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SPECHT’S RATIO AND LOGARITHMIC
MEAN IN THE YOUNG INEQUALITY

MASARU TOMINAGA

(communicated by J. Pecari¢)

Abstract. For a positive operator A with 0 < m <A <M (m,M € R), the Young operator

inequality gives as follows: AA+ (1 —A4) > A* for A € [0,1].

In this note, we prove that the estimation of the converse Young operator inequality is
1

. . . —1 . . —
obtained by using Specht’s ratio S(z) = —1'=1_ and the logarithmic mean L(s,1) = m

elogt =1
(s, > 0), that is, we have for a given p under some conditions

pA)L + max {L(l,m) log @,L(I,M) log @} A+ (1-2) (ZA)L) for A € [0, 1].

Moreover by using operator means, we consider the converse Young operator inequality related
to two operators A and B.

Furthermore we discuss reverse inequalities of the Holder-McCarthy inequality and the
inequality on the concavity of the logarithmic function.

1. Introduction

We cite the Young inequality which is considered as the A -weighted arithmetic-
geometric mean inequality as follows:
Let a and b be positive real numbers. Then the inequalities

ra+(1—7)>d (1.1)

and

Aa+ (1 —=A)b>d b= (1.2)

hold for every A € [0,1].

In this note, an operator means a bounded linear operator acting on a complex
Hilbert space H . The inequalities (1.1) and (1.2) are extended to an operator version.
For it we use the following two means. Let A and B be positive invertible operators.
For every A € [0, 1], we denote by v/, the A -weighted arithmetic mean as follows:

By A:=AA+ (1 —-A)B,
Mathematics subject classification (2000): 47A63.
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and by i} the A -weighted geometric mean as follows:
B, A:=B*(B"ZAB 7)"Bx.

The A -weighted geometric mean is introduced by F. Kubo and T. Ando in [3]. The
following Young operator inequality is regarded as an operator version of the A -
weighted arithmetic-geometric mean inequality:

THE YOUNG OPERATOR INEQUALITY. Let A be a positive operator. Then the
inequality
M+ (1—1) > A (1.3)
holds for every A € [0,1].
Furthermore, let A and B be positive invertible operators. Then the inequality
By, A>Bf) A (1.4)
holds for every A € [0,1].

For the sake of convenience, we recall some constants as follows: Let m and M
be real numbers with 0 < m < M. Then the logarithmic mean L(m, M) (cf. [2]) is
defined by

M —
LmM) = ——— "
logM — logm
Next the constant S(h) defined by
=
Sh) = ———— (h>1)
eloghn—1

is called Specht’s ratio [1], [8], which is the best upper bound of the arithmetic mean
by the geometric one for positive numbers: For x; € [m,M] with M > m > 0
(i=1,2,...,n), the following inequality holds

S(h)Yxixy .. x, > Xi1+x+...+x

n
where the constant i = % is called a condition number in the sense of Turing [11].

In our previous note [10], we show converse ratio and difference inequalities of
the Young operator inequality (1.4) independent of A € [0, 1] as follows: For positive
invertible operators A and B with 0O <m < A,B< M and h = %(> 1), the inequality

(= Yx1. %),

[Ratio inequality] S(h)(B#, A) =2 B/, A (= Bty A),
[Difference inequality] #aL(m,M)logS(h) > Bsxy2 A— Bt A (=0)

hold for every A € [0, 1].

The purpose of this paper is to give complementary inequalities of the above
converse ratio and difference inequalities, independent of a real number A € [0, 1]: Let
A and B be positive invertible operators with 0 < m < A,B < M and h = % > 1.
For some real number p > 0, we show the following inequality:

S(h)

p(B #, A) + hL(m, M) log > >Bv,A(=BfA).
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To prove above complementary inequality, we show the following inequality which is
the converse Young operator inequality of (1.3):

pA* + max {L(l,m) log %,L(I,M) log @} >AA+ (1= A) (=A%),

In the above two inequalities, we see that Specht’s ratio and the logarithmic mean play
the important role.
As applications, we consider the converse inequalities of well-known inequalities.
Moreover, as the converse inequality of the Holder-McCarthy inequality [4]:

(Ax,x)* > (A*x,x) forevery A € [0, 1] and every unit vector x € H,
we show the following inequality:

p(A*x,x) + max {L(l,m) log @,L(I,M) log%M)} > (Ax,x)* (= (A*x,x))

forevery A € [0, 1] and every unit vector x € H .
Furthermore the Young inequality (1.2) implies the concavity of the logarithmic
function, that is, we have

log(Aa+ (1 —A)b) — Aloga+ (1 —A)logh > 0.

