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ON THE HYERS–ULAM–RASSIAS STABILITY OF AN

n –DIMENSIONAL PEXIDERIZED QUADRATIC EQUATION
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(communicated by Th. M. Rassias)

Abstract. In this paper we prove the stability of an n -dimensional Pexiderized quadratic equation

f 1(
n∑

i=1
xi) +

∑
1�i<j�n

fα(i,j)(xi − xj) = n
n∑

i=1
fβ(i)(xi) in the spirits of Hyers, Ulam and Rassias.

1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk before the Mathematics Club of the
University ofWisconsin inwhich he discussed a number of important unsolved problems
(ref. [25]). Among those was the question concerning the stability of homomorphisms:

Let G1 be a group and let G2 be a metric group with the metric d(· , ·) . Given
ε > 0 , does there exist a δ > 0 such that if a function h : G1 → G2 satisfies the
inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G1 then there is a homomorphism
H : G1 → G2 with d(h(x), H(x)) < ε for all x ∈ G1 ?

The case of approximately additive mappings was solved by D. H. Hyers [5] under
the assumption that G1 and G2 are Banach spaces. In 1978, Th. M. Rassias [17] gave
a significant generalization of the Hyers’s result. P. Gavruta [4] also obtained a further
generalization of the Hyers-Ulam-Rassias theorem.

The quadratic functional equation

f (x + y) + f (x − y) − 2f (x) − 2f (y) = 0 (1.1)

clearly has f (x) = cx2 as a solution with c an arbitrary constant when f is a real
function of a real variable. We define any solution of (1.1) to be a quadratic function. A
Hyers-Ulam stability theorem for the equation (1.1) was proved by F. Skof for functions
f : V → X where V is a normed space and X a Banach space (see [24]). In 1984, P.
W. Cholewa [2] extended V by an Abelian group G in the Skof’s result. In the paper
[3], S. Czerwik proved the Hyers-Ulam-Rassias stability of the quadratic functional
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equation (1.1) and this result was generalized by a number of mathematicians (see
[1,6,7,11–13,16,18–23]).

Throughout this paper, let V and X be a normed space and a Banach space,
respectively. Lee and Jun [14,15] proved theHyers-Ulam-Rassias stability of the Pexider
equation of f (x + y) = g(x) + h(y) (see also [10]) and also [8,9] proved the Hyers-
Ulam-Rassias stability of the Pexiderized quadratic equation of f (x + y) + g(x − y) −
2h(x) − 2k(y) = 0 .

In this paper, we prove the stability of the n -dimensional quadratic and the n -
dimensional Pexiderized quadratic functional equations:

f

( n∑
i=1

xi

)
+

∑
1�i<j�n

f (xi − xj) = n
n∑

i=1

f (xi), (1.2)

f 1

( n∑
i=1

xi

)
+

∑
1�i<j�n

fα(i,j)(xi − xj) = n
n∑

i=1

f β(i)(xi). (1.3)

2. Stability of the equation (1.2)

Let n � 2 be a given positive integer. We denote by ϕ : (V \ {0})n → [0,∞) a
function such that

ϕ̃(x1, x2, . . . , xn) :=
∞∑
l=0

1
n2(l+1)ϕ(nlx1, n

lx2, . . . , n
lxn) < ∞ (a)

or

ϕ̃(x1, x2, . . . , xn) :=
∞∑
l=0

n2lϕ
(

x1

nl+1
,

x2

nl+1
, . . . ,

xn

nl+1

)
< ∞ (a’)

for all x1, x2, . . . , xn ∈ V \ {0} .

THEOREM 2.1 Let ϕ be as above. Suppose that the function f : V → X satisfies∥∥∥∥f

( n∑
i=1

xi

)
+

∑
1�i<j�n

f (xi − xj) − n
n∑

i=1

f (xi)
∥∥∥∥ � ϕ(x1, x2, . . . , xn) (2.1)

for all x1, x2, . . . , xn ∈ V \ {0} . Then there exists exactly one quadratic function
Q : V → X such that∥∥∥∥Q(x) − f (x) +

n
2(n + 1)

f (0)
∥∥∥∥ � ϕ̃(x, x, . . . , x)

for all x ∈ V \ {0} . The function Q is given by

Q(x) = lim
l→∞

f (nlx)
n2l

for all x ∈ V if ϕ satisfies (a) (2.2)
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or

Q(x) =

⎧⎨
⎩ lim

l→∞
n2l

[
f

( x
nl

)
− n

2(n + 1)
f (0)

]
for x �= 0,

0 for x = 0

if ϕ satisfies (a
′
) .

