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GENERALIZATION OF INEQUALITIES OF HARDY-HILBERT TYPE

1. BRNETIC AND J. PECARIC

(communicated by 1. Peri¢)

Abstract. A generalizations of the well-known Hilbert’s and Hardy-Hilbert’s inequality are given
both in discrete and integral case.

1. Introduction

In the recent years Hilbert’s inequality attracted significant attention and some new
inequalities of Hilbert type were stated. In [6] we obtained new, more general form of
this inequality which includes some previously known results as a special case. In this
paper we also state inequality of Hardy-Hilbert type equivalent to our two-dimensional
result in [6] providing its special cases as well as discrete analogues.

Throughout the paper we suppose that all integrals and all series converge. We also
assume nonnegativity of all real functions of the real variable and all real sequences, so
we omit these type of conditions in all theorems and corollaries.

We start with reviewing some known results of this type.

THEOREM A. (integral case) If p > 1 and - + ~ = 1, then the following
inequalities hold and are equivalent

[l o
[)m(omff)y"x) Nsim) [ 16 @)

where the constants Sin(’:r 75) and (Sin( ) )p are the best possible.

THEOREM A. (discrete case) If p > 1 and [—17 + é = 1, then the following
inequalities hold and are equivalent

>3 e < sin(fr/m(z ) (Z”q) ®)

n=1 m=1 n=1
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SO

m=1 n=1

where the constants and (Sin(’; 75 )p are the best possible.

sin(?':[/p)

Inequalities (1) and (3) are known as Hilbert’s inequalities (for Hilbert’s and
related inequalities see [2, Chapter V]). We shall call the inequalities (2) and (4) Hardy-
Hilbert’s inequalities, because of the similarity with Hardy’s inequality as it was pointed
out by A.Kufner ([8]).

Let’s also mention recent results by Yang ([3], [4], see also [7]):

[4],
THEOREM B. (integral case) If p > 1 and 1 >+ é =1, A > 2 —min{p, g}, then
the following inequalities hold and are eqmvalent

= [T 0)sb)dxdy
/0 /o (x +y)* | |
(A2 A (o) ([ aspa)’
/()ooy(/ll)(pl)(/ooo %)de<3<p+i2’q+22)p/ooo)&/1 o

where B(~ +;} AR q+/[11 2) and B(’%7 'H/}[—*z)p are the best possible, while B is the
beta-function.

THEOREM B. (discrete case) If p > 1, % + é =1,and 2 —min{p,q} <A <2
then the following inequalities hold and are equivalent

b p+A—2 qg+A—-2 > i > i i
S (0 S ()

Z”‘M’”(i ) B(p+/1 2’q+/12>21/1

=1 p n=1

p
where B (’%, qu/}T—2> nd B(”J”1 2 ‘H); 2) are the best possible.

2. Integral case

In this section we extend some of our results from [6] by stating equivalent inequal-
ities of Hardy-Hilbert type. We start with the main result:

THEOREM 1. If A >0, p > 1, % + é = 1, then the following inequalities hold
and are equivalent

/ > / < f (x)g(y)dxdy
o Jo (x4 y)* LG

< (/Ooxl—mp(Al—Az)fp(x)dx)”(/w L=l g )dx)"
0 0
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and

AN 4) / = fW)dx ) dy < / - Rp(di—A)
y < C fP(x)dx, (6
/O ( 0 ()C—l—y) 0 ( ) ( )

1 1
p

(B(lAl%/llJrAlCI)) JALE (2D

where C; = (B(lAzp,)LlJrAzp))

1
and A, € (=4 > 7p)
Proof. Let’s show that (5) and (6) are equivalent.
Suppose that inequality (5) is valid.
By putting

oo p—1
_ =) (p—1)+p(A1—A2) / f (x)dx>
g(y) =y ( L ) ;

taking into account % + é =1 and using (5) we have

/oo A=D1 (A=) (/oo flx > / / [ ()g(y)dxdy drdy
0 o (x+y)? ()t
<q (/Oox1/1+p(A1Az)fp(x) x>ﬁ / yi= At+q(Ar— A)g
0 0
1
=C (/ xl’H”(AlAZ)f”(x)dx) ! «
0

0 0 p i
x (/ SOl —A2) (/ f(x)dxl> dy)q
0 o (x+v)

wherefrom we have (6).

