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ON THE HYERS-ULAM-RASSIAS STABILITY OF AN
n-DIMENSIONAL PEXIDERIZED QUADRATIC EQUATION

KIL-WOUNG JUN, JAE-HYEONG BAE AND YANG-HI LEE

(communicated by Th. M. Rassias)

Abstract. In this paper we prove the stability of an n -dimensional Pexiderized quadratic equation
n

n
A x)+ X fagyxi —xp) =n 3 fg;)(xi) in the spirits of Hyers, Ulam and Rassias.
i=1 1<i<j<n i=1

1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk before the Mathematics Club of the
University of Wisconsin in which he discussed a number of important unsolved problems
(ref. [25]). Among those was the question concerning the stability of homomorphisms:

Let Gy be a group and let G, be a metric group with the metric d(-,-). Given
€ > 0, does there exist a § > 0 such that if a function h : G — G, satisfies the
inequality d(h(xy),h(x)h(y)) < & for all x,y € G then there is a homomorphism
H: G, — Gy with d(h(x),H(x)) < € forall x€ G, ?

The case of approximately additive mappings was solved by D. H. Hyers [5] under
the assumption that G| and G, are Banach spaces. In 1978, Th. M. Rassias [17] gave
a significant generalization of the Hyers’s result. P. Gavruta [4] also obtained a further
generalization of the Hyers-Ulam-Rassias theorem.

The quadratic functional equation

fr+y) +fx—y)=2f(x) =2f() = 0 (L.1)

clearly has f(x) = cx? as a solution with ¢ an arbitrary constant when f is a real

function of a real variable. We define any solution of (1.1) to be a quadratic function. A
Hyers-Ulam stability theorem for the equation (1.1) was proved by F. Skof for functions
f :V — X where V is a normed space and X a Banach space (see [24]). In 1984, P.
W. Cholewa [2] extended V' by an Abelian group G in the Skof’s result. In the paper
[3], S. Czerwik proved the Hyers-Ulam-Rassias stability of the quadratic functional

Mathematics subject classification (2000): 39B72, 47H15.

Key words and phrases: Quadratic function, Hyers-Ulam-Rassias stability, Pexiderized Euler-Lagrange
equation.

This work was supported by grant No. RO1-2000-000-00005 from the Korea Science and Engineering Foundation.

© ey, Zagreb 63

Paper MIA-07-08



64 JAE-HYEONG BAE, KIL-WOUNG JUN AND YANG-HI LEE

equation (1.1) and this result was generalized by a number of mathematicians (see
[1,6,7,11-13,16,18-23]).

Throughout this paper, let V and X be a normed space and a Banach space,
respectively. Lee and Jun [14,15] proved the Hyers-Ulam-Rassias stability of the Pexider
equation of f(x +y) = g(x) + A(y) (see also [10]) and also [8,9] proved the Hyers-
Ulam-Rassias stability of the Pexiderized quadratic equation of f (x +y) + g(x —y) —
2h(x) — 2k(y) = 0.

In this paper, we prove the stability of the n-dimensional quadratic and the n-
dimensional Pexiderized quadratic functional equations:

(Xn)+ 3 ri-w = Zf() (1.2

i=1 1<i<j<n

A(X5)+ T faate —xj):”éfﬁ(i)(xi)~ (13)

i=1 1<i<j<n

2. Stability of the equation (1.2)

Let n > 2 be a given positive integer. We denote by ¢ : (V \ {0})" — [0,00) a
function such that

oo
P(xr,x2, .., o(n'xy,n'xy, ... n'x,) < oo (a)
1=0
or
> X
~ 2 n .
Plrr,x2, - X Z <nl+1’nl+1""’nl+1> < (a)

1=0
forall x;,xz,...,x, € V\ {0}.

THEOREM 2.1 Let ¢ be as above. Suppose that the function f : V — X satisfies

lr(X5)+ ¥ ro *an 0| <ot x) @)
i=1 1<i<j<n
Sor all x1,x3,...,x, € V\ {0}. Then there exists exactly one quadratic function

0 :V — X such that
Hg(x) T pr—_—

forall x € V\ {0}. The function Q is given by

00) = tim LU for atix € v if  sarisfies (a) (22)

=00 n2



ON THE HYERS-ULAM-RASSIAS STABILITY ... 65

or
. X n
0(x) = zli‘?o”y{f(ﬁ)mf <0>} for x#0,
0 for x=0

if @ satisfies (a/).