Proof. At first, we prove the result for the case that ϕ satisfies the condition (a) .
Replacing xi by x for all i = 1, 2, . . . , n in (2.1), we obtain∥∥∥∥f (nx) +

n(n − 1)
2

f (0) − n2f (x)
∥∥∥∥ � ϕ(x, x, . . . , x) (2.3)

for x ∈ V \ {0} . Dividing by n2 in (2.3), we easily obtain∥∥∥∥ 1
n2

(
f (nx) − n

2(n + 1)
f (0)

)
−

(
f (x) − n

2(n + 1)
f (0)

)∥∥∥∥ (2.4)

� 1
n2
ϕ(x, x, . . . , x)

for x ∈ V \ {0} . Applying an induction argument to k in (2.4), we easily obtain∥∥∥∥ 1
n2k

(
f (nkx) − n

2(n + 1)
f (0)

)
−

(
f (x) − n

2(n + 1)
f (0)

)∥∥∥∥ (2.5)

�
k−1∑
l=0

1
n2(l+1)ϕ(nlx, nlx, . . . , nlx)

� ϕ̃(x, x, . . . , x)

for x ∈ V \ {0} and for all k ∈ N . Replacing x by nlx and dividing by n2l in (2.5),
we have∥∥∥∥ 1

n2(k+l)

(
f (n(k+l)x) − n

2(n + 1)
f (0)

)
− 1

n2l

(
f (nlx) − n

2(n + 1)
f (0)

)∥∥∥∥
� 1

n2l
ϕ̃(nlx, nlx, . . . , nlx)

for all l > 0 and x ∈ V \ {0} . This shows that { 1
n2l (f (nlx)− n

2(n+1) f (0))} is a Cauchy

sequence. Because X is a Banach space, the sequence { 1
n2l (f (nlx) − n

2(n+1) f (0))}
converges. Define Q : V → X by

Q(x) = lim
l→∞

f (nlx) − n
2(n+1) f (0)

n2l
= lim

l→∞
f (nlx)

n2l
(2.6)

for all x ∈ V . From (2.6), we easily get that

Q(0) = 0 and Q(nx) = n2Q(x)
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for all x ∈ V . Replacing xi by nlxi for all i and dividing by n2l in (2.1), we obtain

∥∥∥∥
f (

n∑
i=1

nlxi)

n2l
+

∑
1�i<j�n

f (nlxi − nlxj)
n2l

− n
n∑

i=1

f (nlxi)
n2l

∥∥∥∥ (2.7)

� ϕ(nlx1, nlx2, . . . , nlxn)
n2l

for all x1, x2, . . . , xn ∈ V \ {0} . Taking the limit in (2.7) as l → ∞ , we get

Q

( n∑
i=1

xi

)
+

∑
1�i<j�n

Q(xi − xj) − n
n∑

i=1

Q(xi) = 0 (2.8)

for all x1, x2, . . . , xn ∈ V \ {0} . Replacing x1 by y and xi by x for all i = 2, 3, . . . , n
in (2.8), we obtain

Q(y + (n − 1)x) + (n − 1)Q(y − x) − n(n − 1)Q(x) − nQ(y) = 0 (2.9)

for all x, y ∈ V \ {0} . Replacing x2 by y and xi by x for all i = 1, 3, . . . , n in (2.8),
we obtain

Q(y + (n − 1)x) + Q(x − y) + (n − 2)Q(y− x)− n(n − 1)Q(x) − nQ(y) = 0 (2.10)

for all x, y ∈ V \ {0} . From (2.9) and (2.10), we have

Q(x) = Q(−x) (2.11)

for all x ∈ V . When n is an even number, replacing xi by x for 1 � i � n
2 + 1 and

−x for n
2 + 2 � i � n in (2.8), we obtain

Q(2x) +
(

n
2
− 1

)(
n − n

2
+ 1

)
Q(2x) = n2Q(x) (2.12)

for all x ∈ V \ {0} . When n is an odd number, replacing xi by x for 1 � i � n+1
2

and −x for n+1
2 + 1 � i � n in (2.8), we obtain

Q(x) +
(

n + 1
2

− 1

)(
n − n + 1

2
+ 1

)
Q(2x) = n2Q(x) (2.13)

for all x ∈ V \ {0} . From (2.12) and (2.13), we obtain

Q(2x) = 4Q(x) (2.14)

for all x ∈ V . Replacing x1, x2 by x + y, x − y and xi by x for i = 3, 4, . . . , n in
(2.8), we obtain

