ )

, (11)

where ρ(x) = x − [x] − 1
2 .

Proof. Let ϕ(x) = −f ′(x) . Then ϕ(x) ↓ 0 . By Lemma 2 we have∫ ∞

0
ρ(x)f ′(x) dx = −

∫ ∞

0
ρ(x)ϕ(x) dx <

1
8
ϕ(0)

=
(2n + 1)

2−λ
r

8(n + 1)λ
( λ

n + 1
+

2(2 − λ )
r

)
.
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According to the inequality (7) we can obtain

Fr(n, λ ) − 1
2
f (0) −

∫ ∞

0
ρ(x)f ′(x) dx

>
(2n + 1)

2−λ
r

2(n + 1)λ

{
1

1 − 2−λ
r

+
λ

4(n + 1)

}
− (2n + 1)

2−λ
r

2(n + 1)λ

− (2n + 1)
2−λ

r

8(n + 1)λ

{
λ

n + 1
+

2(2 − λ )
r

}

=
(2n + 1)

2−λ
r

4r(n + 1)λ

{
(2 − λ )

(
1 + 2−λ

r

)
1 − 2−λ

r

}

>
(2n + 1)

2−λ
r

4r(2n + 1)λ

{
(2 − λ )

(
1 + 2−λ

r

)
1 − 2−λ

r

}

=
θr(λ )

(2n + 1)λ−
2−λ

r

where θr(λ ) =
(2 − λ )(r + 2 − λ )

4r(r − 2 + λ )
.

Thus the lemma is proved.

3. Main results

In this section, we shall prove our main theorem and establish some important
corollaries.

THEOREM 1. Let an , bn � 0 (n = 0, 1, 2, . . .) , 1
p + 1

q = 1 , p � q > 1 and

1 − q
p < λ � 2 . If 0 <

∞∑
n=0

(
n + 1

2

)1−λ
ap

n < +∞ and 0 <
∞∑

n=0

(
n + 1

2

)1−λ
bp

n < +∞ ,

then
∞∑

m=0

∞∑
n=0

ambn

(m + n + 1)λ
<

{ ∞∑
n=0

ωq(λ , n)ap
n

} 1
p
{ ∞∑

n=0

ωp(λ , n)bq
n

} 1
q

(12)

where ωr(λ , n) =
(
n+

1
2

)1−λ
{

B

(
p − 2 + λ

p
,
q − 2 + λ

q

)
− θr(λ )

(2n + 1)λ−
2−λ

r

}
and

θr(λ ) =
(2 − λ )(r + 2 − λ )

4r(r + λ − 2)
, r = p , q .

Proof. We may apply Hölder’s inequality to estimate the left-hand side of (12) as
follows:

∞∑
m=0

∞∑
n=0

ambn

(m + n + 1)λ
=

∞∑
m=0

∞∑
n=0

am

(m + n + 1)
λ
p

(2m + 1
2n + 1

) 2−λ
pq
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· bn

(m + n + 1)
λ
q

( 2n + 1
2m + 1

) 2−λ
pq

�
{ ∞∑

m=0

∞∑
n=0

ap
m

(m + n + 1)λ
(2m + 1

2n + 1

) 2−λ
q

} 1
p

·
{ ∞∑

m=0

∞∑
n=0

bq
n

(m + n + 1)λ
( 2n + 1

2m + 1

) 2−λ
p

} 1
q

=
{ ∞∑

n=0

ωq(λ , n)ap
n

} 1
p
{ ∞∑

n=0

ωp(λ , n)bq
n

} 1
q

where ωr(λ , n) =
∞∑

m=0

1
(m + n + 1)λ

( 2n + 1
2m + 1

) 2−λ
r

, r = p , q .

Let f (x) be the function defined by (10). Clearly, f (x) is continuous and differ-
entiable in [0, +∞) and f (x) ↓ 0 . In view of Lemma 1 we have

ωr(λ , n) =
∫ ∞

0
f (x) dx +

1
2
f (0) +

∫ ∞

0
ρ(x)f ′(x) dx, (13)

where ρ(x) = x − [x] − 1
2 .

It is easy to deduce that∫ ∞

0
f (x) dx =

(
n +

1
2

)−λ ∫ ∞

0

1(
1 + 2x+1

2n+1

)λ
(2n + 1

2x + 1

) 2−λ
r

dx

=
(
n +

1
2

)1−λ ∫ ∞

1
2n+1

1
(1 + u)λ

(1
u

) 2−λ
r

du

=
(
n +

1
2

)1−λ
{∫ ∞

0

1
(1 + u)λ

(1
u

) 2−λ
r

du −
∫ 1

2n+1

0

1
(1 + u)λ

(1
u

) 2−λ
r

du

}

=
(
n +

1
2

)1−λ
B − Fr(n, λ ),

(14)
where Fr(n, λ ) is defined by (6), and B is β function, here B = B

(
λ −(

1− 2−λ
r

)
, 1−

2−λ
r

)
.
It follows from (13), (14) and (11) that

ωr(λ , n) =
(
n +

1
2

)1−λ
B −

{
Fr(n, λ ) − 1

2
f (0) −

∫ ∞

0
ρ(x)f ′(x) dx

}

<
(
n +

1
2

)1−λ
B − θr(λ )

(2n + 1)λ−
2−λ

r

,

where θr(λ ) =
(2 − λ )(r + 2 − λ )

4r(r − 2 + λ )
.
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Notice that 1
p + 1

q = 1 , hence λ − (
1 − 2−λ

q

)
= p−2+λ

p . Whence

B
(
λ −

(
1 − 2 − λ

q

)
, 1 − 2 − λ

q

)
= B

(p − 2 + λ
p

,
q − 2 + λ

q

)
.