Proof. At first, we prove the result for the case that ¢ satisfies the condition (a) .
Replacing x; by x forall i=1,2,...,n in (2.1), we obtain

Hf(nx) + @f(()) — )| < olx,x, ..., x) (2.3)

for x € V' \ {0} . Dividing by n? in (2.3), we easily obtain

for x € V\ {0}. Applying an induction argument to k in (2.4), we easily obtain

F(r - ) - (r - o) e

< ;(p(x,x,...,x)

(1ot - i) - (r0 - o) | es)
< : )
<G )

for x € V' \ {0} and for all K € N. Replacing x by n'x and dividing by »* in (2.5),
we have

1 1
(10 - 2 ) = (1t - 2 0
< ﬁ(ﬁ(nlx, n'x, ... n'x)

forall I > 0 and x € V\ {0} . This shows that {#(f(nlx) - mf(O))} is a Cauchy

sequence. Because X is a Banach space, the sequence {n%(f (n'x) — ) (0)}
converges. Define Q : V — X by

)y — 1 _£(0
0 = tim Y ,fzgnﬂ)f( )

. f(n'x)
:ll—lglo n?

(2.6)
forall x € V. From (2.6), we easily get that

0(0)=0 and Q) = n*Q(x)
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forall x € V. Replacing x; by n'x; forall i and dividing by n? in (2.1), we obtain

H (E:nxt)+ Z fnxl nx] Zf nx, ‘ (27)
Py .
1<i<j<n
o(n'xy,n'xy, ... nlx,)
S 2

forall x1,xz,...,x, € V\ {0}. Taking the limit in (2.7) as I — oo, we get
Q(in) + Z O(xi —xj) —n Z O(x)=0 (2.8)
i=1 1<i<j<n i=1

forall x,x5,...,x, € V\{0}. Replacing x; by y and x; by x forall i=2,3,...,n
in (2.8), we obtain

O(y+ (n—1)x) + (n = 1)Q(y — x) —n(n — 1)Q(x) —nQ(y) = 0 (2.9)

forall x,y € V\ {0}. Replacing x, by y and x; by x forall i=1,3,...,n in (2.8),
we obtain

Oy +(n=1)x) + Q(x —y) + (n = 2)Q(y — x) — n(n — 1)Q(x) — nQ(y) = 0 (2.10)
forall x,y € V\ {0}. From (2.9) and (2.10), we have
O(x) = O(—x) (2.11)

for all x € V. When n is an even number, replacing x; by x for 1 < i < % + 1 and
—x for § +2 <i< nin(2.8), we obtain

0(2x) + (g - 1) (n — 2+ 1>Q(2x) = 12Q(x) (2.12)
forall x € V\ {0}. When n is an odd number, replacing x; by x for 1 < i < %
and —x for 22 4+ 1 <i < n in (2.8), we obtain

1 1
ox) + ("er - 1) <n - ”; + 1>Q(2x) = 2Q(x) (2.13)

forall x € V\ {0}. From (2.12) and (2.13), we obtain
0(2x) =40(x) (2.14)

for all x € V. Replacing x;,x, by x+ y,x —y and x; by x for i = 3,4,...,n in
(2.8), we obtain

O(nx) + Q(2y) + (n = 2)Q(y) + (n —2)0(~) (2.15)
=n(n—2)Q(x) + nQ(x +y) + nQ(x — y)
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for x,y € V\ {0} with x+y,x—y € V\ {0}. From (2.11), (2.14) and (2.15), we
obtain
O(x+y) +0(x —y) —20(x) —20(y) = 0
for x,y € V\ {0} with x+y,x —y € V\ {0}. Hence we easily have that
Q(x+y) +0(x —y) —20(x) —20(y) = 0
forall x,y € V. From (2.5), we have the inequality

n
- ——f (0 < D IS
009~ () + 57,5337 (O] < 9. x,...)
forall x € V\ {0}. This completes the proof for the case that ¢ satisfies the condition

(a).
Similarly, we can prove the result for the case that ¢ satisfies the condition
(@). O

COROLLARY 2.2. Let p # 2, 0 > 0 be real numbers. Suppose that the function
f 'V — X satisfies

sz)* 2 f<xt'xf‘>ngf<x,->

1<i<j<n
S Ol [[” + [l + - + [lxal?)

