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ON SOME NEW INTEGRO-DIFFERENTIAL INEQUALITIES
RELATED TO WEYL’S AND HEISENBERG’S TYPE INEQUALITY

QING-HUA MA AND JOSIP PECARIC

(communicated by N. Elezovic)

Abstract. In the present paper some new integro-differential inequalities are obtained, which
generalize some results of Pachpatte and Pecari¢ at ec and derive some new generalizations of
Weyl and Heisenberg type inequalities.

1. Introduction

The important Weyl’s and Heisonberg’s uncertain inequality which describe the
uncertain principle of quantum mechanics can be stated as following lemmas respec-
tively:

LEMMA 1. [I1] Let f be a real-valued continuously differentiable function on

(0,00), then
/Ooofz(t)dt <2 (/OOO ,2f2(t)dt>% (/Ooof/z(t)dt)% ’ n

where the integrals on the right side of (1) exist.

LEMMA 2. [6] Let f be a real-valued continuously differentiable function on
(=00, ), then

[ rwasa([” tzfz(t)dt>% (/ Zf’z(t)dt>% , )

where the integrals on the right side of (2) exist.

Inequalities (1) and (2) are remarkable in terms of simplicity, the large numbers
of results to which they lead, and the variety of applications which can be related to
them. In past few years some useful generalizations and similar works of (1) and (2) are
established by various investigators, see [1-5,7-10] and the references given therein. In
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[9] some interesting integro-differential inequalities were established, which claim their
origin to the Weyl’s inequality. Using a weight function appearing in the right of this
inequality, J. Pecari¢ and Z. Hanj§ [10] give a more general inequality which unified
and improved several inequalities given in [9].

The purpose of the present paper is to establish some new integro-differential
inequalities which generalise the main results given in [9,10] and derive some new
generalizations of Weyl and Heisenberge type inequalities.

2. Main results

In what follows, we assume that all integrals appearing below exist on the respective
domains of their definition.

THEOREM 1. Let a,b,p > 0 and q > 1 be real constants with a < b. Let ¢ bea
nonnegative continuous function defined on (a,b). Let further that f be a real-valued
continuously differentiable function defined on (a,b). Then

(i)
b b q
[ owroras [owror (moro-molY a o
(it)
b b ptq
[ owraras o (ool a @
where m(t) = (p + q)%(tt)),n(t) = CI:D“T(;)) +t—a,®,01) = fut o(s)ds.

Proof. Constructing the following definite integral and integrating it by parts, we
obtain

' (O | o(r) — g)’:a+b:aqo(t dt
[ roreon - (340 + 1 =%00)]

_ /ab F ()Pd {(1 - ;;Z) <I>a(t)]

b —a
- (1 - 5 ) (1) (p + @) If (1P| ()] (sgnf (1)

< [(1- 2) @ + arop o

and hence we have

b b —a
[ owuoreas [ (1= =2) o0 + ol OF ol

a a
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Rewriting the above inequality we have

b b
[ sororeas [Cowrore (moro+ao ) a o

(i) From the inequality (5) and using the Holder’s inequality with indices ¢, g/(qg—
1), we obtain

b b
[ oworas [ o0 ops (mop o)+ o)

a

. (p(q_l)/q(t)[f(t) |p+f1—1—p/f1dt

S <
=
Q=
N————
<

QU
[
=
=

b
< U p()lf (O (Mf)b”(t)l +n(1)
(a-1)/q

{/wwwM4 . ©)

Now we assume that the left member of (6) is positive, otherwise the desired
inequality (3) holds trivially. Thus from (6) we derive

b 1/q b g Ve
[/’wmv«mPWm] <[/’w@vonpcmovxo+m0gfl> m] 7

and therefore, the desired inequality (3) follows.
(ii) Similarly, we rewrite (5) and use the Holder’s inequality with indices p + g
and (p +q)/(p + g — 1). It follows that

