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GENERALIZATION OF HILBERT’S INTEGRAL INEQUALITY

I. BRNETIĆ AND J. PEČARIĆ

(communicated by N. Elezović)

Abstract. A generalization of the well-known Hilbert’s inequality is given and several other
results of this type obtained in the recent years follow as a special case from our result.

1. Introduction

Throughout the paper we suppose that all integrals converge. We also assume
nonnegativity of all real functions of the real variable so we omit these type of conditions
in all theorems and corollaries.

First, let us recall the well known Hilbert’s integral inequality:

THEOREM. The following inequality holds

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy < π
(∫ ∞

0
f 2(x)dx ·

∫ ∞

0
g2(x)dx

) 1
2

,

where π is the best possible.

In the recent years a lot of results with generalizations of this type of inequality
were obtained. Let’s mention some of them which take our attention. We cite the results
of Yang ([1],[2],[3]), Peachey ([4]), Gavrea ([5]) and Hong ([6]).

We start with the result of Yang:

THEOREM A (YANG). If λ > 0 , then the following inequality holds∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

< B

(
λ
2

,
λ
2

)(∫ ∞

0
x1−λ f 2(x)dx ·

∫ ∞

0
x1−λg2(x)dx

) 1
2

,

where B is beta-function, and B
(λ

2 , λ
2

)
is the best possible constant.
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The following generalization is given by the same author:

THEOREM B (YANG). If p > 1 and 1
p + 1

q = 1 and λ > 2 − min{p, q} , then the
following inequality holds∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

< B

(
p + λ − 2

p
,
q + λ − 2

q

)(∫ ∞

0
x1−λ f p(x)dx

) 1
p
(∫ ∞

0
x1−λgq(x)dx

) 1
q

,

where the constant B
(

p+λ−2
p , q+λ−2

q

)
is the best possible.

Another result of the same type is given by Peachey:

THEOREM C (PEACHEY). If p > 1 , 1
p + 1

q = 1 , b > − 1
p and c > − 1

q , then

∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)b+c+1

dxdy

< B

(
b +

1
p
, c +

1
q

)(∫ ∞

0
xp(1−b)−2f p(x)dx

) 1
p
(∫ ∞

0
xq(1−c)−2gq(x)dx

) 1
q

.

Yang also gave a result of the similar type:

THEOREM D (YANG). If λ > 0 , p > 1 and 1
p + 1

q = 1 , then the following
inequality holds∫ ∞

0

∫ ∞

0

f (x)g(y)
xλ + yλ

dxdy

<
π

λ sin(π/p)

(∫ ∞

0
x(p−1)(1−λ )f p(x)dx

) 1
p
(∫ ∞

0
x(q−1)(1−λ )gq(x)dx

) 1
q

,

where the constant π
λ sin(π/p) is the best possible.

Multiple Hilbert’s integral inequality was obtained by Gavrea:

THEOREM E (GAVREA). If n � 2 is an integer, then∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(x1 + x2 + ... + xn)λ

dx1dx2...dxn

�
Γ2
(

2−n+λ
2

)
Γ(λ )

(
n∏

i=1

∫ ∞

0
xn−1−λ f n

i (x)dx

) 1
n

,

for any λ ∈ (n − 2, n − 1] , where Γ is gamma-function.
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An interesting multiple Hilbert-type integral inequality is given by Hong:

THEOREM F (HONG). If n � 2 is an integer and λ > 0 , then

∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(x1 + x2 + ... + xn)λ

dx1dx2...dxn

� 1
Γ(λ )

n∏
i=1

(
Γ
(

1 − b
ri

)
Γ
(
λ − n + 1 +

b
ri

)∫ ∞

0
xn−1−λ f pi

i (x)dx

) 1
pi

,

for b � 0 , pi > 1 , i = 1, ..., n ,
∑n

i=1
1
pi

= 1 , ri = p1 · ... · pi−1 · pi+1 · ... · pn , ri > b ,

and λ > n − 1 − b
ri

, i = 1, ..., n .

