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ON THE MAXIMUM PRINCIPLE FOR ELLIPTIC OPERATORS
L. CAsO, P. CAVALIERE AND M. TRANSIRICO

(communicated by J. Pecaric)

Abstract. In this paper we obtain some estimates for solutions of second order elliptic equations
whose leading coefficients are functions of vanishing mean oscillation.

1. Introduction

Let Q be a bounded open subset of R", n > 3, and

n 82
LO - Z aij 3x,-8xj

ij=1

an uniformly elliptic operator whose coefficients a;; are measurable in Q. Moreover,
let u# be a solution of the Dirichlet problem

uc w(Q)ncl(Q),
(L.1) Lou=f € 1F(Q),
Upa = 07

with p > g .
Itis well known that if the coefficients a;; satisfy some regularity hypotheses, then
u verifies the bound

(1.2) sgplu\ < dlf @),

where ¢ € Ry depends on Q, p, on the ellipticity constant and on the regularity of a;; .
Actually, the estimate (1.2) has been proved in [6] when the coefficients a;; are Holder
continuous, in [7] when the a;; are continuous and in [8] if the a; belong to W!(Q).

For p = n, the bound (1.2) is the classical Aleksandrov-Pucci estimate, and it
holds with no regularity assumptions on the ¢;; and with the constant ¢ depending only
on  and on the ellipticity constant (see for instance [10] and [1]).
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For a more recent treatment of such theory, see [5] Chapter 9. Note also that some
interesting generalizations of (1.2) in the case p = n can be found in [2] and [3].

On the other hand, an example in [9] shows that, when the ellipticity constant is
small enough, the estimate (1.2), with p < n and ¢ depending only on Q and on the
ellipticity constant, does not hold. Therefore, it is of interest the study of the problem
(1.1) with p < n and with the coefficients a; in a space wider than those already
considered in the literature. Observe that both the hypotheses a;; uniformly continuous
and a; € W' imply a; € VMO (see [4]).

In this paper we fix an arbitrary open (bounded or not) subset Q of R", n > 3,
a real number p > g , and we consider the second order uniformly elliptic differential
operator

where the coefficients a;; are bounded and locally VMO. We also suppose that
the coefficients a; and a satisfy suitable local summability conditions and that a is
negative. In this situation, we will prove that if u is a solution of the problem

Lu> f el (Q),

(1.3) u€ WP (Q)NCQ), upq <0,

loc
limsup,, u(x) < 0 if Q is unbounded,

— 400

then there exist an open ball B CC Q and a positive constant ¢y such that

(1.4) supu < o (f )"

where f ~ is the negative part of f

Firp=1m [irr

and c¢ depends on n,p, on the ellipticity constant and on the regularity of the coeffi-
cients of L.

2. Some notation

Let Q be an open subset of R”. If p € [1,4o00[, we shall denote by M?(Q) the
set of all functions g € L} (Q) such that

loc
2.1) gl lar (@) = SugHgHU’(Q(x,l)) < +00.

xe
Here, for each positive real number r, Q(x,r) = QNB(x, r), where B(x, r) is the open

ball of R” of radius r centered at x. The position (2.1) defines a norm on MP(Q).
Moreover, M? (L) will denote the closure of L°°(Q) in MP(Q).
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Let %(Q) be the collection of all Lebesgue measurable subsets of Q; for each
E € 2(Q), we denote by |E| and g the Lebesgue measure and the characteristic
function of E, respectively. It can be observed that a function g (in MP(Q) ) belongs
to MP(Q) if and only if

A w0 =0,
where
Tg(t) = sup HXEgHM”(Q) YVt € R+ .