Q(nx) + Q(2y) + (n − 2)Q(y) + (n − 2)Q(−y) (2.15)
= n(n − 2)Q(x) + nQ(x + y) + nQ(x − y)
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for x, y ∈ V \ {0} with x + y, x − y ∈ V \ {0} . From (2.11), (2.14) and (2.15), we
obtain

Q(x + y) + Q(x − y) − 2Q(x) − 2Q(y) = 0

for x, y ∈ V \ {0} with x + y, x − y ∈ V \ {0} . Hence we easily have that

Q(x + y) + Q(x − y) − 2Q(x) − 2Q(y) = 0

for all x, y ∈ V . From (2.5), we have the inequality∥∥∥∥Q(x) − f (x) +
n

2(n + 1)
f (0)

∥∥∥∥ � ϕ̃(x, x, . . . , x)

for all x ∈ V \ {0} . This completes the proof for the case that ϕ satisfies the condition
(a) .

Similarly, we can prove the result for the case that ϕ satisfies the condition
(a′) . �

COROLLARY 2.2. Let p �= 2 , θ > 0 be real numbers. Suppose that the function
f : V → X satisfies∥∥∥∥f

( n∑
i=1

xi

)
+

∑
1�i<j�n

f (xi − xj) − n
n∑

i=1

f (xi)
∥∥∥∥

� θ(‖x1‖p + ‖x2‖p + . . . + ‖xn‖p)

for all x1, x2, . . . , xn ∈ V \ {0} . Then there exists exactly one quadratic function
Q : V → X such that∥∥∥∥Q(x) − f (x) +

n
2(n + 1)

f (0)
∥∥∥∥ � n

|n2 − np|θ‖x‖
p

for all x ∈ V \ {0} . The function Q is given by (2.2) .

3. Stability of the equation (1.3)

DEFINITION 3.1. Let α : A → N and β : {1, 2, . . . , n} → N be defined by

α(i, j) =
(i − 1)(2n − i − 2)

2
+ j ,

β(i) =
n(n − 1)

2
+ i + 1,

where A = {(i, j) ∈ N × N | 1 � i < j � n} .

REMARK. Note that

{α(i, j) | (i, j) ∈ A} =
{

2, 3, . . . ,
n(n − 1)

2
+ 1

}
,

{β(i) | i = 1, 2, . . . , n} =
{

n(n − 1)
2

+ 2, . . . ,
n(n + 1)

2
+ 1

}
.

The following lemma is seen in [7].
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LEMMA 3.2. Let ϕ : V × V → [0,∞) be a function such that

ϕ̃(x, y) =
∞∑
l=0

1
4l+1

ϕ(2lx, 2ly) < ∞ (b)

or

ϕ̃(x, y) =
∞∑
l=0

4lϕ
( x

2l+1
,

y
2l+1

)
< ∞ (b’)

and

ϕ̌(x, y) =
∞∑
l=0

1
2l+1

ϕ(2lx, 2ly) < ∞ (c)

or

ϕ̌(x, y) =
∞∑
l=0

2lϕ
( x

2l+1
,

y
2l+1

)
< ∞ (c’)

for all x, y ∈ V . Suppose that the functions f , g, h, k : V → X satisfy

‖f (x + y) + g(x − y) − 2h(x) − 2k(y)‖ � ϕ(x, y) for all x, y ∈ V.

Then there exist exactly one quadratic function Q : V → X and two unique additive
functions T, T ′ : V → X such that

‖f (x) − f (0) − Q(x) − T(x)‖
� M3(ϕ, x) + M3(ϕ,−x) + M4(ϕ, x, x) + M4(ϕ,−x,−x)

2
,

‖g(x) − g(0) − Q(x) − T ′(x)‖
� M3(ϕ, x) + M3(ϕ,−x) + M4(ϕ, x,−x) + M4(ϕ,−x, x)

2
,∥∥∥∥h(x) − h(0) − Q(x) − 1

2
(T(x) + T ′(x))

∥∥∥∥
� M3(ϕ, x) + M3(ϕ,−x) + M5(ϕ, x) + M5(ϕ,−x)

2

+
ϕ(x, 0) + 2ϕ(0, 0) + ϕ(−x, 0)

4
,∥∥∥∥k(x) − k(0) − Q(x) − 1

2
(T(x) − T ′(x))