Thus the proof of the theorem is completed.

When p = q = 2 , we obtain an improvement of the correspondent result of the
paper [2].

COROLLARY 1. If 0 <
∞∑
n=0

(
n + 1

2

)1−λ
a2

n < +∞ and 0 <
∞∑

n=0

(
n + 1

2

)1−λ
b2

n <

+∞ , then

∞∑
m=0

∞∑
n=0

ambn

(m + n + 1)λ
<

{ ∞∑
n=0

(
n +

1
2

)1−λ(
B
(λ

2
,
λ
2

)
− θ(λ )

(2n + 1)
3
2 λ−1

)
a2

n

} 1
2

×
{ ∞∑

n=0

(
n +

1
2

)1−λ(
B
(λ

2
,
λ
2

)
− θ(λ )

(2n + 1)
3
2 λ−1

)
b2

n

} 1
2

where θ(λ ) =
(2 − λ )(4 − λ )

8λ
, B

( λ
2 , λ

2

)
is β function.

In particular, for λ = 2 , θ(2) = 0 , the result of the paper [2] is obtained.
When λ = 1 , B

(
1
2 ,

1
2

)
= π , we can attain a refinement of Hilbert’s inequality.

COROLLARY 2. If 0 <
∞∑

n=0
a2

n < +∞ and 0 <
∞∑
n=0

b2
n < +∞ , then

∞∑
m=0

∞∑
n=0

ambn

m + n + 1
<

{ ∞∑
n=0

(
π − 3

8
√

2n + 1

)
a2

n

} 1
2
{ ∞∑

n=0

(
π − 3

8
√

2n + 1

)
b2

n

} 1
2

.

Also, for λ = 1 , it is observed from Theorem 1 that B
( p−1

p , q−1
q

)
= B

(
1 − 1

p ,
1
q

)
= π

sin π
p

, we get consequently a sharp result on the inequality (1).

COROLLARY 3. If 0 <
∞∑

n=0
ap

n < +∞ and 0 <
∞∑
n=0

bq
n < +∞ , then

∞∑
m=0

∞∑
n=0

ambn

m + n + 1
<

{ ∞∑
n=0

( π
sin π

p

− θq

(2n + 1)
1
p

)
ap

n

} 1
p

×
{ ∞∑

n=0

( π
sin π

p

− θp

(2n + 1)
1
q

)
bq

n

} 1
q

,

where θr =
r + 1

4r(r − 1)
, r = p , q .
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4. Applications

In this section, according to the above – mentioned result we will give extensions
and a refinement on Hardy-Littlewood’s inequality.

Let f (x) ∈ L2(0, 1) and f (x) �= 0 . If

an =
∫ 1

0
xnf (x) dx, n = 0, 1, 2, . . .

then ∞∑
n=0

a2
n < π

∫ 1

0
f 2(x) dx, (15)

where π is the best constant that keeps (15) valid. The inequality (15) is called Hardy-
Littlewood’s inequality (see [1]). With the use of Corollary 3 we establish firstly an
extension of (15).

THEOREM 2. With the above assumption, then{ ∞∑
n=0

a2
n

}2

<

{ ∞∑
n=0

( π
sin π

p

− αq(n)
)
ap

n

} 1
p
{ ∞∑

n=0

( π
sin π

p

− αp(n)
)
aq

n

} 1
q ∫ 1

0
f 2(x) dx

(16)

where αr(n) =
r + 1

4r(r − 1)(2n + 1)1− 1
r

, r = p , q .

Proof. By our assumption, we have

a2
n =

∫ 1

0
anx

nf (x) dx.

Using the Cauchy-Schwarz inequality and Corollary 3 we obtain

( ∞∑
n=0

a2
n

)2
=

{ ∞∑
n=0

∫ 1

0
anx

nf (x) dx
}2

=
{ ∫ 1

0

( ∞∑
n=0

anx
n
)
f (x) dx

}2

�
∫ 1

0

( ∞∑
n=0

anx
n
)2

dx
∫ 1

0
f 2(x) dx

=
∫ 1

0

∞∑
m=0

∞∑
n=0

amanx
m+n dx

∫ 1

0
f 2(x) dx

=
∞∑

m=0

∞∑
n=0

aman

m + n + 1

∫ 1

0
f 2(x) dx

�
{ ∞∑

n=0

ωq(n)ap
n

} 1
p
{ ∞∑

n=0

ωp(n)aq
n

} 1
q
∫ 1

0
f 2(x) dx,

(17)
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where ωr(n) =
π

sin π
p

− r + 1

4r(r − 1)(2n + 1)1− 1
r

, r = p , q .

Since f (x) �= 0 , a2
n �= 0 for n ∈ N0 . Therefore it is impossible to take equality

in (17). It shows that the equality (16) is valid. Thus the theorem is proved.

If αr(n) (r = p, q) is replaced by zero, then we attain the following.

COROLLARY 4. With the assumption as in Theorem 2, then

( ∞∑
n=0

a2
n

)2
<

π
sin π

p

( ∞∑
n=0

ap
n

) 1
p
( ∞∑

n=0

aq
n

) 1
q
∫ 1

0
f 2(x) dx. (18)

It is evident that the inequality (18) is also an extension on (15).
At last, we establish an improvement on (15).

COROLLARY 5. Assume that p = q = 2 , then

( ∞∑
n=0

a2
n

)2
<

∞∑
n=0

(
π − 3

8
√

2n + 1

)
a2

n

∫ 1

0
f 2(x) dx.

This is obviously an immediate result of Theorem 2.
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