Ecz(Q)
supye g |E(D| <t

Then a modulus of continuity of g in MP(Q) isamap &p[g, Q] : R — R, such that
T,(t) < 6,[g,Q(r) Vi e R, lir(r)1 6,[g,Q(1) =0.
t—0*

Moreover, M7 (Q) will denote the set of all functions g : Q — R such that

{g € MP(Q) forevery { € C°(Q). Note that
LP(Q) C MP(Q) C MP(Q), MY

loc

(Q) =L

1oc () 5
in particular, for any bounded open set Q, we have
IF(Q) = MP(Q) = MP(Q) .
If g € I7(Q), we put

lglpo = llgllr@) » wplg, Ql() = sup |glpe, t € Ry;
E€3(Q)
|E|<t

clearly, 1i1(1)1 ,[g, Q](r) = 0 and the function w,[g, Q] : R, — R is a modulus of
t—0+
continuity of g in L7 (Q).
If Q has the property
(2.2) |Q(x,r)] = Ar" VxeQ,Vre]o,1],

where A is some positive constant independent of x and r, one can consider the space

BMO(Q,1), t € R, consisting of all functions g in L} (Q) such that

glsmo(@.) = sup ]L g *]L g
X€Q S Q(x,r) Q(x,r)
If g € BMO(Q) = BMO(Q, 1), with

relo
A = Su u X 4/
tER, r€9 ‘Q(X r)| A

< +400.

we shall say that g is in VMO(Q) when [g]gyo@) — 0 as ¢ — 07. Moreover, a
function n[g, Q] : Ry — R is called a modulus of continuity of g in VMO(Q) if

[8]smoien < nlg, Q(7) Vi€ R, lim ng, QJ(r) = 0.

We will also say that g € VMOy,.(Q) if {g belongsto VMO(Q) foreach § € C°(Q).
A more detailed account of properties of the above defined function spaces can be
found in [12], [13] and [14].
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3. Preliminary results

Let B be an open ball of R", n > 3, with radius d € R} and p € }g,—&—oo[.
Consider in B the operator

n

o A PR
. = aj——— ai— a
Py J 3x,-3xj — 8)6,'

and the following condition on the coefficients of L:

a; = a; € L°(B)NVMO(B), i,j=1,....n,

JueR, : Y ay&& > ulEl? aein B, VEER",
(hs) ij=1

a€L(B),i=1,...,n, r>nif p<n,and r=pif p > n,

ac€l’(B), a<0 ae.in B.

Note that under the assumption (k) the operator L from W?#(B) into L”(B), is
bounded, and we have the following estimate

(32) |Lu\p,3 < cl|\u|\Wz,p(B) Yu € Wz’p(B),

where ¢; € Ry depends on n,p,d, |ajj|c 8, |ail-5, |alp5 -

We prove the following “maximum principle”, that was already known in the
special case in which the function £ is non-negative in the whole ball, @ = 0 and the
coefficients a; belongto VMO(R") (see [15]).

LEMMA 3.1. Suppose that condition (hg) holds, and let h,w be elements of
W?2P(B) such that hjpp > 0 and w is a solution of the problem

Lw=0 inB,
(33) { w in

wio = hjos.
Then w > 0 in B.

Proof. It can be assumed without loss of generality that p € } g, n { Observe that
(3.3) is equivalent to the problem

) { L(w—h)=—Lh in B,

w—h e W (B)N W(B).
Application of Theorem 5.1 of [14] (see also the proof of that result) yields that there
exist extensions p(a;;) of a; to R" (i,j=1,...,n) such that

(3.5) pla;) € L*(R") N VMOR") ,
(3.6) suppp(ay;) is compact,
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(3.7) there exist 6 € R.,N € N and an open covering (Ux)k=1,.n of OB such
that, if Bs = {x € R" :dist(x,B) < &} and x belongs to Bs \ B, there are
elements x; € Uy, NB,... ,x; € Uy, N B, with [ in {1,...,N} , for which
plai)(x) = Ok, (x)aj(x1)+. ..+ 6k (x)a;(x;) , where 6, ..., 6, € C°(R") and
le(x) + ...+ le(x) =1.
It follows from Theorem 2.1 of [15] and from (3.5) that w — & is the unique solution of
the problem (3.4), and we have the estimate

(3.8) [lw — h|lwer ) < c2|Lh|p s,

where ¢, dependson n, p, d, U, ||, [P(aij)]smown ), |ailrs, |alps » ©[a;, B] and
®p[a, B]. Therefore it follows from (3.2) and (3.8) that for w — i we also have the
bound

(39) [lw = hllwze ) < csllh[wers)

with ¢z € Ry depending on the same parameters on which ¢, does.
Denote now by a;, a the extensions of a; and a, respectively, with zero values
outof B, and let (Jx)ren be a sequence of mollifiers; for each k € N we put

k k . k .
a,-j:Jkﬂgp(a,-j)7 ai =Jrxa;, a-=Jgxa.