Sor all x1,x2,...,x, € V\ {0}. Then there exists exactly one quadratic function
0 :V — X such that
0) ~f (¥) + 5——=f (0)| < ———-6|lx|l’
2(n+1) = |n?2 — el

forall x € V\ {0}. The function Q is given by (2.2).

3. Stability of the equation (1.3)

DEFINITION 3.1. Let o : A — N and f:{1,2,...,n} — N be defined by
. i—1)2n—i-2 .
a(i,j) = =1 > ) +Js

B(i):n(nz_l)+i+l,
where A = {(i,j)) e NxN|1<i<j<n}.

REMARK. Note that
(el | ) €4} = {23, 2,
{BG) | i=1.2,....n} = {"<" D, o+ +1}.

The following lemma is seen in [7].
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LEMMA 3.2. Let ¢ : V x V — [0,00) be a function such that

=1
;‘ Tkl 2/x,2y) (b)
or
Z (2z+1’ 21+1) <0 (b%)
and
=1
; X4l 2lx, 2!y) (c)
or
Bey) = 2 (57 57) <o ©)

=0

forall x,y € V. Suppose that the functions f,g,h,k : V — X satisfy

If (e +y) +&lx =) = 2h(x) = 2k()[| < @(x,y) forall x,y€eV.

Then there exist exactly one quadratic function Q : V — X and two unique additive
Sunctions T,T' : V — X such that

If (x) =f(0) — Q(x) — T(x)
< M3((p>x) +M3((p7 _x) +M4(q),x,x) +M4((,0, —X, _x)
X 2 )
18(x) — g(0) = O(x) — T'(x)||
< M3((p>x) +M3((p7 _x) +M4(q),x, —)C) +M4((,0, —)C,)C)
X 2 )

Jio ~0) - 00 - S + 7/

M3((P,)C) + M3((P, —.X) + Ms((P,X) + MS((P, —)C)
2
(p(x7 O) + 2(,0(07 O) + (P(—)C, 0)
+ i ,

<

k60 = £(0) = Q) = 570 - ')

M3((P,)C) + M3((p> _x) + M5(¢7x) + M5((,0, —)C)
2
+ (p(O,x) + 2§0(07 O) + (0(07 _x)
4

<
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forall x € V, where

M%) = 5 [0(60) +26(0,) + 26(x,0)
o0+ 2900+ 0(3.3) +o(3-3)]
Ma(@,x,y) = ¢(x,0) + ¢(0,y) + ¢(x,y),
Ms(0,3) = (B0 ) +26(5,0) + G(2x, —) + G(~x,)
(0,2 + (-, 20) + Gx,) + G(2%,)

+ (b(fxa 7)() + (p(o ) + (b( —-X, *2)()]
forall x,y € V. The function Q is given by

lim L2230 — jim £2) if @ satisfies (b),
O() =1 lim & (f(5) +f(=5) —2/(0))  if @ satisfies (b)

= lim 5 (g(37) + 8(—3) — 28(0))
and the functions T, T' are given by
Q") —f(=2")

lim —=—55—— if @ satisfies (c),
& = lim 2"(f (27"x) — £ (0)) if @ satisfies (c’),
lim 2"(g(27"x) — g(0)) if @ satisfies (c’).

Now, we denote by ¢ : V" — [0, 00) a function such that

Qx1,x0, .-y X) = i% 2'x1,2%y,...,2'%,) < o0 (d)
1=0
or
Glxr, 2, :Z (3 372 3m) <o ()
and ;o
Px1,x2, ...y Xy) = Z 2l—il(p(21x1,21x2, oo 2,) < oo (e)
or 1:00
GOxr, %2, %) :Z2Z¢(%,%,...,%) < 0 e)
1=0

forall x1,xz,...,x, € V. Define @i, ¢/ : V x V — [0,00) by

i—th j—th
¢;j(x,y) =(0,...,0, x,0,...,0,"y ,0,...,0),
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x+y X+Yy i—th X+Yy
(pzlj(xay)_(p( 2 PR 2 y X

