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ON A NEW HARDY-HILBERT’S TYPE INEQUALITY

BICHENG YANG

(communicated by A. M. Fink)

Abstract. This paper deals with a new Hardy-Hilbert’s type inequality with a best constant factor.
As applications, we give its equivalent form and some particular results.

1. Introduction

Ifp> 1,5 +1=1,a,b, >0, suchthat 0 < 33 < oo and 0 < 32.% by <
oo , then the famous Hardy-Hilbert’s inequality is given by

1

1
P [ o0 q

sz+n+l sin( 7r/p Zap sz ’ (n)

n=0 m=0 n=0 n=0

where the constant factor 7 is the best possible (see [1]). And its equivalent form
is
o] o] p

Z Z()m+a:+l = [sm n/p} Za @)

n=0 \m= n=0

where the constant factor [Sm( 75717 s still the best possible (see [2]).

Inequality (1) is important in analysis and its applications (see [3]). Recently, Yang
and Debnath [2, 4] and Yang [5, 6] gave some new extensions and improvements of (1).
Kuang and Debnath [7] considered its strengthened versions and some generalizations,
and Pachpatte [8] built some new inequalities similar to (1). In 2003, Yang et al. [9]
provided an extensive account of the above results.

The major objective of this paper is to obtain a new inequality similar to (1) but
other than Pachpatte’s work, which relates to the double series form as:

> > am n /
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For this, we estimate the following weight coefficient

o0

1
1 Iny/an\"
= Lne€N,o>e"* 3
(r,n, ) mzlmlnamn (ln\/&m> (r>1neNazen), (3)

and do some preparatory works.

2. Some lemmas

If f has its first four derivatives on [1,00), (—1)"f ") (x) > 0(n = 0,1,2,3,4),
[ f(x)dx < oo and f(x),f(x) = O(x — o0), then (see [7], (2.1))

- > 1 1
SF < [ s+ 5 ) = 50, @
k=1
LEMMA 2.1. For r > 1,n € N and o > €'/°, define the function R(r,n, ) as
I owna
nva\’ [ive 1
R(r,n,o0) @ = —————-du
In/an 0 (1+ u)ul/r
7 1 1 1
Y — . 5
(12 * 12r1n \/&> Inan  12(Inan)? )
Then we have R(r,n, o) > 0.
Proof. Integration by parts, we find
n /o n /o
It lln\/&n du r lln\/&n 1 d 1—1
= = u r
0 (I+uwu/m r—1J 1+u
]n\/a
/o
o |l e o /1:1\/5,1 Sty 1
T or—1|14u r—1Jg 1+u
0
1 W Vo
riny/an Inyve \' ' N r? nvan du
(r—1Inon \Inon (r—1)2r-1) Jy (14 u)?
ln\/a
rinyan  (nya '’ . 2 R
(r—1)Inan \In/on (r—1D)Q2r—1) | (1+u)? .
4 2r2 l:ln\/\/gn u27% d
(r—1)Q2r—1) J, (1+u) !
ln\/a
rinyan  (nya '’ . 2 2ot v
(r—1)Inan \In/on (r—1D)Q2r—1) | (1+u)? .

- l(rr—lnl\)/l?;n M (r — 1)r(22r_ 1) (1&\5)2] (11;1\/\/&2)
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Hence by (5), we have

R(r,n,0t) >

rln+/an r In /o0 :
(r—DInon  (r—1)2r—1) (ln\/&n>

7 1 1 1
a (E * 12r1n\/&> Inan  12(Inon)?
_(rlnVa 11 1
-\ r—1 12 12rlny/a) Inan
2 1n? /o 1 1
Jrmve g1 o
(r—1)2r—1) 12| (Inon)
For r > 1 and o > €/, we find

rinyo 7 1

r—1 12 12rlnya
(12Iny/a — ) Iny/a + (7TIny/o — )r+ 1
- 127(r— 1) In o >0 ™
P’ Ve 1 257 436r—12
(r—D@2r—1) 127 144(r—-1)2r—-1) "
Hence by (6), we have R(r,n, o) > 0. The lemma is proved. [J

REMARK 1. If 0 < o < €7/®, we obtain 121In+/a — 7 < 0. Hence (7) doesn’t
hold, and we can’t find the result R(r,n, o) > 0, forany r > 1 and n € N.

LEMMA 2.2. Ifthe weight coefficient w(r,n, ) is defined by (3), then we have
Vi

(U(V,Vl, O!) < m

, forr>1,neNando > e'"°. (8)

Proof. Forfixed r > 1,n € N and o > e’/%, setting f (x) as:

Fo) e L (m Jan

" xInonx \ In/ax

1/r
then we find that f (x) possesses all the conditions of (4), (1) = - (li’n‘/fg’) and

1/r
) xe(l,00).