2. Main results

For the sake of simplicity, all the indices are taken modulo n throughout the paper.
Our main result generalizes previous mentioned results:

THEOREM 1. If n � 2 is an integer and
∑n

i=1
1
pi

= 1 , pi > 1 , i = 1, ..., n , then

∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(x1 + x2 + ... + xn)λ

dx1dx2...dxn

<
1

Γ(λ )

n∏
i=1

(Γ(1 − Ai+1pi)Γ(λ − n + 1 + Ai+1pi))
1
pi ×

×
(∫ ∞

0
xn−1−λ+pi(Ai−Ai+1)f pi

i (x)dx

) 1
pi

,

for any λ > n − 2 and Ai ∈ ( n−λ−1
pi−1

, 1
pi−1

) , i = 1, ..., n , while Γ is gamma-function.

Proof. Applying Hölder’s inequality we obtain

∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(x1 + x2 + ... + xn)λ

dx1dx2...dxn

=
∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)
xA1
1

x2
A2

f 2(x2)
xA2
2

x3
A3

...f n(xn)
xAn
n

x1
A1

(x1 + x2 + ... + xn)λ
dx1dx2...dxn

�
n∏

i=1

(∫ ∞

0
· · ·
∫ ∞

0

(
xAi
i

xAi+1
i+1

)pi
f pi
i (xi)

(x1 + x2 + ... + xn)λ
dx1dx2...dxn

) 1
pi

.

with
∑n

i=1
1
pi

= 1 , pi > 1 , i = 1, ..., n .
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By putting uk = xk
xi

, k = 1, ..., n , k �= i , we have

xAipi
i

∫ ∞

0
...

∫ ∞

0

dx1...dxi−1dxi+1...dxn

xAi+1pi
i+1 (x1 + ... + xn)λ

= xn−1−λ+pi(Ai−Ai+1)
i

∫ ∞

0
...

∫ ∞

0

u−Ai+1pi
i+1 du1...dui−1dui+1...dun

(u1 + ... + ui−1 + 1 + ui+1 + ... + un)λ
.

(1)

By integrating ∫ ∞

0

dv
(a + v)λ

1
(λ − 1)aλ−1

we obtain ∫ ∞

0
· · ·
∫ ∞

0

u−Ai+1pi
i+1 du1...dui−1dui+1...dun

(u1 + ... + ui−1 + 1 + ui+1 + ... + un)λ

=
1

(λ − 1)(λ − 2)...(λ − n + 2)

∫ ∞

0

u−Ai+1pi
i+1

(1 + ui+1)λ−n+2
dui+1

=
Γ(1 − Ai+1pi)Γ(λ − n + 1 + Ai+1pi)

(λ − 1)(λ − 2)...(λ − n + 2)Γ(λ − n + 2)

=
1

Γ(λ )
Γ(1 − Ai+1pi)Γ(λ − n + 1 + Ai+1pi).

(2)

where we used the well known formula for beta and gamma function

B(a, b) =
∫ ∞

0

ta−1dt
(1 + t)a+b

=
Γ(a)Γ(b)
Γ(a + b)

.

Now the result follows from (1) and (2).
Also taking into account that the gamma-function is defined for positive real

numbers, we obtain the conditions λ > n − 2 and Ai ∈ ( n−λ−1
pi−1

, 1
pi−1

) .

Also, let’s note that the equality holds if and only if the numbers (f i(xi)
xAi
i

x
Ai+1
i+1

)pi ,

i = 1, ..., n are proportional in what case our integrals diverge, hence the inequality is
strict. �

Theorem 1 is a generalization of the result of Theorem E. Namely, by putting
Ai = n−λ

2pi−1
, i = 1, .., n from Theorem 1 we obtain

COROLLARY 1. If n � 2 is an integer, λ > n − 2 and
∑n

i=1
1
pi

= 1 , pi > 1 ,
i = 1, ..., n , then∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(x1 + x2 + ... + xn)λ

dx1dx2...dxn

<
Γ2
(

2−n+λ
2

)
Γ(λ )

n∏
i=1

(∫ ∞

0
x
(n−λ )( 1

2 + pi
2pi−1

)−1
f pi
i (x)dx

) 1
pi

.
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Now the result of Gavrea (TheoremE) follows from Corollary 1 by putting pi = n ,
i = 1, .., n .

The result of Theorem E is a multidimensional generalization of Theorem A, but
the special case n = 2 takes our attention, especially because of the results of Theorems
B and C which are not included in Gavrea’s multidimensional generalization given by
Theorem E.