We show the upper bound of the above inequality. Hence we give its operator version
as follows:

2logS(h) > log(AA+ (1 —A)B) — (AlogA + (1 — A)logB) > 0.

2. Converse inequalities of the Young inequality

For the sake of convenience, we denote by I, the following closed interval

e, L(1,a)] for a>1
o= { %L(L“%L(l’i)% for 0<a<1. (2.1)

We remark that a family of the interval I, (@ > 0) has a monotone property in the
sense that
I,CIl, forl<a<b or 0<b<a<l.

Moreover it is obvious that 1 € I, for a > 0 by the monotonicity of the logarithmic
mean.

In this section, we give the converse inequalities of the Young inequalities (1.1),
(1.2) and the Young operator inequalities (1.3), (1.4). For it we give the following
lemmas. In our previous note [10], we obtain the following properties by considering
Specht’s ratio S(#) as a function for ¢ > 0:

LEMMA 2.1. A function S(t) is strictly decreasing for 0 < t < 1 and strictly
increasing for t > 1. Furthermore the following equations hold

S(1)=1 and S(t)zS(%) forall ¢>0.
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Moreover we show the following lemma related to the order of Specht’s ratio and
the logarithmic mean:

LEMMA 2.2. The following inequality holds

L(l,%) glgS(%) = S() <L(L,1) for t>1

(orL(l,t) <1< S8() :S(%) <L(1,%) for 0<ir< 1) .

Proof. Let t > 1. From the property of the mean (L(1,1) < 1 < L(1,7)) and
Lemma 2.1 (S(z) = S() > 1) we only prove an inequality S(f) < L(1,7). Since it

follows from the Klein inequality (i.e., log¢ < ¢ — 1 for r > 0) that l;l—glt < 1, we have

ti—1
log <0.
e

Taking an exponential and multiplying L(1,) in the both sides of the above inequality,
we have

1

It

L(L,1)— < L(L,1)

1

and so the desired inequality is complete by S(¢) = % . ”;_1

Let 0 < ¢ < 1. The desired inequality holds by replacing ¢ with % in the above
case.
Let + = 1. Then we have the following equation (related to the property of the
mean):
. . t—1 .1
limL(1,7) = lim =lim — = 1.
—1 =1 logr =1 5

Hence we have the desired inequality from Lemma 2.1 (S(1) =1). O

In the following theorem, we show converse inequalities of the Young inequalities
(1.1) and (1.2):

THEOREM 2.3. Let a be a positive number. Suppose that p be a positive number
in I,. Then the inequality

pauL(La)log%“) >da+(1-A) (=d) (2.2)

holds for every A € [0,1].
Furthermore let a and b be positive numbers. Suppose that p be a positive
number in 1 a. Consequently, the inequality

pa* b~ + L(a,b)log % > Aa+ (1 —A)b (= d'b'™) (2.3)

holds for every A € [0,1].
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Proof. Let a # 1. For every p > 0, we put a function f,, ,(A) derived from the
Young inequality (1.1) as follows:

fra(A) :==Aa+ (1 = L) —pd* = (a— 1A + 1 —pd*.

Then we want to determine the maximum of f,,(4). We have by a differential
calculation

fraA) = (a—1) = pa*loga
and so an equation f, ,(A) = 0 has the following unique solution A = 4, ,:

a—1
gplogu - a—1

loga 8 ploga’

P.a

The condition p € I, for a > 1 is equivalent to the condition A, , € [0,1]. Indeed we
have

—1
p€h<¢$l<‘%g <a < Ay €0,1]
ploga
by L(1, 5) = Lg’“) . Similarly, the condition p € I for 0 < a < 1 is equivalent to

the condition 4,, € [0,1]. It follows from f,() = —pa*(loga)? < 0 that f,,(7)
is the strictly concave function. So a maximum of f,,(4) takes at A = 4, ,, and we
have

max fpa(A) = fpa(Apa)

0<A<!
a—ll a—1 a—1 al(l a—1 loga 1)

1 - = —
loga ngloga+ loga loga ngloga+a71

1
—1 a—1 S
_ log a - :L(l,a)logﬁ),
loga pelogaa—t p

and the desired inequality (2.2) is obtained.