Xty j-th x+Yy x+y
2 EAE 2 ) y ) 2 P 2 )
where i <.
THEOREM 3.3. Let ¢ : V" — [0,00) be as above. Suppose that the functions
fx 'V — X satisfy
(S DEIERD DN ﬂiyﬁm Plii e ox) (1)
i=1 1<i<jgn

SJorall x1,x2,...,x, €V, where k =1, a(i,j), B(i), 1 <i,j < n. Then there exist
exactly one quadratic function Q : V — X and unique additve functions T :
such that

V-X
IFk(x) = fx(0) = Q(x) — Ti(x)|| < Mi(x)
forall x € V, where
Mi(x) = inf M3(@ij,x) + M3(@;, —x) + Ma(@;j, x,x) + Ma(@;;, —x, —x)’
1<i<j<n 2
_ Ms(@ij,x) + Ma(@ij, —x) + Ma(@ij, X, —x) + Ma(@ij, —x, X)
My (x) = > )
M5(@! ., x) + M3(@, ., —x) + Ms5(¢@) ., x) + Ms(@]| ., —x
M5(1>(x 11n£ 3((pl,/ ) 3((pl,/ ) 5((01,J ) 5((n01.J )
<Jgskn

n

L 01(60) +2¢1,(0,0) + ¢1,(~x, 0)

2n — }’

M (@1, x) + Ms(o1 j, —x) + Ms(o] j,x) + Ms (@] ;, —x)
Mp)(x) =

n
¢1,(0,x) +2¢],(0,0) + ¢{ ;(0, —x)
Jr
2n
The functions Q and Ty are given by

lim 47"f;(2"x) if @ satisfies (d),
Q(x) _ n—oo
lim 4" ( >+fk

n—oo

—fx(0 )) if @ satisfies (d’),
{ Jim 27 l(fk(2"x) —fi(=2"x))  if @ satisfies (e),

Jim 272 < (=27 @ sarisfes (¢)

forall x € V. The functions Ty, ’s satisfy the following equations

Tk ()C)

i—1 n
T - Z To(mi) + Z To(im) = nTp),

m=1 m=i+1

= Th.-
i=1
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Proof. If @ satisfies the condition (d”) or (e’), then we easily have that ¢(0,0, .. .,
0) = 0. Hence

Z focz,/ _anﬁ :O (32)
1<i<j<n
if ¢ satisfies the condition (d’) or (e’). Replacing x;, x; by x, y, respectively and

replacing x; by 0 in (3.1) forall € {1,2,...,n} — {i,j}, where 1 <i<j<n,we
get

p(xJFY)JFfOH,/ JFZfoclz )+ Zfoc(i,l)(x)

i<l<n
I#j
+ Z foc(l,/)(_y) + Z foc(j,l) (y) + Z foc(l,m)(o)
1<I<j j<i<n 1<i<m<n
I£i I#i,j
m#ij
—nfpn (x) = nfpy () —n Y Fean( ‘
1<I<n
I4ij
< @i(x,y)
forall x,y € V. Define f,g,h,k: V — X by
f(x) =h ()C),
8(x) = faij)(x),
20(x) == > faun(—X) = D Fain ) +nfpe ),
1<i<ign 1<i<i<n
I#
- Z foc(l,/)(_y) - Z foc(j,l)(y) - Z fa(l,m)(o)
1<I<jgn 1<<I<n 1<l<m<n
I#i I#ij
m#ij
+ nfB(, )+n Z fﬁ
1<I<n

I#ij
for all x € V. Then we get
If (x+y) +&(x =) = 2h(x) = 2k()[| < @1(x,)

forall x,y € V. By Lemma 3.2, there exist exactly one quadratic function Q : V — X
and two unique additive functions T, Ty : V — X satisfying

If1(x)=f1(0) — O(x) — T1 (x)||
o Ms(@ij, %) + M5(@ij, =) + Ma(@ijr X, %) + Ma(@ij, =%, =)
~X 2 b
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[F iy (%) = Fautiy (0) = Q(x) = Toygiy (x) |
< M3(@ij, %) + Ms(@ij, —x) + Ma(@iy,
= 2

a(iy) are given by

x, —x) + My(@ij, —x, x)

for all x € V and the functions Q, T}, T,

f(X(lJ (2 x)
4

= lim if @ satisfies (d),
n )+f1 . . y
lim 4 —f1(0) if @ satisfies (d’)