∥∥∥∥
� M3(ϕ, x) + M3(ϕ,−x) + M5(ϕ, x) + M5(ϕ,−x)

2

+
ϕ(0, x) + 2ϕ(0, 0) + ϕ(0,−x)

4
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for all x ∈ V , where

M3(ϕ, x) =
1
2

[
ϕ̃(x, x) + 2ϕ̃(0, x) + 2ϕ̃(x, 0)

+ ϕ̃(x,−x) + 2ϕ̃(0, 0) + ϕ
( x

2
,
x
2

)
+ ϕ

( x
2
,− x

2

)]
,

M4(ϕ, x, y) = ϕ̌(x, 0) + ϕ̌(0, y) + ϕ̌(x, y),

M5(ϕ, x) =
1
4
[ϕ̌(x,−x) + 2ϕ̌(x, 0) + ϕ̌(2x,−x) + ϕ̌(−x, x)

+ ϕ̌(0, x) + ϕ̌(−x, 2x) + ϕ̌(x, x) + ϕ̌(2x, x)
+ ϕ̌(−x,−x) + ϕ̌(0,−x) + ϕ̌(−x,−2x)]

for all x, y ∈ V . The function Q is given by

Q(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

lim
n→∞

f (2nx)
4n = lim

n→∞
g(2nx)

4n if ϕ satisfies (b),

lim
n→∞

4n

2

(
f ( x

2n ) + f (− x
2n ) − 2f (0)

)
if ϕ satisfies (b’)

= lim
n→∞

4n

2

(
g( x

2n ) + g(− x
2n ) − 2g(0)

)
and the functions T, T ′ are given by

T(x) =

⎧⎨
⎩

lim
n→∞

f (2nx)−f (−2nx)
2n+1 if ϕ satisfies (c),

lim
n→∞ 2n(f (2−nx) − f (0)) if ϕ satisfies (c’),

T ′(x) =

⎧⎨
⎩

lim
n→∞

g(2nx)−g(−2nx)
2n+1 if ϕ satisfies (c),

lim
n→∞ 2n(g(2−nx) − g(0)) if ϕ satisfies (c’).

Now, we denote by ϕ : Vn → [0,∞) a function such that

ϕ̃(x1, x2, . . . , xn) =
∞∑
l=0

1
4l+1

ϕ(2lx1, 2lx2, . . . , 2lxn) < ∞ (d)

or

ϕ̃(x1, x2, . . . , xn) =
∞∑
l=0

4lϕ
( x1

2l+1
,

x2

2l+1
, . . . ,

xn

2l+1

)
< ∞ (d’)

and

ϕ̌(x1, x2, . . . , xn) =
∞∑
l=0

1
2l+1

ϕ(2lx1, 2lx2, . . . , 2lxn) < ∞ (e)

or

ϕ̌(x1, x2, . . . , xn) =
∞∑
l=0

2lϕ
( x1

2l+1
,

x2

2l+1
, . . . ,

xn

2l+1

)
< ∞ (e’)

for all x1, x2, . . . , xn ∈ V . Define ϕi,j,ϕ′
i,j : V × V → [0,∞) by

ϕi,j(x, y) = ϕ(0, . . . , 0,
i−th
x , 0, . . . , 0,

j−th
y , 0, . . . , 0),
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ϕ′
i,j(x, y) = ϕ

(
x + y

2
, . . . ,

x + y
2

,
i−th
x ,

x + y
2

, . . . ,
x + y

2
,
j−th
y ,

x + y
2

, . . . ,
x + y

2

)
,

where i < j .

THEOREM 3.3. Let ϕ : Vn → [0,∞) be as above. Suppose that the functions
f k : V → X satisfy∥∥∥∥f 1(

n∑
i=1

xi) +
∑

1�i<j�n

fα(i,j)(xi − xj) − n
n∑

i=1

f β(i)(xi)
∥∥∥∥ � ϕ(x1, x2, . . . , xn) (3.1)

for all x1, x2, . . . , xn ∈ V , where k = 1 , α(i, j) , β(i) , 1 � i, j � n . Then there exist
exactly one quadratic function Q : V → X and unique additve functions Tk : V → X
such that

‖f k(x) − f k(0) − Q(x) − Tk(x)‖ � Mk(x)

for all x ∈ V , where

M1(x) = inf
1�i<j�n

M3(ϕi,j, x) + M3(ϕi,j,−x) + M4(ϕi,j, x, x) + M4(ϕi,j,−x,−x)
2

,

Mα(i,j)(x) =
M3(ϕi,j, x) + M3(ϕi,j,−x) + M4(ϕi,j, x,−x) + M4(ϕi,j,−x, x)