By (3.6) we have that p(a;;) € L1(R") for each ¢ € [1, +oc0[, and hence

(3.10) ag — p(a;) inLY(R") Vg€ [1,400[;
moreover,
(3.11) [@ilamorn,) < [p(ag)lamogws,) Yk € N

(see for instance [11]). Similarly, the sequences (a¥)ieny and (af)ien satisfy the
following conditions:

(3.12) & — a; inL’(B), d — ainI”(B)

)

|a{'€|r,B < lailrp, |ak|p,B < lalp.p,
a),[ai?,B} < wr[ahB]v wp[ak7B] < COI,[(Z,BL Vk € Na

(3.13) {

(3.14) d<0inB, VkeN.
For each positive integer k£ consider now the Dirichlet problem
LY = —[*h inB,
(3.15) o
vk e W2 (B)n W'*(B),

where
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Applying (3.7) we obtain that

n

|p(aij)|(x>,35 < ‘aij|(x>,B7 l7.] = 17 cee N, Zp(alj)éléj 2 .u‘é|2 a.e. in B5 >v€ € Rn7
ij=1

so that there exists k, = k,(8) € N such that for every k > k, the following holds:

@ oes < Ip(@p)loomy s j=Loeoin, S dh&& > ulEP in B, VEER".
ij=1
Without loss of generality we shall denote the subsequence (ag»);@ko again by (ag»)keN .
It follows from the regularity of the coefficients of L*, from (3.14) and from Theorem
2.1 of [15] that for each positive integer k there exists a unique solution v of the
problem (3.15), and for such solution the relations (3.11) and (3.13) provide the bound

(3.16) [V lwer sy < calhllw2rs)

where ¢, € R depends only on n, p, d, U, |ajlec, [P(aij)lsmomn.). |ailrs,|alys.
w,[a;, B], w,[a, B] . Clearly, w* = v* + h is a solution of the problem

L' =0in B,

wk € W*P(B),

k
W|0B = h|f)B = 0.

Moreover, it follows from well known results that w* € C*(B) N C°(B), so that the
weak maximum principle yields that

inf w* > inf(wh)™,
B OB

and hence

(3.17) wk > 0 in B.

By (3.16) and by the definition of w we have that (w¥)icy is a bounded sequence in
W?2P(B) ; thus there exists a subsequence, that we shall denote again by (W*);en, such
that

wh —w' in W2?(B),

k . 1, np
(3.18) Wi i WHB), 1< g < g2,

wh —w' in C°(B),

with w' € W2#(B) N W'4(B) . Moreover, it follows from (3.17) that w > 0 in B.
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We claim that the sequence (L*w*)icny weakly converges to Lw’ in LP(B). In

/ 1 1
fact, for each ¢ € I/ (B), where — + — = 1, we have
p P

k. k
[t =t yola < S faglecs [ 108k, =t s

ij=1

+ Z |ai|r,B|Wl;,~ - W:c,-‘q,B‘(p‘p’,B + Slip ‘Wk - W/| ‘a|PwB|(p|p’,B
; B

+ Z | — 4ajj (p|p’ B‘chlvc ‘P»B

ij=1

n
+ Z |llf€ - ai|r,B|Wl;i|q,B|(p|p’,B + ‘ak - a|p,B SEP |Wk‘ |(p|p’,Ba
— B

where g = —L— . The weak convergence of (L‘wK)en to Lw' in LP(B) follows
now from (3.10), (3.12) and (3.18). Therefore Lw' = 0 a.e. in B. On the other hand,
WT o = Mo, and hence the uniqueness of the solution of problem (3.3) yields that
w=w,sothat w>0in B. O

Lemma 3.1 can be used in the proof of our next result. It should be noted that the
constant in the estimate (eg) below depends explicitely on the radius d of the ball B,
and this fact will be crucial in the proof of Theorem 4.1.