= lim 4" f"‘(”( Hfa”)( 2 *fa(iJ( ))

f1(2"0)—f1(=2"x)
lim L 2,”1
n—oo

if @ satisfies (e),
Jim 27 L1 (27"x) — f1(—27"x))

f(X(lJ 2X) le(lJ( "x)
n—>OO

if @ satisfies (e),
To(ij(x) =
T dim 27 ) (277) — Faag (<27)

if @ satisfies (e’),

if @ satisfies (e”)
forall x € V where i <j. Replacing x;, x; by x, y, respectively and replacing x; by
X2 in (3.1) forall I € {2,3,4,...,n} — {j}, where 1 <j

< n, we obtain

Pl (@) +filx =) +§fa<1,m)()%) + i Fattm (?)

m=2 m=j+1
j—1 n
xX—=y X—y
+ E Fagmj) <—2 >+ § ) (— 7 >+ § fom(0)
m=2 m=j+1 1<l<1;<n
l,m#j

—nfpy(x) — nfp(y) —n Zfﬁ <x+y)H

1<i<n
I#
< (pi.j(x> y)

for all x,y € V. Define f,g,h,k:V — X by

fx) = (g) —n > fa0) (g) + Y faum(0)

1<i<n

1<l<m<n
I Lm#j
j—1 X n X
x) + Zfa(l,m) (5) + Z Soa(im) (5)
= m=j+1
+Zfoc (my) ( ) Z foz(]m (7_) ’
m=2 m=j+1

2h(x) = nfp)(x),
2k(x) = nfp(;)(x)
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forall x € V. Then we get

If (x +y) + glx —y) = 2h(x) = 2k(y)|| < @} ;(x,y)

forall x,y € V. By Lemma 3.2, there exist exactly one quadratic function Q' : V — X
and two unique additive functions Tp(y), Tg(;) : V — X satisfying

1F(1) (x)=Fp(1)(0) — Q'(x) — Tpy ()]
< Ms(1;, %) + Ms(@1;, —x) + Ms(;;, x) + Ms(¢1;, —x)
n
(pij(x7 O) + 2(pig(07 O) + (pi,j(_x> 0)
+ )
2n
If i) (¥)=fp(5) (0) = Q' (x) = T ()|
Ms(@1;, %) + M3(@1;, —x) + Ms (@1, x) + Ms(¢ ;, —x)
= n
(pij(07x) + 2(pig(0a 0) + (pi,}(07 *X)
_|_
2n
for all x € V. The functions Q’, Tg(1), Tp(j) are given by

Tim fﬁm(z Y — lim ’M if ¢ satisfies (d),

n(f 04, . e
Q'(x)={ lim 4 ( B2 AW fﬁ(l)(0)> if ¢ satisfies (d’)
n +f
lim 4 ( o _fB(i>(0))>
) lim M# if @ satisfies (e),
Tpy(x) = { "
W nhnolo 2" N(fp1)(27"x) — f1y(—27"x)) if @ satisfies (e’),
" lim W if @ satisfies (e),
TB x) = n—o0
v Tim 27 (7 (27 — i (~27)) if ¢ satisfies (")

for all x € V where 1 < j < n. Replacing x; by 2™x forall i = 1,2,...,n and
dividing by 4™ in (3,1), we obtain

f1(2™nx) faiij(0) " fpei)(2"x) O(2"x,2Mx, ..., 2"x)
_ < 33
4}71 + Z 4}71 n Z 4}71 4m ( )
1<i<j<n i=1
forall x if ¢ satisfies (d). Replacing x; by 55 forall i = 1,2,...,n and multiplying
by 4™ in (3,1), we obtain

51 () A (] 3 #0135 () ()]
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for all x if @ satisfies (d’). From (3,2) and (3.4), we get

[ G0(3) +(3) -50)
*"24’"(( (2»1)”" (2x N H

<%[w(%’%v--’f)+<"(25’53~--@)} (3
for all x if @ satisfies (d’). Taking the limit in (3.3) and (3.5) as m — oo, we get
Q(nx) =n*Q'(x) ie. Qx)=0'(v)
Let f; : V — X be the odd functions defined by
~ fi(x) = fi(=x)
2

forall xeV.