, o [1+1/(rinya) 1 In/an\ "
f(l)_[ In an +lnzom] <ln\/a) '
Putting u = (In+/ax)/(In+/an) in the following, we obtain
o [ 1 In+/an G .
[ o= [ s v () ¢
o In /o

1 1

1 1 r T In\/an

~ [ = 2 [ (

m\/\/_& l+u'u sinzr(l — ) 0 I+u'u
Iny/on

Wrdu,
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Hence by (4), (5) and the above results, we have

oo

o(nna) = S < [ fWac+ 3 (1) - 3570
m=1 1

/0 1
B Vi1 _/12\/@1 u v du+ 1 Inon\"
sinz(1—1) o l+u 2lnon \ Iny/o

1 {1+1/(rln\/a) 1 ]<ln\/an>l/r

12 Inan In2an| \ Inva

12

v In\/an 1/r
= sinn’(l—l/r) o (ln\/&) R(r,n,a),

Then by Lemma 2.1, we have (8). The lemma is proved. [

LEMMA 2.3. For o > ¢"/° and 0 < € < 1, we have

1 pta
(ln\/&n>

1 - )
> 8(1[1\/&)8 [sin(n/p) +0(1):| (5 — 0 ) (9)

£

| 14
1= ZZ mn In oomn (ln ﬁm)

n=1 m=1

1
P

Proof. Forfixed y > 1, setting u = (In /ox)/(In+/cty) in the following, we find

Sl
Q=

%) + %)
/ 1 (Inyay e L Ltdg,
. xInoxy \In+/ox m\/\/g 14+u'u

© 1 1 L1
= )t [T G
o l4+u'u 0 14u'u
© 1 1 v
>/ (—)'%ﬁd”‘/w’\’(—)ﬁ*édu
o l4+u'u 0 u

T

_{W—FO(I)]_ll’—g(lﬁl\/\/gy)%.
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Hence we have

o [T s ()
oo 1+¢ oo

/1 §<ln\/_y> Vl xlnlaxy (iﬁg)yc)
oo 1+¢

[ (m fy> v Lin(’fw) *"(”]

P e [ 1 SEle
— Inva) 7 - d
17£(n ) /1 y(ln\/ay) Y

1 T ep?
- +o(l) —
e(ln+/a)¢ | sin(m/p) (I1—¢€)(pe+1—¢)
and (9) holds. The lemma is proved. 0

Tl

L o dxd
<ln\/_y> e

[
P

51
dx| dy

WV

3. Main results and some applications

THEOREM 3.1. If p > 1,5 + l =1,00>¢€"%r s €R and a,,b, > 0, such that

q
0< Y, {n%f*r(lnéfll’ van)a } <ooand 0 <Y 7, { 7 (Inp \/&n)bn} <

o0 , then

S e S bt vanal )

n=1 m=1 =
1

x {i [ = (b3 \/En)bnr}q, (10)

n=1

where the constant factor Ti/m is the best possible. In particular,

(a)for r=1/q and s = l/p7 we have

; mZ ml/qnl/l’ ln omn
: {i(lnp-zﬁma’;}ﬁ{i(lnq-zﬁmbz}; (1)

< _
sin(7/p) | 4= o
(b)for r =s =1, we have
Yy
mn In amn
n=1 m=1

2 : 1 q—2 q
Smﬂ/p {Z (=2 \/an)a } {Z;(ln \/&n)bn} ; (12)

_Q=
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(c) for r =5 =0, we have

Sy et E S v

n=1 m=1 n=1

n=1

1
[ele} q
X {an_l(lnqz \/&n)bg} : (13)
Proof. By Holder’s inequality and (3), we have

1
amby, B g (lnotm)l/‘f2 ma~ "
ZZ mnslnomn ZZ [ In omn)'/P (In on)'/P? ( nl/p )

n=1 m=1 n=1 m=1

(Inon)'/P" np=*
(lnamn Y4 (In am)V/a > ml/a

2 d, (Inom)/T pla ") v
ZZln amn (In on)'/r [ }

N

n

1/q
b (Inan)? pfG)
><{Zzlnamn (lnam)l/‘l[ m }

By (8), since sin(n/p) = sin(n/q), we have (10).