LEMMA 3.2. Suppose that B has radius d < 1 and that condition (hg) holds. If
u is a solution of the problem

e Wr(B),
(ps) Lu > f € I7(B),
Ujop < Oa
then there exists ¢ € Ry such that
(es) supu< cd P |pp,
B

with ¢ dependent on n,p, I, |aij| .8, [P(a;)|smor..), |ailrB, |a|p.s, ©:[ai, B], w,[a, B],
and where p(ay) is an extension of a; to R" satlsfylng (3.3).

Proof. Let B = B(xg,d), where xj is the centre of B, and put B* = B(xo, 1).
Consider the function T : B — B* defined by the position

and observe that
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For each function g defined on B, put g* = go T~'. Then

n n n n
* * * * * *x % _ 3—2 * % —1 * % ko ok
(Lu)* = E g (Uxn)" + E a(uy)" +a'u* =d E ajuz, +d E aju; +a‘u”,
i=1 i=1

=1 ij=1

and hence
L'u* = d*(Lu)*,

where

n 82 n a
L = F——+4d P+ dla.
ZaU 9207 + ;az oz +da

ij=1

Denote by p(a;;) an extension of a;; to R” satisfying (3.5) (i,j=1,...,n), and put
play)*(z) = play)(xo + d(z — x0)), z€R".

Since

(3.19) play)” € L(R") NVMO(R"), p(ay)[p- = aj,

we have also

(3.20) a; € L®(B*) N VMO(B")

(see [14]). Moreover, the hypothesis (hg) yields that

afj:a;-, Lj=1,...,n,
(3.21) Za;‘jéiij > ulé)? ae. in B*, VE € R",
ij=1

af eL'(B*), i=1,...,n, a* € [’(B*), a* <0a.e. in B*.
Consider now the following problem:
L*v=h e I/ (B*),
(3.22) °
v € WP (B*)N WP (B*).

It follows from (3.19), (3.21) and from Theorem 2.1 of [15] that there exists a unique
solution v of (3.22) satisfying the estimate

(3.23) IVllwergey < K|h|p 5+,

where K depends on n, p, W, |aj|eos*, [p(aj)*|smown.). |daj| s« \d*a* |+
w,[da;,B*], wy[d*a*,B*]. Thus by (3.23) we obtain that there is K; € R. , depending
on the same parameters on which K does, such that

(3.24) max [v] < Kilhlps-
B
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/ 1 1
and hence for each z € B* thereis g(z,) € LP (B*) (— + == 1) for which
p p
(3.25) V@) = - / 8(z,y)h(y)dy.
B*

The map g(z, -) is the Green function for the operator L* in B*, and it has the following
properties:

(3.26) t/ﬁm%@@>owmﬂwﬂﬁ>&

(327) |g(Z7 -)‘plvB* < K1~

Setting h = L*u* = d*(Lu)* in (3.22), we have that v — u*(€ W*?(B*)) is a solution
of the problem
L*(v—u*)=0 in B*,
{ (v— u*)lt')B* = _u\*aB* =0,
and so it follows from (3.20), (3.21) and from Lemma 3.1 that v — u* > 0 in B*.
Thus, applying (3.25) with h = L*u*, it follows from (3.26) and (3.27) that

@ <= [ send (L) 0y <~ [ s lay

*

(3.28) < 2 /B g@Y)(F*)” )y < 2d%(g(z, )| = |(F*) ™ |p.se

<24°K|(f ) |ppe Yz € B

It is now easy to deduce the statement from (3.28). O

4. Main results

Let Q be an open subset of R”, n > 3. For our purposes we need to introduce
a sequence of functions of class C5°(Q). It is well known that there exists a function
a € C>®(Q) N C*(Q) which is equivalent to dist(-,0Q) (see for instance [17]).
Consider a function @, which is a restriction to [0, +-oco[ of amap in C;°(R), satisfying
the condition
0<P<L, ¢()=1if tgé, ¢r)=0if t>1,

and for every positive integer k define the function

v xeQ— (1— ¢ka(x))) @(%).

It is easy to show that each y; belongs to C5°(Q) and

0< Wi < 1 Supp Vi g§2k> Wk‘ﬁk =1,
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where )
Qk:{xeg x| <k, G(x) > %}

Suppose now that Q has the property (2.2) and p € } g, 400 { Consider in €
the operator

n 82 n 8
4.1 L= — i— ,
(4.1) Zajax.axj +;aaxi ta

and put

We will make the following assumptions on the coefficients of L:

al]:ajleLoo(Q)mVMOh)(;(g)7 l7]: 17"'7n?