2
,

Mβ(1)(x) = inf
1<j�n

[M3(ϕ′
1,j, x) + M3(ϕ′

1,j,−x) + M5(ϕ′
1,j, x) + M5(ϕ′

1,j,−x)
n

+
ϕ′

1,j(x, 0) + 2ϕ′
1,j(0, 0) + ϕ′

1,j(−x, 0)
2n

]
,

Mβ(j)(x) =
M3(ϕ′

1,j, x) + M3(ϕ′
1,j,−x) + M5(ϕ′

1,j, x) + M5(ϕ′
1,j,−x)

n

+
ϕ′

1,j(0, x) + 2ϕ′
1,j(0, 0) + ϕ′

1,j(0,−x)
2n

.

The functions Q and Tk are given by

Q(x) =

⎧⎨
⎩

lim
n→∞ 4−nf k(2nx) if ϕ satisfies (d),

lim
n→∞ 4n

(
f k(2

−nx)+f k(−2−nx)
2 − f k(0)

)
if ϕ satisfies (d’),

Tk(x) =

{ lim
n→∞ 2−n−1(f k(2nx) − f k(−2nx)) if ϕ satisfies (e),

lim
n→∞ 2n−1(f k(2−nx) − f k(−2−nx)) if ϕ satisfies (e’)

for all x ∈ V . The functions Tk ’s satisfy the following equations;

T1 −
i−1∑
m=1

Tα(m,i) +
n∑

m=i+1

Tα(i,m) = nTβ(i),

T1 =
n∑

i=1

Tβ(i).
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Proof. If ϕ satisfies the condition (d’) or (e’), thenwe easily have that ϕ(0, 0, . . . ,
0) = 0 . Hence ∥∥∥∥∥∥f 1(0) +

∑
1�i<j�n

fα(i,j)(0) − n
n∑

i=1

f β(i)(0)

∥∥∥∥∥∥ = 0 (3.2)

if ϕ satisfies the condition (d’) or (e’). Replacing xi , xj by x , y , respectively and
replacing xl by 0 in (3.1) for all l ∈ {1, 2, . . . , n} − {i, j} , where 1 � i < j � n , we
get ∥∥∥∥f 1(x + y) + fα(i,j)(x − y) +

i−1∑
l=1

fα(l,i)(−x) +
∑

i<l�n
l�=j

fα(i,l)(x)

+
∑

1�l<j
l�=i

fα(l,j)(−y) +
∑

j<l�n

fα(j,l)(y) +
∑

1�l<m�n
l�=i,j
m �=i,j

fα(l,m)(0)

− nf β(i)(x) − nf β(j)(y) − n
∑

1�l�n
l�=i,j

f β(l)(0)
∥∥∥∥

� ϕi,j(x, y)

for all x, y ∈ V . Define f , g, h, k : V → X by

f (x) = f 1(x),
g(x) = fα(i,j)(x),

2h(x) = −
∑

1�l<i�n

fα(l,i)(−x) −
∑

1�i<l�n
l�=j

fα(i,l)(x) + nf β(i)(x),

2k(x) = −
∑

1�l<j�n
l�=i

fα(l,j)(−y) −
∑

1�j<l�n

fα(j,l)(y) −
∑

1�l<m�n
l�=i,j
m �=i,j

fα(l,m)(0)

+ nf β(j)(y) + n
∑

1�l�n
l�=i,j

f β(l)(0)

for all x ∈ V . Then we get

‖f (x + y) + g(x − y) − 2h(x) − 2k(y)‖ � ϕi,j(x, y)

for all x, y ∈ V . By Lemma 3.2, there exist exactly one quadratic function Q : V → X
and two unique additive functions T1, Tα(i,j) : V → X satisfying

‖f 1(x)−f 1(0) − Q(x) − T1(x)‖
� M3(ϕi,j, x) + M3(ϕi,j,−x) + M4(ϕi,j, x, x) + M4(ϕi,j,−x,−x)

2
,
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‖fα(i,j)(x) − fα(i,j)(0) − Q(x) − Tα(i,j)(x)‖
� M3(ϕi,j, x) + M3(ϕi,j,−x) + M4(ϕi,j, x,−x) + M4(ϕi,j,−x, x)