Now, suppose that inequality (6) is valid. Applying Holder’s inequality and (6)
we have

I

1— Mqu Aa) [ f(x)dx > 1—A+q(Ay —A)
= q q d
/0 (y /0 Gy ) g(y)dy
~ > 0 NV N[ 7
q( —A+q(A2—A1)) (/ x dx) d )p (/ 1=A+q(A2=A1) 541\ g )q
(/0 y ARy y Y g?(y)dy
> ~ f@ NN ([ g
= (/ y(P_l)()L_l)+P(Al_A2> (/ X dx) dy) (/ y'- A+q(A2—A1) ,q gy )dy)
0 o (x+y* 0

<=

N
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1
[eS) » [e%S) 7
< Cl (/ xl—)t+p(A1—A2)fp(x)dx) </ yl A+q(Ar—A)) ( )dy)
0 0

wherefrom we have (5).

At the end, we point out that we proved inequality (5) which appears in [6]. Hence,
the inequality (6) holds, too. O

Now we can obtain Theorem B as a special case of Theorem 1 by putting A; =

A, = 4
r 2-) 1 1 2-A 1-A 1 .
Further, for A >0, A; = 55 € (T’ 5) and A, = 5 € (T,;),we obtain

COROLLARY 1. If A >0, p > 1 and Il) + é = 1 then the following inequalities
hold and are equivalent

/ * / i (xng(ryidicdy
AL ) ([ S
Lo <xﬁ§’§‘>dy o(3:5) [t

REMARK. The first inequality in Corollary 1 is proven in [6].

Now we put A; = 1;b - ﬁ and A, = T' - ﬁ in Theorem 1. Taking the

conditions A; € (%, é) and A, € (%, %) into account, we obtain conditions
0<b+ 117 <Aand 0 <c+ é < A and the following result is obtained:

COROLLARY 2. If p>1, 2+ 1=1,0<b+ L <A and0<c+ 1 <A, then
the following inequalities hold and are equivalent

/ > / > f (x)g(y)dxdy
o Jo (x+y)*
<G <[)m x(p71>(17b>+c > )(1—c)+b— Ag (x)dx> 67

% A—b)p—1)te—1 Jf (x)dx ) (p—1)(1=b)+c—A £p
[ (/ wrr) @ / : 1),

L

where C; = (B(c—&—é,/l—c— é)) (B(b—i—[—l),)t —b—[—lj))q

REMARK. The first inequality in Corollary 2 is proven in [6].

=

Now, for A = b+ ¢+ 1 we obtain
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COROLLARY 3. If p > 1, 1+ L = land b+ % >0, ¢+ % >0, then the
Jfollowing inequalities hold and are equivalent
1

/ / f y)dxdy
+ y b+c+1
< C3 (/ =D =2pp (i )dx) ’ (/000 xq(lc>2gq(x)dx> 57

¢ f(x)d < b —
/ yp (c+1)— </0 ( +(;;bfc+1) dy < CI;/O K(1=b) ZfP(x)dx

— 1 1
where C3 = B(b + e+ 5)'
REMARK. The first inequality in Corollary 3 is proven in [6] and it is connected

with the result of Peachey in [5].

Another way of generalization of Theorem 1 given in [6] is obtained by putting
x =u® and y = v#. We repeat this result and state equivalent inequality of Hardy-

Hilbert type:
COROLLARY 4. If A >0, p > 1 and % + é = 1, then the following inequalities

hold and are equivalent

/ % f(x)g(y)dxdy
(x —|— yﬁ

<G (/ o(2—A p+p(A1A2))+plfp(x)dx)p >
0

1
« </ xB(Z—A—(Hq(Az—Al)Hq 1 ( )dx)q,
0

B p-Dpar—an - [ _f@dx N
y ranaeory ol RS
0 G
< Cﬁ/ xa(z_}‘_P+P(Al_A2)>+P_lfp(x)dx’
0

1 1
q

B3 (3(1 —Aph—1 +A2p))p (3(1 A A —1 +A1q)) ,
)

and A; € (%, %)

1
where C4 = a 4

while A, € (122,

Q=

3. Discrete case

Now we state analogue results for discrete case.