Let a = 1. Then the inequality (2.2) is ensured by Lemma 2.1 (S(1) = 1), the
property of the mean ( L(1, 1) = 1) and the Klein inequality (logp < p—1 for p > 0).
The desired inequality (2.3) is obtained by replacing a with § in (2.2). O

From the above theorem, we see that the estimation of the converse Young inequal-
ity is obtained by using Specht’s ratio and the logarithmic mean. Moreover we see that
the estimation is the best upper bound from the proof of Theorem 2.3.

In the following remark we give the upper bound of Aa+ (1—A)a—pa* in p &1,
for a > 0:

REMARK 2.4. Let @ > 1 and p ¢ I, in Theorem 2.3. Then the value of f, ,(1)
for A € [0, 1] is positive if 0 < p < L(1,1) and negative if L(1,a) < p. So the
maximum of f,.(A) takesat A = 1if 0 <p < L(1,1) and A =0 if L(1,a) < p,
i.e.,

f(1) if 0<p<L(L,}i)
=£(0) if L(l,a)<p
)

< L(1,a)log ﬁ.
p

Aa—&—(l—l)—palg {(I—P)a(
L—p(
S
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On the other hand, let 0 < a < 1 and p & I, in Theorem 2.3. Then the maximum
of fpa(A) is given as follows:

L—p(=f(0) if 0<p<L(la)
Aa —A)—pd <
ti-4)-r <{(1p (=f
S

Ja(=f(1)) if L(1,3) <p
a)

< L(1,a)log —=.
p

—

As the special case of Theorem 2.3, we have the following converse ratio and
difference inequalities of the Young inequalities (1.1) and (1.2) (cf. [10]):

COROLLARY 2.5. Let a and b be positive numbers. Then the following converse
ratio and difference inequalities hold for every A € [0, 1]
[Ratio inequalities |

S(a)a* = ra+ (1 —A) (= d"), (2.4)
s(g)a%H > da+ (1—A)b (= b, (2.5)
[ Difference inequalities |
L(1,a)logS(a) > Aa+ (1 —A) —d* (>0), (2.6)
L(a, b) logS(g) > da+ (1—A)b—a b= (> 0). (2.7)

Proof. Since wehave S(a), 1 € I, for a > 0 from Lemma 2.2, the inequality (2.2)
suffices for the inequalities (2.4) and (2.6) by putting p = S(a) and 1, respectively.
Moreover the inequality (2.3) suffices for the inequalities (2.5) and (2.7) by putting
p=S5(3) and 1 € Ia , respectively. [

In the following theorem, we show the converse inequality of the Young operator
inequality (1.3), that is, the operator version of (2.2):

THEOREM 2.6. Let A be a positive operator with 0 <m <A <M and m < M.
Suppose that p be a positive number satisfying one of the following conditions

(i) pel, if mM=2M>)m>1,

(i) pely, if M>mM>1>m>0,
(iii) pely if M=21>mM (=m>0),
(iv) pely if 1>M(>m>mM>0).

Then the inequality
pA* 4 max {L(l,m) log M,L(I,M) log LM)} >AA+(1—2A) (=AY (2.8)
p p

holds for every A € [0,1].
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Proof. Let t be a positive number m < t < M and let p > 0. We put a function
fp(t, A) as follows:

Fo(t;A) = At + (1= A) — pt*, (2.9)
where A € [0,1]. Then we have by the differential calculation of f, (1) (= f,(t,1))
for ¢

fpa(t) =4 =pAl~t = A(1—pi")

and

F75(0) = =pA( = )72 (> 0).
It implies that f,;(z) is a convex function, and hence the maximum of f,; () for
t € [m, M] takes at the extreme point ¢ = m or M . So we have for every A € [0, 1]

max f,; (t) = max {f,1(m),fp2 (M)} (= max {f,(m,A),f,(M,1)}).

m<t<M

Furthermore, let f,,(A) = f,(z,A) in (2.9). By the same method as in the proof
of Theorem 2.3, we want to determine the maximums of f,,(A) and f,y(A) for
A €1]0,1]. We sketch it.

Let p hold the condition (i) (i.e., p € I, for m > 1). We calculate the maximum
of fym(4) for A € [0, 1]. An equation f;,(A) = 0 has a unique solution A = 4,
The condition p € I, is equivalent to the condition /1,,,,,, € [0, 1]. By the strict concavity
of fpm(A), amaximum of f,,,(A) takes at A = A,,,, and so we have

S(m
@)=t = 12
Next we calculate the maximum of f, y(A). Since we have p € I,, C Iy by M > m >
1 and Lemma 2.2, a unique solution A = 4,y of the equation f, ,,(A) = 0 for 4 is
included in [0, 1]. By the strict concavity of fj, »(A) we have

S
o2 Frm(4) vaM(AP7M)—L(1,M)log%.