S

b b
/ o(0)If (1) +9dr < / (1) 0+ <m(l)vl(t)|+n(t)V(t)|)

a —da

- WPra= /0D (1) |f (1) P9 dr

<L[wo@mwwun@%%fﬂ4

(p+q—1)/(p+q)

{/wwwM4 . )

1/(p+4q)

We now assume that the left member of (7) is positive, otherwise the desired inequality
(4) holds trivially. From (7) we derive

' e e 1\
[/WWWW4 <V¢m@wmmm%,)d%

—a
The last relation is equivalent to inequality (4). O

1/(p+q)

By letting a = 0, ¢(¢) = t*(a > 0) in Theorem 1, we derive the following
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COROLLARY 1. Let f be a real-valued continuously differentiable function defined
on (0,b). Then we have

(i)
[ eropac<ws [Cearop (o L0 @
(ii)
/Ob taV(t)‘p+th < NPH /0” (2+p+a Of/(f) n @)pw &, ©)
where N = max{gi%, giql}

REMARK 1. The conclusions of Corollary 1 is the main results of Pachpatte [9] and
here the constant N is better than in [9].

COROLLARY 2. Let a = 0 and the conditions of Theorem 1 be satisfied. If ¢(t) is
also nondecreasing, then

(i)
b b q
[ owropea<st [“eowror (ro+ B0 ) a a0
(ii)
b b r+q
[ owwrara<ye [Ceeon (o B a

where Ny = max{p + q,2}.

Proof. If @(¢) is nondecreasing function, then

[ otas

:(P+4)0¢T<(P+61)f7

q)()(t)
o(t)

m(t) = (p +4q)

Substituting the last relations into (3) and (4), we obtain (10) and (11), respectively.

REMARK 2. Letting ¢(r) = In(1 + ) and ¢(¢) = exp(kt)(k > 0) in (10) and
(11), respectively, we obtain four interesting inequalities, as follows:

[ nsoropa <t [Comaoror (o L0 a2

b b rt+q
/Oln(1+t)[f(t)|P+‘1dt<N’f+‘f/o #*1In(1 +1) (V’(r)+T) dr, (13)
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and
b

[ et o<t [ sepuirop (o B0 a

b b p+a
/0 exp(kt)|f (1)[P"9dt < NY q/o 9 exp(kt) <[f ()] + T) dr. (15)

Letting b — oo in Theorem 1 then we obtain

COROLLARY 3. Let ¢(t) be a nonnegative continuous function defined on (a, 00).
Let f be real-valued continuously differentiable function defined (a, o). Then

(i)

/ T oW P < (o + g)f / T o eI P (s (16)
(ii)
[ ewiora< g [T o rwer o opea. )

REMARK 3. When a = 0, ¢(¢) = t*(o > 0 is a constant), from (16) and (17) we
derive Pachpatte’s another main result in [9].

THEOREM 2. Let p,q, @(1),f (t), ®,(t) be as defined in Theorem 1, and k(t) be a
positive real-valued function on (a,b). Then

rone 1"

b b q
[ owroreac< | [Coororeo (sor ol a2 dr]

1/q

b
/ @a(t)V(t)p+qkql(t)dt] . (18)

where g(t) = (p + q)%,h(r) =14+ (t— a)(g)a((tz) and g = q/(q—1).

Proof. Rewrite inequality (%) in a way:

b b
[ owrrareacs [eorore (sorol il a

—a

b
N / @,/ (0)lf (1K (1) (g(t)b”(t) + h(r)%)

- @la=V/a|f (1)@= DD ag 1)y,

Using Holder’s inequality with indices g, q+q1 we get the desired inequality (18). O

REMARK 4. When a = 0, ¢(f) = t*(o > 0 is a constant) and k(¢) = ~"/9w(t)
in Theorem 2, we can derive the main result given in [10] (Theorem 1, (2)).
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THEOREM 3. Let f € C'((a,0),R), ¢ € C((a,00),R ) and k(t) € C((a, ), (0,00)).
Then

1/q

[ ewrwra<p+a [ [ et I”kq(t)V’(t)‘fdt]

: [ / - @, (K (1)|f (1) |P+th} v : (19)
where ¢/ = .