fr ()=

Then we can easily see that

P Zx, _U(xi—xj)—n;fﬁ_(,-)(xi)

<

NI*—‘//\

[(P(x1, X2, %) + @(=X1, —x2, .., —Xn)] (3.6)

for all x1,xp,...,x, € V. Replacing x; by x and replacing x; by 0 for all [/ €
{1,2,...,n} — {i} in (3.6), we obtain

i—1 n
0+ S () + 2 S @) = 0 (37)
=1 I=i+1
1
< 5[@1,1‘(0#) + ¢1(0, —x)].
Replacing x by 2"x and dividing by 2™ in (3.7), we obtain
Frm S a2 | Sl S C™
‘ om Z 2m Z om —-n om (38)
I= I=i+1
< (pL,-(O, 2m x) + (pl,,-(O, 72’”x)
= om+1

for all x if ¢ satisfies (e). Replacing x by 57 and multiplying by 2" in (3.7), we
obtain

i—1 "
1 () + 52 (- 5)+ 50 ()05 5|
<2 (o (0.5) + 0us(0.- )

(3.9)
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for all x if @ satisfies (e’). Taking the limit in (3.8) and (3.9) as m — oo, we obtain

i—1 n
X) + D To(=%) + Y Ton(x) — nTp(x) = 0.
=1

I=i+1

Replacing x; forall i € {1,2,...,n} by 2"x dividing by 2™ in (3.6), we obtain

fi (2"nx) ‘ fﬁ_(l.)(Z’”x)
_ 022", 2") + (2", —2", .., —2"x)
= om+1

forall x if ¢ satisfies (e). Replacing x; by 57 forall i € {1,2,...,n} and multiplying
by 2™ in (3.6), we obtain

b ()32 ()

ol ) ol e )
= ¢ 2m’ Zm"' om ¢ Zm’ 2m""7 om

forall x if ¢ satisfies (e”). Taking the limitin (3.10) and (3.11) as m — oo, we obtain

= T (x) =
i=1

forall x € V. This completes the proof of the theorem. [J

(3.11)

COROLLARY 3.4. Let p # 1,2, 6 > 0 be real numbers. Let v : V — [0,00) be
a mapping such that y(x) = ||x||? for x # 0 and y(0) =0 if p > 1. Let o(i,j), B(i)
be defined as in Theorem 3.3. Suppose that the functions f : V — X satisfy

}fl(z x)+ > faip—x)—nY fpo)|[ <0 wix)
i=1 i=1 i=1

1<i<j<n
Sorall xi,x3,...,x, €V, where k=1,a(i,j),B({),l <i,j<n
Then there exists exactly one quadratic function Q : V — X and unique additve
Sfunctions Ty : V — X such that

1Fx(x) = fx(0) — Q(x) = Tu(x)[| < Mi(x)

forall x € V, where
4 2 4 10+ 16(n —2)
M = - py 2 VPN A

4 2 10+ 16(n — 2)
. = [ — P R



76 JAE-HYEONG BAE, KIL-WOUNG JUN AND YANG-HI LEE
1 8 4 8+2.2° 23
Mpin(x) == |[——— + = £ 222 g ) P + 2w (0
100 =1 | (g + 3 + g 1) 117+ Zw0)
(n=2)[(2 244 34w\
i 4y (0)] .

The functions Q and Ty are given by

+

n

lim 4-"f,(27) if p <2,
0W) =9 " o

lim 27" (f1.(2"x) — fi(—2"x)) if p<l,
Ti(x) =

lim 2" (f(27"x) — fiu(=27"x)) if p>1
forall x € V.

COROLLARY 3.5. Ler o(i,j), B(i) be defined as in Theorem 3.3. Suppose that the
functions f . V — X satisfy

fl(zxi) + Z faiy(xi —x;) =n Zfﬂ(i)(xi)
i=1 i=1

1<i<j<n

SJorall x1,x3,...,x, €V, where k=1, a(i,j), B(i), 1 <i,j<n.
Then there exists exactly one quadratic function Q : V — X and additve functions
Ty : V — X such that

fi(x) = Q(x) + Ti(x) + fi(0)
forall x € V.
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