Therefore we have for every 7 € [m, M] and every A € [0, 1]

fp(t, A) < max{f,(m,A),f,(M,A)} < max {L(l,m) log %,L(I,M) log @}

By the same method as in the above case (i), we have in the case (ii)—(iv)
S S(M
pt* + max {L(l,m) log (—m),L(l,M) log Q} > At+(1-2),
p p

and so by functional calculus we have the desired inequality (2.8). O

As the special case of Theorem 2.6, we have the following converse ratio and
difference inequalities of the Young operator inequality (1.3):

COROLLARY 2.7. Let A be a positive operator with 0 < m < A < M and
m < M. Then the following ratio and difference inequalities hold for every )L €10,1]:
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[Ratio inequality
max{S(m), S(M)}A* > AA+ (1 — 1) (= A%), (2.10)
[ Difference inequality]
max {L(1,m)logS(m),L(1,M)logS(M)} > AA+ (1 — 1) —A* (>0). (2.11)

Proof. By Theorem 2.6 and moreover Remark 2.4 and the proof of Theorem 2.6,
we have for every p > 0

pA* 4 max {L(l,m) log %m),L(l,M) log @} > AA+ (1 —2) (= A%).

Since equations L(1,m) log @ =0 and L(1,M)log @ = 0 have unique solutions
p = S(m) and S(M), respectively. So we have the desired inequality (2.10).
On the other hand, by putting p = 1 (which is included in every interval defined

by (2.1)) the inequality (2.8) suffices for the inequality (2.11). O
We remark that the value max{S(m),S(M)} in (2.10) is determined as

[ S(m) if mM > 1
max {S(m),S(M)} = { S(m) if 1>mM >0

by Lemma 2.1.
In the following theorem, we show a converse inequality of the Young operator
inequality (1.4), that is, it is the operator version of (2.3):

THEOREM 2.8. Let A and B be positive invertible operators with 0 < m <

AB< M and h = % > 1. Suppose that p be a positive number in I,. Then the

inequality
p(B 1 A) + hi(m M) log S0 > B, A (> B, A) (2.12)
P

holds for every A € [0,1].

Proof. In Theorem 2.6, we replace A with B 2AB~1. Then we have 7 <

B iAB": < X e, r < B 3AB~: < h. Moreover p € I, is corresponding to

m?

a condition (ii) in Theorem 2.6 (i.e.7 peliandh-t=1>;> O) . Hence we

1
1
7
have for every A € [0, 1]

1

1 1 h 1
p(B"ZAB™2)* + L(1,h) log& >AB IABT + (1 - 1)
p

by Lemma 2.1 (S(#) = S(4) for 7 > 0) and the property of the mean (L(1,s) > L(1,1)
for s > ¢ > 0), and hence we have

pB*(B"1AB~7)*B* + L(1,h) <log @) B> AA+(1—A)B.
P
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So we have the desired inequality (2.12)by M > B >m > 0. O

As the special case of Theorem 2.8, we have the following converse ratio and
difference inequalities [10] of the Young operator inequality (1.4):

COROLLARY 2.9. Let A and B be positive invertible operators with 0 < m <
A B< M and h = % > 1. Then the following ratio and difference inequalities hold
Sforevery A €[0,1]

[Ratio inequality |
S(h)(B t. A) = B2 A (= Bty A), (2.13)
[ Difference inequality]
hL(m,M)log S(h) > B/, A — B #; A (> 0). (2.14)

Proof. Since we have S(h), 1 € I, from Lemma 2.2, the inequality (2.12) suffices

for the inequalities (2.13) and (2.14) by putting p = S(h) and 1, respectively. [

From Theorems 2.6 and 2.8, we see that the logarithmic mean and Specht’s ratio

play an important role in a converse inequalities of the Young operator inequalities (1.3)
and (1.4).

3. Applications of the converse Young inequalities

In this section, as applications of the converse Young operator inequalities, we
consider converse inequalities of the well-known Holder-McCarthy inequality and in-
equalities related to concavity of the logarithmic function.

