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A NEW SUBCLASS OF COMPLEX HARMONIC FUNCTIONS

SİBEL YALÇIN AND METİN ÖZTÜRK

(communicated by H. M. Srivastava)

Abstract. Complex valued harmonic functions that are univalent and sense preserving in the unit
disk U can be written in the form f = h + g , where h and g are analytic in U . In this paper,
we introduce a class HP(α) , (α � 0) of functions which are harmonic in U. We give sufficient
coefficient conditions for normalized harmonic functions in HP(α) . These conditions are also
shown to be necessary when the coefficients are negative. This leads to distortion bounds and
extreme points.

1. Introduction

A continuous function f = u + iv is a complex-valued harmonic function in a
domain D ⊂ C if both u and v are real harmonic in D . In any simply connected
domain we can write f = h + ḡ , where h and g are analytic in D . We call h the
analytic part and g the co-analytic part of f . A necessary and sufficient condition for
f to be locally univalent and sense preserving in D is that |h′(z)| > |g′(z)| in D. See
Clunie and Sheil-Small [1].

Denote by SH the class of functions f = h + ḡ that are harmonic univalent and
sense preserving in the unit disk U = { z : | z | < 1 } for which h(0) = f (0)− 1 = 0.
Then for f = h + ḡ ∈ SH we may express the analytic functions h and g as

h(z) = z +
∞∑

n=2

anz
n, g(z) =

∞∑
n=1

bnz
n. (1)

Note that SH reduces to the class of normalized analytic univalent functions if the
co-analytic part of its members is zero. In 1984 Clunie and Sheil-Small [1] investigated
the class SH as well as its geometric subclasses and obtained some coefficient bounds.
Since then, there have been several related papers on SH and its subclasses.

The class of functions f = h + ḡ with negative coefficients which are starlike and
convex were investigated by Silverman [3].

We denote by HP(α) the class of all functions of the form (1) that satisfy the
condition

Re {αz[h′′(z) + g′′(z)] + h′(z) + g′(z)} > 0, α � 0. (2)
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We further denote by HF(α) the subclass of HP(α) such that the functions h
and g in f = h + ḡ are of the form

h(z) = z −
∞∑

n=2

|an| zn, g(z) = −
∞∑

n=1

|bn| zn. (3)

2. Main results

THEOREM 2.1. Let f = h + ḡ be given by (1) . Furthermore, let

∞∑
n=1

n[α(n − 1) + 1](|an| + |bn|) � 2, 0 � |b1| < 1 (4)

where a1 = 1 and α � 0. Then f is harmonic univalent sense preserving in U and
f ∈ HP(α).

Proof. For |z1| � |z2| < 1 we have by (4),

|f (z1) − f (z2)| � |h(z1) − h(z2)| − |g(z1) − g(z2)|

=

∣∣∣∣∣(z1 − z2) +
∞∑
n=2

an(zn
1 − zn

2)

∣∣∣∣∣−
∣∣∣∣∣
∞∑

n=1

bn(zn
1 − zn

2)

∣∣∣∣∣
� |z1 − z2|

(
1 − |b1| −

∞∑
n=2

n(|an| + |bn|)|z2|n−1

)

� |z1 − z2|
(

1 − |b1| − |z2|
∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|)
)

� |z1 − z2|(1 − |b1|)(1 − |z2|) > 0.

Consequently, f is univalent in U . We note that f is sense preserving in U . This is
because

|h′(z)| � 1 −
∞∑
n=2

n|an||z|n−1 > 1 −
∞∑
n=2

n|an| � 1 −
∞∑
n=2

n[α(n − 1) + 1]|an|

�
∞∑
n=1

n[α(n − 1) + 1]|bn| >
∞∑

n=1

n|bn||z|n−1 � |g′(z)|.