So, our result given in Theorem 1 for the special case n = 2 is the following one:

COROLLARY 2. If λ > 0 , p > 1 and 1
p + 1

q = 1 , then the following inequality
holds

∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

< (B(1 − A2p, λ − 1 + A2p))
1
p (B(1 − A1q, λ − 1 + A1q))

1
q ×

×
(∫ ∞

0
x1−λ+p(A1−A2)f p(x)dx

) 1
p
(∫ ∞

0
x1−λ+q(A2−A1)gq(x)dx

) 1
q

,

while A1 ∈ ( 1−λ
q , 1

q ) and A2 ∈ ( 1−λ
p , 1

p ) .

Note that we introduce beta-function by using formula B(a, b) = Γ(a)Γ(b)
Γ(a+b) .

Now we can obtain the result of Theorem B by putting A1 = A2 = 2−λ
pq in

Corollary 2.

Also, if we put A1 = 1−b
q − 1

pq , and A2 = 1−c
p − 1

pq , we obtain the following
result:

COROLLARY 3. If p > 1 , 1
p + 1

q = 1 , 0 < b + 1
p < λ and 0 < c + 1

q < λ , then

∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

<

(
B

(
c +

1
q
, λ − c − 1

q

)) 1
p
(

B

(
b +

1
p
, λ − b − 1

p

)) 1
q

×

×
(∫ ∞

0
x(p−1)(1−b)+c−λ f p(x)dx

) 1
p
(∫ ∞

0
x(q−1)(1−c)+b−λgq(x)dx

) 1
q

.

REMARK. If we add another condition λ = b + c + 1 in Corollary 3, we obtain
the result of Peachey given in Theorem C.

Further it is interesting to point out the special case of Corollary 1 for n = 2 :
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COROLLARY 4. If λ > 0 , p > 1 and 1
p + 1

q = 1 , then the following inequality
holds ∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

< B

(
λ
2

,
λ
2

)(∫ ∞

0
xp−1− pλ

2 f p(x)dx

) 1
p
(∫ ∞

0
xq−1− qλ

2 gq(x)dx

) 1
q

.

Finally, we generalize the result of Theorem D.
If we put xi = uαi

i , i = 1, ..., n in Theorem 1 and change f (uαi
i )uαi−1

i with f (ui)
we obtain

THEOREM 2. If n � 2 is an integer and
∑

i=1
1
pi

= 1 , pi > 1 , i = 1, ..., n , then

∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) · ... · f n(xn)
(xα1

1 + xα2
2 + ... + xαn

n )λ
dx1dx2...dxn

<

∏n
i=1 α

1
pi
−1

i

Γ(λ )

n∏
i=1

(Γ(1 − Ai+1pi)Γ(λ − n + 1 + Ai+1pi))
1
pi ×

×
(∫ ∞

0
xαi(n−λ−pi+pi(Ai−Ai+1))+pi−1f pi

i (x)dx

) 1
pi

,

for any λ > n − 2 and Ai ∈ ( n−λ−1
pi−1

, 1
pi−1

) , i = 1, ..., n .

Now we obtain the result of Theorem F by putting Ai = b
p1···pn

and αi = 1 ,
i = 1, ..., n .

It is also interesting to point out the special case for n = 2 :

COROLLARY 5. If λ > 0 , p > 1 and 1
p + 1

q = 1 , then

∫ ∞

0

∫ ∞

0

f (x)g(y)
(xα + yβ)λ

dxdy

< α− 1
q β− 1

p (B(1 − A2p, λ − 1 + A2p))
1
p (B(1 − A1q, λ − 1 + A1q))

1
q ×

×
(∫ ∞

0
xα(2−λ−p+p(A1−A2))+p−1f p(x)dx

) 1
p

×

×
(∫ ∞

0
xβ(2−λ−q+q(A2−A1))+q−1gq(x)dx

) 1
q

,

while A1 ∈ ( 1−λ
q , 1

q ) and A2 ∈ ( 1−λ
p , 1

p ) .

If we put A1 = A2 = 1
pq , λ = 1 and α = β = λ in Corollary 5 we obtain the

result of Theorem D.
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