We cite the well-known Holder-McCarthy inequality [4]:

THE HOLDER-MCCARTHY INEQUALITY. Let A be a positive operator. Then the
inequality
(Ax,x)* > (A*x,x) (3.1)
holds for every A € [0,1] and every unit vector x € H .
The above Holder-McCarthy inequality is extended by using the geometric mean
as follows:

THE EXTENDED HOLDER-MCCARTHY INEQUALITY. Let A and B be positive in-
vertible operators. Then the inequality
(Bx,x) ) (Ax,x) = (B ) Ax,x) (3.2)
holds for every A € [0, 1] and every unit vector x € H.
Without depending on A € [0, 1], we show converse inequalities of the Holder-
McCarthy inequality (3.1) by Theorem 2.6 as follows:

THEOREM 3.1. Let A be a positive operator with 0 <m <A <M and m < M.
Suppose that p(, m and M) be a positive number satisfying one of the conditions
(i)—(iv) in Theorem 2.6. Then the inequality

S(m)
p

p(A*x,x) + max {L(l,m) log ,L(1,M) 1og¥} > (Ax,x)* (= (A%, x))

(3.3)
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holds for every A € [0,1] and every unit vector x € H .

Furthermore the following ratio and difference inequalities hold for every A €
[0, 1] and every unit vector x € H :
[Ratio inequality |

max{S(m), S(M)}(A*x,x) > (Ax,x)"* (= (A*x,x)), (3.4)
[ Difference inequality]
max{L(1,m)logS(m),L(1,M)logS(M)} > (Ax,x)* — (A*x,x) (>0). (3.5)

Proof. By Theorem 2.6 and the Young inequality (1.1), we have for a given p > 0
M
p(A*x,x) + max {L(l,m) log m,L(l,M) log &}
p p

> AAxx) + (1-2) > (Axx)?,

which is just the desired inequality (3.3). By the same method as in the above, (3.4)
and (3.5) are easily checked from Corollary 2.7. [

By the same method as in Theorem 3.1, we have the following converse inequalities
of the extended Holder-McCarthy inequality (3.2) by Theorem 2.8, independent of
A €0,1]:

THEOREM 3.2. Let A and B be positive invertible operators with 0 < m <
AB< M and h = % > 1. Suppose that p be a positive number in I,. Then the
inequality

p{B #, Ax,x) + hL(m,M)log ? > (Bx,x) fy (Ax,x) (= (Bf) Ax,x)) (3.6)

holds for every A € [0, 1] and every unit vector x € H.

Furthermore the following ratio and difference inequalities hold for every A €
[0, 1] and every unit vector x € H :
[Ratio inequality |

S(h)(B s Ax,x) > (Bx,x) #; (Ax,x) (= (B, Ax,x)), (3.7)
[ Difference inequality]
hL(m,M)log S(h) > (Bx,x) £, (Ax,x) — (B #; Ax,x) (= 0). (3.8)

Proof. By Theorem 2.8 and the Young inequality (1.2), we have for a given p € I,

p{B i, Ax,x) + hL(m,M) log%h) > (B Ax,x) = A(Ax,x) + (1 — A)(Bx,x)

> (Bx,x) f; (Ax,x).

So we have the desired inequality (3.6).
By the same method as in the above, (3.7) and (3.8) are easily checked from
Corollary 2.9. O
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From Theorems 3.1 and 3.2, we see that the estimations of the converse (extended)
Holder-McCarthy inequalities independent of A € [0, 1] are represented by using
Specht’s ratio and the logarithmic mean.

Next we consider the estimation of the following inequality which represents the
concavity of the logarithmic function: For every positive numbers a and b

Aloga+ (1 —A)logh < log(Aa+ (1 —A)b) (3.9)

holds for A € [0,1].
In the following theorem, we estimate the upper bound in (3.9), in which Specht’s
ratio appears:

THEOREM 3.3. Let a and b be positive numbers. Then the inequality
0 <log(Aa+ (1 —A)b) — (Aloga+ (1 —A)logh) < logS(g) (3.10)

holds for every A € [0,1].
Consequently, the inequality
0<log(Aa+ (1 —-A))—Aloga < logS(a) (3.11)
holds for every A € [0,1].
Proof. Taking logarithmic of both sides of 2.5, the desired inequality (3.10) is
obtained. The desired inequality (3.11) is obtained by putting » = 1 in (3.10). O

The logarithmic function is well-known as one of the operator concave functions,
that is, for positive invertible operators A and B the inequality

AlogA+ (1 —A)logB < log(AA+ (1 —A)B) (3.12)

holds for every A € [0, 1].