Proof. For any b > a, by using Minkowski’s inequality, we derive from (18) that

b
/ eI (' dr < {

b | 1/q
| et oo (b_a)qdr]

1/q
+

b
/ Do (1) If ()I7k~ (1) (D) f ()|t

1/q
Jr

b
[ et e wa

1/q /4

<| [ eororcoeorora] | [ eororeadon

1/q 1/(1/

b %)
T /@@)V(r)ﬁﬂk%t)hq(t)dr] [ / q>a<r>v<r>|"+qkq’<t>dr}

b —

In the last inequality by letting b — oo, we obtain (19). O

REMARK 5. Let a = 0, () = (¢ > 0 is a constant) and k(¢) = =4 w(r),
then we get another main result appeared in [10] (Theorem 1 (3)).
Let k() = (®,4(¢))"/4, from Theorem 3, we have

COROLLARY 4. Suppose that the conditions appearing in Theorem 3 are satisfied.
Then we have the following Weyl-type inequality

1/q

[ eworeas<pol [T rorrord

/4

([ otopwrea] (20)

REMARK 6. Leta =p = 0,9 =2,¢(t) = 1, then ®(¢) = [, 1ds = ¢, from (20)
we obtain the well-known Weyl inequality

/Ooofz(t)dt <2 (/OOO tzfz(t)dt>% (/Ooof’z(t)dt)% .
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THEOREM 4. Let o > 2 be a real number f € CY(R,R),p € C(R,R;) bea
Sfunction with satisfying ¢(—t) = @(¢ fo s)ds. Then we have the following
Heisenberg type inequality

| ewrorasa| [ o Zf'2<>dr]l/2-[/°°cb%(r)wm“dt}l/z.(21)

— 00 — 00

Proof. Setting p = o0 — 2, we have

/ )l (0)]%dr = / T Wl (P

0 00
— [ ewr@rras [ owr@pra. @)
—00 0
Changing the variable + = —u for the first integral in the right side of (22) and using
the condition @(—7) = @(¢), we get

0 [e%s)
| owrwrra= [~ ol -upra (23)
—00 0
Let ¢ =2 and a = 0, from (20) we have
o o 1/2
[ ewrepra< e | [T ool
0 0
0o 1/2
[ wororea] (24)

Using inequality (24) to the right of (23) we derive
0o oo 1/2
2P gy —w)PIf (—u)*du
| ewircuprans @ | [T rorycopad
0o 1/2
| [T s cwpeal
0

Since

@ = [ pls)ds = - / " p(—v)dv = - / o)y = ~®o(u),

by the last inequality we obtain

/ " oW)lf (—w)Pdu
0

<e+n [ V(—u)lplf’(—u)zdu} - [ et

0 1/2
/ FOPl zdr] / @é(r)b‘(r)l“ﬂdrl |

— 00

1/2

=2+p)

(25)
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Substituting (23), (24) and (25) into (22), we obtain

0o 0 1/2 0 1/2
[ Q(0)If (1] “dr < (2 +p) / FOPI 0P| / QI (1) i
0o 1/2 %) 1/2
L @+p) [/ V(t)’”b"(t)zdt] [/ S0 ()i
0 1/2
<<2+p>/_ FOPl |dr+/ (ORI (1) P
0 1/2
[ wororras [T ojorora
12

e+ | [ roryoral ﬂ-[/_i@%a)wr)“f’dr

Letting oo = 2 + p, from the last inequality, we derive the desired inequality (21). O

REMARK 7. (i) When ¢(f) = ",n € {0,1,2,---}, from (21) we have the
following Heisenberg type inequality

& Ui rory ’2<f>d’] - UZ r4"+2v<t>|°fdr} -

(26)

/ 2|f (1)|%dr < 5

(ii) Letting n = 0, = 2 in (26), we get Heisenberg inequality

/_O;fZ(t)dt <2 (/_i tzfz(t)dt>% (/_O;fIZ(I)dQ%
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