2
for all x ∈ V and the functions Q, T1, Tα(i,j) are given by

Q(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

lim
n→∞

f 1(2nx)
4n = lim

n→∞
fα(i,j)(2

nx)
4n if ϕ satisfies (d),

lim
n→∞ 4n

(
f 1(2−nx)+f 1(−2−nx)

2 − f 1(0)
)

if ϕ satisfies (d’)

= lim
n→∞ 4n

(
fα(i,j)(2

−nx)+fα(i,j)(−2−nx)
2 − fα(i,j)(0)

)
,

T1(x) =

⎧⎨
⎩

lim
n→∞

f 1(2nx)−f 1(−2nx)
2n+1 if ϕ satisfies (e),

lim
n→∞ 2n−1(f 1(2−nx) − f 1(−2−nx)) if ϕ satisfies (e’),

Tα(i,j)(x) =

⎧⎨
⎩

lim
n→∞

fα(i,j)(2
nx)−fα(i,j)(−2nx)

2n+1 if ϕ satisfies (e),

lim
n→∞ 2n−1(fα(i,j)(2−nx) − fα(i,j)(−2−nx)) if ϕ satisfies (e’)

for all x ∈ V where i < j . Replacing x1 , xj by x , y , respectively and replacing xl by
x+y
2 in (3.1) for all l ∈ {2, 3, 4, . . . , n} − {j} , where 1 < j � n , we obtain∥∥∥∥f 1

(
n(x + y)

2

)
+ f j(x − y) +

j−1∑
m=2

fα(1,m)(
x − y

2
) +

n∑
m=j+1

fα(1,m)

(
x − y

2

)

+
j−1∑
m=2

fα(m,j)

(
x − y

2

)
+

n∑
m=j+1

fα(j,m)

(
−x − y

2

)
+

∑
1<l<m�n

l,m �=j

fα(l,m)(0)

− nf β(1)(x) − nf β(j)(y) − n
∑

1<l�n
l�=j

f β(l)

(
x + y

2

)∥∥∥∥
� ϕ′

1,j(x, y)

for all x, y ∈ V. Define f , g, h, k : V → X by

f (x) = f 1

(nx
2

)
− n

∑
1<l�n

l�=j

f β(l)

( x
2

)
+

∑
1<l<m�n

l,m �=j

fα(l,m)(0),

g(x) = f j(x) +
j−1∑
m=2

fα(1,m)

( x
2

)
+

n∑
m=j+1

fα(1,m)

( x
2

)

+
j−1∑
m=2

fα(m,j)

( x
2

)
+

n∑
m=j+1

fα(j,m)

(
− x

2

)
,

2h(x) = nf β(1)(x),

2k(x) = nf β(j)(x)
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for all x ∈ V . Then we get

‖f (x + y) + g(x − y) − 2h(x) − 2k(y)‖ � ϕ′
1,j(x, y)

for all x, y ∈ V . By Lemma 3.2, there exist exactly one quadratic function Q′ : V → X
and two unique additive functions Tβ(1), Tβ(j) : V → X satisfying

‖f β(1)(x)−f β(1)(0) − Q′(x) − Tβ(1)(x)‖

�
M3(ϕ′

1,j, x) + M3(ϕ′
1,j,−x) + M5(ϕ′

1,j, x) + M5(ϕ′
1,j,−x)

n

+
ϕ′

1,j(x, 0) + 2ϕ′
1,j(0, 0) + ϕ′

1,j(−x, 0)
2n

,

‖f β(j)(x)−f β(j)(0) − Q′(x) − Tβ(j)(x)‖

�
M3(ϕ′

1,j, x) + M3(ϕ′
1,j,−x) + M5(ϕ′

1,j, x) + M5(ϕ′
1,j,−x)

n

+
ϕ′

1,j(0, x) + 2ϕ′
1,j(0, 0) + ϕ′

1,j(0,−x)
2n

for all x ∈ V . The functions Q′, Tβ(1), Tβ(j) are given by

Q′(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

lim
n→∞

fβ(1)(2
nx)

4n = lim
n→∞

fβ(j) (2
nx)

4n if ϕ satisfies (d),

lim
n→∞ 4n

(
fβ(1)(2

−nx)+fβ(1)(−2−nx)
2 − f β(1)(0)

)
if ϕ satisfies (d’)

lim
n→∞ 4n

(
fβ(j)(2

−nx)+fβ(j)(−2−n)
2 − f β(j)(0)

)
,

Tβ(1)(x) =

⎧⎨
⎩

lim
n→∞

fβ(1) (2
nx)−fβ(1)(−2nx)