THEOREM 2. If A > 0, p > 1 and 117 + é = 1, then the following inequalities
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hold and are equivalent

o0 L [e's) 1
< C <Z nl—}Hrp(Al—Az)aﬁ) P (Z m1—)t+q(Az—A1)bg1> q

n=1 m=1

and

)4 o0
A=1)(p—1)+p(A1—A2) P 1-A+p(A1—Az)
R I T D R A

m=1 n=1 n=1
1

D
where Cy = <B(1 A2p7/11+A2p)) (B(l —Aq, A 1+A1q)) , A€ (—)L é),
Ay € (=2 > ,;) and Ay, Ay > 0.
Proof. First, we prove inequality (7).
Applying Holder’s inequality we obtain

0 nAl mA2
2.0 Gim ol ZZ e
n=1 m*l n=1 m=1

(2,,,2(” 1) %’%)‘l"(ii(i’f ) i)

Now, we have

22 () oy - e 2(3)

n=1 m=1 n=1 m=1

o0 fe%e] Axp
P, (A1—A2)p n L
<2 an / () (n+ 27

n=1

= Ppl—A+(A1—A)p <1 dt
D din / (1+ 1)

n=1 0

1-A +(A1 7A2)p

)

L T(1 = Ap)T(A — 1 4 Asp) &
a ')

:a":;
S

and analogously

%) jo%s) A

ZZ(m—> _ b <qum<Az—Al>q/ (ﬂ) Y dx

n=1 m=1 m)l m=1 " 0 * (m+x)l
t_Alq

— qul—lHAz—Al)q/ dt
PR L T

(1 —Alq)l"(l -1 +AICI) = q 1 —A+(A2—Al)q
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since, for A, > 0, the function f (x) = ('l)Azp L

p ok 18 decreasing and for A; > 0, the
Aip . .
(;) ok 18 also decreasing.

function g(x) =

Taking into account that the gamma—function is defined for positive reals, we obtain
the conditions A; € (=% vg)s Ave (52 2Ly,

’p
Let’s show that (7) and (8) are equivalent.
First, assume that inequality (7) is valid.
By putting

0o p—1
by — mO— Do) pi—A2) ( n )
Zl (n+ m)*

taking into account 117 + é = 1 and using (7) we have

im(lfl)(l’*l)*P(AI*Aﬁ (i an >I’ _ i i anbm
— (n+m*)

< Cl (an )L+pA1 Az ) (Zml )L+(1Az Al b )

n=1 m=1

[e%e} L
D
C1<§ nl—?Hp(Al—Az)aﬁ) %
(A—1)(p—1)+p(A1—A2) P\
p(A1—Az
(Zm (Z ) > >

m=1

wherefrom we have (8).

Now we assume that inequality (8) is valid. Applying Holder’s inequality and (8)
we have

ZZ (n + m)*
n=1 m=1 +
— Ihigdy—Ay > 1—A+q(Ay—Ap)
— n+m)

m=1 n=1

<< b (=3 ha(a2=a1) (

1
> > <Zml A+q(Ar—A, bQ)q
m=1 n=1 n+m m=1
- (p=1)(A—1)+p(A1—42) _ 1—A+q(A2—Ar)
(e (St )) ()
[e’e] 1 ') 1
C (an—l+p(A1—Az)az> ! <Z ml—l+f1(Az—A1)bZ1) !

n=1

wherefrom we have (7). O
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Now we can obtain Theorem B as a special case of Theorem 2 by putting A} =

_2=2
Ay = TR

Further, for A; = % and A, = % we obtain

COROLLARY 5. If 0 < A < 2, p > 1 and %+ é = 1, then the following
inequalities hold and are equivalent

S5 gt af34) (S sa) (S t).

m=1

> pA > a P A AN > pA
7 S L BlZ = p—1="F 0.
" (mev) - (2’2) 2

m=1 n=1

On the other hand, if we put A; = Tb —L>0,and A, === — L >0, we
obtain the following result

COROLLARY 6. If 4 > 0, p > 1, 1 + 1L =1, 0 < b+ < min{A, 1} and

0<c+ é < min{A, 1}, then the following inequalities hold and are equivalent

1
ZZ Qb C2<an 1)(1=b)4c— ) (qu 1)(1=c)+b— )qu>(1’

nlml

me b(p1+cl<z( jnm ) C,)an11b+c/1

n=1

1 1 ’ 1 1 g
where Cy = | B(c+ ;,A —c— ) B(b+,,A—b—3)
REMARK. The conditions A; > 0 and A, > 0 imply b+% <1 and c+é < 1.
Now if we put A = b+ ¢ + 1 we obtain

COROLLARY 7. If p > 1, 3 + 4 =1, b+ > 0 and ¢+ ; > 0, then the
following inequalities hold and are equivalent

oo
“n m p(1—b)=2 p
33 oS

nlml

00 1
(o)

m=1

oo oo )4 o0
c+1)—2 an P 1—b)—2
> ey (Z—WW) S
n=1

m=1 n=1

where Cs :B(bJrll),ch é)
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