Now we show that f ∈ HP(α). Using the fact that Re w > 0 if and only if |1 + w| >
|1 − w| , it sufficies to show that

|1+αz(h′′(z)+g′′(z))+h′(z)+g′(z)|−|1−αz(h′′(z)+g′′(z))−h′(z)−g′(z)| > 0. (5)

Substituting for h(z) and g(z) in (5) yields by (4),

|1 + αz(h′′(z) + g′′(z)) + h′(z) + g′(z)| − |1 − αz(h′′(z) + g′′(z)) − h′(z) − g′(z)|
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=

∣∣∣∣∣2 + b1 +
∞∑

n=2

n[α(n − 1) + 1](an + bn)zn−1

∣∣∣∣∣
−
∣∣∣∣∣−b1 −

∞∑
n=2

n[α(n − 1) + 1](an + bn)zn−1

∣∣∣∣∣
� 2(1 − |b1|) − 2

∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|)|z|n−1

> 2

{
1 −

( ∞∑
n=2

n[α(n − 1) + 1]|an| +
∞∑
n=1

n[α(n − 1) + 1]|bn|
)}

� 0.

The harmonic mappings

f (z) = z +
∞∑
n=2

xn

n[α(n − 1) + 1]
zn +

∞∑
n=1

ȳn

n[α(n − 1) + 1]
z̄n, (6)

where
∞∑
n=2

|xn| +
∞∑
n=1

|yn| = 1, show that the coefficient bound given by (4) is sharp.

The functions of the form (6) are in HP(α) because

∞∑
n=1

n[α(n − 1) + 1](|an| + |bn|) = 1 +
∞∑
n=2

|xn| +
∞∑

n=1

|yn| = 2.

The restriction placed in Theorem2.1 on the moduli of the coefficients of f = h+ḡ
enables us to conclude, for an arbitrary rotation of the coefficients of f , that the
resulting functionswould still be harmonicunivalent and f ∈ HP(α). Our next theorem
establishes that such coefficient bounds cannot be improved.

THEOREM 2.2. Let f = h + ḡ be given by (3). Then f ∈ HF(α) if and only if

∞∑
n=1

n[α(n − 1) + 1](|an| + |bn|) � 2, (7)

where a1 = 1 and α � 0.

Proof. We first suppose that f ∈ HF(α) . Then we find from (2) that

Re

{
1 − |b1| −

∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|)zn−1

}
> 0, z ∈ U, α � 0, |b1| < 1.

If we choose z to be real and let z → 1− , we get

1 − |b1| −
∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|) � 0
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which is precisely the assertion (7) of Theorem 2.2.
Conversely, suppose that the inequality (7) holds true. Then we find from the

definition (2) that

Re

{
1 − |b1| −

∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|)zn−1

}

� 2 −
∞∑
n=1

n[α(n − 1) + 1](|an| + |bn|)|z|n−1

> 2 −
∞∑
n=1

n[α(n − 1) + 1](|an| + |bn|) � 0,

provided that the inequality (7) is satisfied.

THEOREM 2.3. If f ∈ HF(α) then

|f (z)| � (1 + |b1|)r +
1 − |b1|
2(1 + α)

r2, |z| = r < 1,

and

|f (z)| � (1 − |b1|)r − 1 − |b1|
2(1 + α)

r2, |z| = r < 1.

Proof. We only prove the left hand inequality. The right hand inequality can be
proved using similar arguments. Let f ∈ HF(α) , then by Theorem 2.2, we obtain

|f (z)| � (1 − |b1|)r −
∞∑

n=2

(|an| + |bn|)rn � (1 − |b1|)r −
∞∑

n=2

(|an| + |bn|)r2

= (1 − |b1|)r − 1
2(1 + α)

∞∑
n=2

2(1 + α)(|an| + |bn|)r2

� (1 − |b1|)r − 1
2(1 + α)

∞∑
n=2

n[α(n − 1) + 1](|an| + |bn|)r2

� (1 − |b1|)r − 1
2(1 + α)

[1 − |b1|]r2.

The bounds given in Theorem 2.3 for the functions f = h+ ḡ of the form (3) also hold
for functions of the form (1) if the coefficient condition (4) is satisfied. The functions

f (z) = z − |b1| z̄ − 1 − |b1|
2(1 + α)

z̄2

and

f (z) = (1 − |b1|) z − 1 − |b1|
2(1 + α)

z2

for |b1| < 1 show that the bounds given in Theorem 2.3 are sharp.
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The following result follows from the second inequality in Theorem 2.3.

COROLLARY 2.4. If f ∈ HF(α) then{
w : |w| <

1
2(1 + α)

(1 + 2α)(1 − |b1|)
}

⊂ f (U).

THEOREM 2.5. If α1 � α2 � 0, then HF(α1) ⊂ HF(α2).