2n+1 if ϕ satisfies (e),

lim
n→∞ 2n−1(f β(1)(2−nx) − f β(1)(−2−nx)) if ϕ satisfies (e’),

Tβ(j)(x) =

⎧⎨
⎩

lim
n→∞

fβ(j)(2
nx)−fβ(j)(−2nx)

2n+1 if ϕ satisfies (e),

lim
n→∞ 2n−1(f β(j)(2−nx) − f β(j)(−2−nx)) if ϕ satisfies (e’)

for all x ∈ V where 1 < j � n . Replacing xi by 2mx for all i = 1, 2, . . . , n and
dividing by 4m in (3,1), we obtain∥∥∥∥∥∥

f 1(2mnx)
4m

+
∑

1�i<j�n

fα(i,j)(0)
4m

− n
n∑

i=1

f β(i)(2mx)
4m

∥∥∥∥∥∥ � ϕ(2mx, 2mx, . . . , 2mx)
4m

(3.3)

for all x if ϕ satisfies (d). Replacing xi by x
2m for all i = 1, 2, . . . , n and multiplying

by 4m in (3,1), we obtain∥∥∥∥4m

2

[
f 1

( nx
2m

)
+ f 1

(−nx
2m

)]
+

∑
1�i<j�n

4mfα(i,j)(0) − n
n∑

i=1

4m

2

[
f β(i)

( x
2m

)
+ f β(i)

(−x
2m

)]∥∥∥∥
� 4m

2

[
ϕ
( x

2m
,

x
2m

, . . . ,
x
2m

)
+ ϕ

(−x
2m

,
−x
2m

, . . . ,
−x
2m

)]
(3.4)
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for all x if ϕ satisfies (d’). From (3,2) and (3.4), we get∥∥∥∥4m
(1

2

(
f 1

( nx
2m

)
+ f 1

(−nx
2m

))
− f 1(0)

)

− n
n∑

i=1

4m
(1

2

(
f β(i)

( x
2m

)
+ f β(i)

(−x
2m

))
− f β(i)(0)

)∥∥∥∥
� 4m

2

[
ϕ
( x

2m
,

x
2m

, . . . ,
x
2m

)
+ ϕ

(−x
2m

,
−x
2m

, . . . ,
−x
2m

)]
(3.5)

for all x if ϕ satisfies (d’). Taking the limit in (3.3) and (3.5) as m → ∞ , we get

Q(nx) = n2Q′(x) i.e. Q(x) = Q′(x)

Let f −
k : V → X be the odd functions defined by

f −
k (x) =

f k(x) − f k(−x)
2

for all x ∈ V.

Then we can easily see that∥∥∥∥f −
1 (

n∑
i=1

xi) +
∑

1�i<j�n

f −
α(i,j)(xi − xj) − n

n∑
i=1

f −
β(i)(xi)

∥∥∥∥
� 1

2
[ϕ(x1, x2, . . . , xn) + ϕ(−x1,−x2, . . . ,−xn)] (3.6)

for all x1, x2, . . . , xn ∈ V . Replacing xi by x and replacing xl by 0 for all l ∈
{1, 2, . . . , n} − {i} in (3.6), we obtain∥∥∥∥f −

1 (x) +
i−1∑
l=1

f −
α(l,i)(−x) +

n∑
l=i+1

f −
α(i,l)(x) − nf −

β(i)(x)
∥∥∥∥ (3.7)

� 1
2
[ϕ1,i(0, x) + ϕ1,i(0,−x)].

Replacing x by 2mx and dividing by 2m in (3.7), we obtain∥∥∥∥ f −
1 (2mx)

2m
+

i−1∑
l=1

f −
α(l,i)(−2mx)

2m
+

n∑
l=i+1

f −
α(i,l)(2

mx)

2m
− n

f −
β(i)(2

mx)

2m

∥∥∥∥ (3.8)

� ϕ1,i(0, 2mx) + ϕ1,i(0,−2mx)
2m+1

for all x if ϕ satisfies (e). Replacing x by x
2m and multiplying by 2m in (3.7), we

obtain∥∥∥∥2mf −
1

( x
2m

)
+

i−1∑
l=1

2mf −
α(l,i)

(
− x

2m

)
+

n∑
l=i+1

2mf −
α(i,l)

( x
2m

)
− n2mf −

β(i)

( x
2m

)∥∥∥∥
(3.9)

� 2m−1
(
ϕ1,i

(
0,

x
2m

)
+ ϕ1,i

(
0,− x

2m

))



ON THE HYERS-ULAM-RASSIAS STABILITY . . . 75

for all x if ϕ satisfies (e’). Taking the limit in (3.8) and (3.9) as m → ∞ , we obtain

T1(x) +
i−1∑
l=1

Tα(l,i)(−x) +
n∑

l=i+1

Tα(i,l)(x) − nTβ(i)(x) = 0.

