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SPECHT’S RATIO AND LOGARITHMIC

MEAN IN THE YOUNG INEQUALITY

MASARU TOMINAGA

Abstract. For a positive operator A with 0 < m � A � M (m, M ∈ R) , the Young operator
inequality gives as follows: λA + (1 − λ) � Aλ for λ ∈ [0, 1].

In this note, we prove that the estimation of the converse Young operator inequality is

obtained by using Specht’s ratio S(t) = t
1

t−1

e log t
1

t−1

and the logarithmic mean L(s, t) = t−s
log t−log s

(s, t > 0) , that is, we have for a given p under some conditions

pAλ + max

{
L(1, m) log

S(m)
p

, L(1,M) log
S(M)

p

}
� λA + (1 − λ) (� Aλ ) for λ ∈ [0, 1].

Moreover by using operator means, we consider the converse Young operator inequality related
to two operators A and B .

Furthermore we discuss reverse inequalities of the Hölder-McCarthy inequality and the
inequality on the concavity of the logarithmic function.
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geometric mean, Hölder-McCarthy inequality.

RE F ER EN C ES

[1] J. I. FUJII, S. IZUMINO AND Y. SEO, Determinant for positive operators and Specht’s theorem, Sci. Math.,
1 (1998), 307–310.

[2] F. KUBO, On logarithmic operator means, Tenth Symposium on Applied Functional Analysis, Science
university of Tokyo, 1987, 47–61.

[3] F. KUBO AND T. ANDO, Means of positive operators, Math. Ann., 264 (1980), 205–224.
[4] C. A. MCCARTHY, cp , Israel J. Math., 5 (1967), 249–271.
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Inequal. Appl., 2 (1999), 83–112.
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