We consider the operator version of (3.10), i.e., the converse inequality of (3.12).
For it, as the application of Theorem 2.8, we have the following lemma by putting
(Ax,x) and (Bx,x) instead of A and B for every unit vector x € H , respectively:

LEMMA 3.4. Let A and B be positive operators with 0 < m < A,B < M and
h=M > 1. Suppose that p be a positive number in I,,. Then the inequality

p{Ax,x)*( Bx,x) '=* + hL(m, M) log%h) (3.13)
> A(Ax,x) + (1 — A)(Bx,x) (> (Ax,x)*(Bx,x) %)

holds for every A € [0, 1] and every unit vector x € H.

Furthermore the following ratio and difference inequalities hold for every A €
[0, 1] and every unit vector x € H :
[Ratio inequality |

S(h){ Ax,x)*(Bx,x) =
> A(Ax,x) + (1 = A)(Bx,x) (= (Ax,x)*(Bx,x)'™*), (3.14)
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[ Difference inequality]
hL(m,M)log S(h)
> A(Ax,x) + (1 — A)(Bx,x) — (Ax,x)*(Bx,x) '™ (> 0).  (3.15)

Proof. In (2.12), we replace A and B with (Ax,x) and (Bx,x) , respectively.

Then we have & < E’gﬁji < % ,ie., % < E’gﬁji < h. Hence for p € I, the inequality

p{Ax,x)*( Bx,x) '=* + hL(m, M) log%h) > A(Ax,x) + (1 — A)(Bx,x)

holds for every A € [0, 1] and every unit vector x € H. By the same method as in the
above, the inequalities (3.14) and (3.15) are checked from Corollary (2.9). O

The following lemma gives the upper bound of (0 <) log(Ax,x) — ( (logA)x,x)
which is a converse difference inequality of Jensen’s inequality related to a logarithmic
function (cf. [3], [6], [7], [9]):

LEMMA 3.5. Let A be a positive invertible operator on H with 0 <m < A<M
and h = 3; > 1. Then the inequality

(0 <) log(Ax,x) — ((logA)x,x) <logS(h) (3.16)
holds for every unit vector x € H.

Proof. The proof of this lemma is given in [9]. But we give the proof to complete
this lemma directly. Since the inequality log? > Ologt + Blog holds for m <t < M, we
have by functional calculus

((logA)x,x) = Oliog (Ax,x) + Piog,

where 0o = W and P, = Mlogm—mlogM " qq it is sufficient to see the

M—m
maximum value of log(Ax,x) — (Ctog(Ax,x) + Biog) , i.e., the function f (¢) := logr —
(Cliog? + Biog) On 1 € [m,M]. We have f'(t) = 1 — oy = 0 if and only if 7 = fjpy =
oqlog = L(m,M) (€ [m,M]). Moreover we easily see f'(r) > 0 for 0 < ¢ < 0, and
f'(r) <0 for t > 1o, Hence the maximum value of f(r) on [m, M] is attained for
t = g , and we have as the explicit expression

,max f(r) =f(hog) = log s (1+ Brog)

~ log M—m 71+mlongM10gm
logM — logm M—-m

=log — + log A;
elog hi—1 mM—m

Mﬁ hhil

= log + log — = log —

elog hi=1 mi=m . m elog hh—1

which shows the desired inequality (3.16). O
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In the following theorem, we show the converse inequality of (3.12) independent
of A € [0, 1] as the operator version of Theorem 3.3:

THEOREM 3.6. Let A and B be positive invertible operators with 0 < m <
A,B< M and h = 3; > 1. Then the inequality

0 <log(AA+ (1 —A)B) — (AlogA+ (1 —A)logB) < 2logS(h) (3.17)
holds for every A € [0,1].

Proof. Since a logarithmic function is operator monotone, we have the first in-
equality of (3.17). On the other hand we have

(log(AA + (1 — A)B)x,x) < log{(AA+ (1 —A)B)x,x)
< Alog(Ax,x) + (1 —A)log(Bx,x) + logS(h)

(by(3.14))
< A((logA)x,x) + (1 —A){(logB)x,x) + 2logS(h)

(by (3.16)).
Hence the proof of Theorem 3.6 is complete. [
As the operator version of (3.11), we hold the following theorem:

THEOREM 3.7. Let A be a positive invertible operator with 0 < m < A < M and
h=M > 1. Then the following inequality holds

0 <log(AA+ (1 —A)) —AlogA < logS(h). (3.18)
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