Replacing xi for all i ∈ {1, 2, . . . , n} by 2mx dividing by 2m in (3.6), we obtain

∥∥∥∥ f −
1 (2mnx)

2m
− n

n∑
i=1

f −
β(i)(2

mx)

2m

∥∥∥∥ (3.10)

� ϕ(2mx, 2mx, . . . , 2mx) + ϕ(−2mx,−2mx, . . . ,−2mx)
2m+1

for all x if ϕ satisfies (e). Replacing xi by x
2m for all i ∈ {1, 2, . . . , n} andmultiplying

by 2m in (3.6), we obtain∥∥∥∥2mf −
1

( nx
2m

)
−n

n∑
i=1

2mf −
β(i)

( x
2m

)∥∥∥∥ (3.11)

� 2m−1
(
ϕ
( x

2m
,

x
2m

, . . . ,
x
2m

)
+ ϕ

(
− x

2m
,− x

2m
, . . . ,− x

2m

))
for all x if ϕ satisfies (e’). Taking the limit in (3.10) and (3.11) as m → ∞ , we obtain

T1(x) −
n∑

i=1

Tβ(i)(x) = 0

for all x ∈ V . This completes the proof of the theorem. �

COROLLARY 3.4. Let p �= 1, 2 , θ > 0 be real numbers. Let ψ : V → [0,∞) be
a mapping such that ψ(x) = ‖x‖p for x �= 0 and ψ(0) = 0 if p > 1 . Let α(i, j), β(i)
be defined as in Theorem 3.3. Suppose that the functions f k : V → X satisfy∥∥∥∥f 1(

n∑
i=1

xi) +
∑

1�i<j�n

fα(i,j)(xi − xj) − n
n∑

i=1

f β(i)(xi)
∥∥∥∥ � θ

n∑
i=1

ψ(xi)

for all x1, x2, . . . , xn ∈ V , where k = 1,α(i, j), β(i), 1 � i, j � n .
Then there exists exactly one quadratic function Q : V → X and unique additve

functions Tk : V → X such that

‖f k(x) − f k(0) − Q(x) − Tk(x)‖ � Mk(x)

for all x ∈ V , where

M1(x) =
(

4
|4 − 2p| +

2
2p

+
4

|2 − 2p|
)
‖x‖p +

10 + 16(n − 2)
3

ψ(0),

Mα(i,j)(x) =
(

4
|4 − 2p| +

2
2p

+
4

|2 − 2p|
)
‖x‖p +

10 + 16(n − 2)
3

ψ(0),
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Mβ(i)(x) =
1
n

[(
8

|4 − 2p| +
4
2p

+
8 + 2 · 2p

|2 − 2p| + 1

)
‖x‖p +

23
3
ψ(0)

]

+
(n − 2)

n

[(
2
2p

+
2p + 4

2p|4 − 2p| +
3 + 2p + 3p

2p|2 − 2p|
)
‖x‖p + 4ψ(0)

]
.

The functions Q and Tk are given by

Q(x) =

⎧⎨
⎩

lim
n→∞ 4−nf k(2nx) if p < 2,

lim
n→∞ 4n

(
f k(2

−nx)+f k(−2−nx)
2 − f (0)

)
if p > 2,

Tk(x) =

{ lim
n→∞ 2−n−1(f k(2nx) − f k(−2nx)) if p < 1,

lim
n→∞ 2n−1(f k(2−nx) − f k(−2−nx)) if p > 1

for all x ∈ V .

COROLLARY 3.5. Let α(i, j), β(i) be defined as in Theorem 3.3. Suppose that the
functions f k : V → X satisfy

f 1(
n∑

i=1

xi) +
∑

1�i<j�n

fα(i,j)(xi − xj) = n
n∑

i=1

f β(i)(xi)

for all x1, x2, . . . , xn ∈ V , where k = 1 , α(i, j) , β(i) , 1 � i, j � n .
Then there exists exactly one quadratic function Q : V → X and additve functions

Tk : V → X such that
f k(x) = Q(x) + Tk(x) + f k(0)

for all x ∈ V .
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