For 0 < € < 1, setting a}, = n“l/(lnlgﬁé Van) and b), = ns’l/(lnsﬂl’ Van),
n € N, then we have

{i [né_r(lné_zl’ \/&n)a;]p}ﬁ {i [ml’_s(ln}’_é \/&”)b;r}q
n=1

n=1
&S] 2 [eS)
:nz:;nln 1+57; n(In \/_ 1+g+;n n)lre
2 1 [eS)
<2 v +/ x(in f e
1 1 1
" (In \/—)1+e 2(In2y/a)!+¢ g (14)
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If the constant factor 7/ sin(7/p) in (10) is not the best possible, then, there exists
0 < K < m/sin(m/p), such that (10) is still valid if we replace 7/ sin(7/p) by K. In
particular, we have

a,b),
- Ezzmrn SIn ocmn

n=1 m=1
e} _) oo q
< o {3 [ttt ]} {3 ot i v
n=1 n=1
Hence by (9) and (14), we find

1 T £ €
(In /o) Lin(”/l’) +0(1)] <K [(ln Va)tte * 2(In2y/ax) 1+ + 1} :

It follows that 7/ sin(m/p) < K, for € — 0. This contradicts the fact that K <
7/ sin(m/p). Hence the constant factor 7/ sin(z/p) is the best possible. The theorem
is proved. [

REMARK 2. Inequality (12) is similar to the Mulholland’s inequality as (see [10]):

am n T i 1 » % e 1 J é
sznlnmn sin(7/p) {Zzan} {Zzbn} ) (15)

n=2 m=2 n=2 n=2

and (13) is similar to (1). Inequality (10) is a new Hardy-Hilbert’s type inequality with
three parameters o, r and s. For p=q=2 and o > ¢’/°, (10) reduces to

1
LI | LSO Sl 2552 N (16)
m'n’ In oomn

n=1 m=1 n=1 n=1

The more accurate results is for o = ¢3/* in (16) (see [11]).

THEOREM 3.2. If p > 175 Jré =1,a>¢e/°reR and a, > 0, such that
P
0<> 2, [néfr(lnéiﬁ ﬁn)a,,} < 00, then we have

P2 on [~ am g
Z n <Z m” In amn)

n=1

< {L)r i [né—’(lné—% \/&n)an]p, (17)

sin(r/p —

where the constant factor [Tfr/p)]p is the best possible. Inequality (17) is equivalent
to (10). In particular,
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(a) for r = 1/q, we have

0o p—2 n 0o a P ~o
Zln n\/a Q- — )< Lm ] > (' Van)d, (18)

n—=1 m—1 M4 In oomn

(b) for r=1, we have

P ran o= an e van
E E 4 - vVt 1
n ( mlnamn) < [ i ] Z n Qs (19)

n=1 m=1 n=1

(c) for r=0, we have

ad \/En > an,
Z n ( In Olmn)p < [snl z ] an : lnp g \/_n)aﬁ (20)
n=1 m=1 p

n=1

P
Proof. Since 0 < >, [né_r(lné_ll’ \/&n)an} < o0, there exists ky > 1,
P _
such for k > ko, that Zi:l [”é "(In i7p \/_n)an} > 0, and b,(k) := P2 /an

ni/a

p—1
: (Z" —’”) > 0. By (10), for s=1/p, setting b, (k) = a, = 0, for n > k,

m=1 m" In oomn

we have
Mk p
0 < |> (72 \/En)bZ(k)]
Ln=1
pqp
o Zlnp \/—n Z [
B L n — m” In amn
P r
am n T
- ZZ 1/, < (T
| ey m'n Plnamn sin(7)
k r—1
xZ{nq (Ini =7 \/an)a } [Z In9=% /o) b (k )] . (21)
Thus we find
k ) k p k
In”~* /an a
0 — S — q—2 b4 (k
< ; n (mzl m’" In amn) ;( n \/_n) ”( )

Pk
[-” ] > [t Vana) @)
It follows that

i(lnq_2 Voan)bi(oo) < [ 7 1 i {né_r(lné_ll’ Von)ay, " < .

n=1
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Hence by (10), for kK — oo, neither (21) and (22) takes the form of equality, and we
have (17).
On the other hand, if (17) holds, by Hélder's inequality, we have

sznélnamn

n=1 m=1

> a7 Vo a g, 1.1
= Z Z - [nl’ *(InP "4 \/an)bn}
n=1

nl/p — m” Inomn
5 L
> lnp_2 \/an e am P [e'e]
< r 11 '
b ; n (WZ:: e ep— ;[ (P Ta Van)b,)? b . (23)

By (17), we have (10). Hence (10) and (17) are equivalent.

If the constant factor [/ sin(z/p)]? in (17) is not the best possible, we may
conclude that the constant factor 7/ sin(7/p) in (10) is not the best possible by using
(23). This is a contradiction. The theorem is proved. [

REMARK 3. Inequality (20) is similar to (2), and equivalent to (13). Since In-
equality (10) and its equivalent form (17) are all with the best constant factor, we give
some new results.
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