Proof. Let f ∈ HF(α1) and let α1 � α2 � 0. Then by Theorem 2.2, we have

∞∑
n=1

n[α2(n − 1) + 1](|an| + |bn|) �
∞∑
n=1

n[α1(n − 1) + 1](|an| + |bn|) � 2.

Hence f is in HF(α2).
Since HF(α) is a convex family, we will use the necessary and sufficient coeffi-

cient conditions of Theorem 2.2 to determine its extreme points.

THEOREM 2.6. Set

h1(z) = z, hn(z) = z − 1
n[α(n − 1) + 1]

zn, (n = 2, 3, . . .)

and

gn(z) = z − 1
n[α(n − 1) + 1]

z̄n, (n = 1, 2, . . .).

Then f ∈ HF(α) if and only if it can be expressed in the form

f (z) =
∞∑

n=1

(λnhn + γngn), (8)

where λn � 0, γn � 0 ,
∞∑

n=1
(λn + γn) = 1.

In particular, the extreme points of HF(α) are {hn} and {gn}.
Proof. For functions f of the form (8) we have

f (z) =
∞∑

n=1

(λnhn + γngn)

=
∞∑

n=1

(λn + γn)z −
∞∑
n=2

1
n[α(n − 1) + 1]

λnz
n −

∞∑
n=1

1
n[α(n − 1) + 1]

γnz̄n.

Then
∞∑

n=2

n[α2(n − 1) + 1]
λn

n[α(n − 1) + 1]
+

∞∑
n=1

n[α2(n − 1) + 1]
γn

n[α(n − 1) + 1]

=
∞∑

n=1

(λn + γn) − λ1 = 1 − λ1 � 1
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and so f ∈ HF(α).
Conversely, suppose that f ∈ HF(α) . λn = n[α(n − 1) + 1]|an| (n = 2, 3, . . .)

and γn = n[α(n − 1) + 1]|bn| (n = 1, 2, 3, . . .). Then note that by Theorem 2.2.,
0 � λn � 1 (n = 2, 3, . . .) and 0 � γn � 1 (n = 1, 2, 3, . . .). We define

λ1 = 1 −
∞∑
n=2

λn −
∞∑
n=1

γn

and note that, by Theorem 2.2., λ1 � 0. Consequently, we obtain

f (z) =
∞∑
n=1

(λnhn + γngn)

as required.
Following Ruscheweyh [2] we call the δ -neighborhood of f the set

Nδ (f ) =

{
F : F(z) = z −

∞∑
n=2

|An| zn −
∞∑
n=1

|Bn| z̄n and

∞∑
n=2

n(|an − An| + |bn − Bn|) + |b1 − B1| � δ

}
.

In particular, for the identity function I(z) = z , we immediately have

Nδ (I) =

{
f : f (z) = z −

∞∑
n=2

|an| zn −
∞∑

n=1

|bn| z̄n and

∞∑
n=2

n(|an| + |bn|) + |b1| � δ

}
.

THEOREM 2.7. Let

δ =
1 + α|b1|
α + 1

then HF(α) ⊂ Nδ (I).

Proof. Let f belong to HF(α) . We have

|b1| +
∞∑

n=2

n(|an| + |bn|) � |b1| + 1
α + 1

∞∑
n=2

n[α2(n − 1) + 1](|an| + |bn|)

� |b1| + 1
α + 1

(1 − |b1|) = δ.

Hence f (z) ∈ Nδ (I).



A NEW SUBCLASS OF COMPLEX HARMONIC FUNCTIONS 61

RE F ER EN C ES

[1] CLUNIE, J. AND SHEIL-SMALL, T. Harmonic Univalent Functions, Ann. Acad. Sci. Fenn. Ser. A I Math.
9 (1984) 3–25.

[2] RUSCHEWEYH, ST., Neighborhoods of univalent functions, Proc. Amer. Math. Soc. 81 (1981), 521–528.
[3] SILVERMAN, H., Harmonic univalent functions with negative coefficients, J. Math. Anal. Appl. 220 (1998),

283–289.

(Received November 16, 2001) Uludag University
Faculty of Science

Department of Mathematics
16 059 Bursa/Turkey

e-mail: skarpuz@uludag.edu.tr

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