" JuER, Y a;&& > ulél* ae inQ, VEER,
ij=1

ai € M, (Q),i=1,...,n, wherer > nifp <n,r=pif p > n,
aeM) (Q),Jap e Ry :a< —apae. inQ.

Our aim here is to prove the following result.

THEOREM 4.1. Suppose that (h) is satisfied, and let u be a solution of the problem
Lu>f el

Zuc(Q)>
) ue Wl (Q)NC(Q),

UjpQ < 07

limsup, u(x) <0 ifQ is unbounded.

— 400

Then there exist an open ball B CC Q and a positive constant ¢y such that

© supu< oo £1r) "

where co dependsonlyon n, p, U, |aj|scq, NYrai, Q],
6/ yiai, Q), 6,[wra, Q] (k€ N) and ay.

lwiallmr (@),

\Wiail | (@)

Proof. Without loss of generality it can be assumed that supy u > 0. It follows
from the last two conditions of (p) that there is y € Q such that supyu = u(y);
moreover, there exists to € ]0, min (1, dist (y,0Q))[ such that B(y, o) CC Q and
u(x) > 0 in B(y, to). Write 1y = adg with o > 1; we will later choose o suitable
for our pourposes. Moreover, put

— 2
(42) 00) = g9 = 1422 - FIL
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x € B(y,aA) and A €]0, A,

and note that
(4.3) 1< <1+A%

(the function @ has also been used in [16] in a special case). Consider now the map v
defined by the position

(4.4) v(x) = @(x)u(x) —u(y), x€B(y,ak).
AS Qop(y,02) = 1, v satisfies the following condition:

(4.5) VioB(y.ah) = WaB(var) — U() < 0.

It follows from Lu > f that

(4.6) oLu > ¢f in B(y,al) =

From this latter relation by easy computations we obtain that

(4 7) Lo((pbt) —ulop — 2 Z atj(px]ux, + Z (pu —u Z aiQy; + apu = (pf in B.

ij=1 i=1 i=1
Since
Ox; Ox; Px;
U Qx; = ?j(q’”))ﬁ ) “(qu),
from (4.7) it follows that
(4-8) LO(QDM) + Zbi((pu)xi +cou > @f + uzai(pxi in B,
i=1 i=1
where
(49) b,-:a,-fZ’Zla,-jﬁ, i:l,...,n,
—~ "¢
J
and
Oxix; (px,(px
(4.10) c—a—Za,j f+2z ay—s— .

ij=1 ij=1

Therefore (4.8) yields that

(4.11) Lov—l—vaxl +ovz of +uZa @, —cu(y) in B.
i=1 i=1
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2(xi—yi)

We can now choose « in such a way that ¢ < 0 in B. In fact, as @, = — =7,

2
Py =0 i T FJ, @y = 2z if i =j, we have

c< —ag+2 2+8127-—

Siai 1 Dii1ai 1
. o )

< —ap + 22|a,,\wg +SZ |aij|s0.0) -

ij=1
and hence, fixed o such that

23700 laiiloo.0 + 8370 lajloo.0

)

(4.12) o >

ao

it follows that ¢ < 0 in B. Therefore by (4.4), (4.5), (4.9), (4.10), (4.11) and by
Lemma 3.2 we obtain:

(4.13) v(x) < aA? P (of —|—uZa o —cu(y)) |pp Vx€B,
i=1

with ¢; € Ry depending on n, p, U, ao, |ajsca, [p(aij‘B)]BMO(R”,-)s |ail g,
|a|p.5, w[ai, B], wpla, B]. Here we are choosing
p(aij‘B) = (Wk[aij)(n

where k; is a positive integer such that i, ; = 1 and (Wx ajj), is the extension of
Wi a; to R" with zero values out of Q. Since yy,a; belongs to VMO(Q) and its
support is a compact subset of Q, by Lemma 4.2 of [14] we deduce that (y,a;), is in
L>*(R") N VMO(R") and

(4.14) (Wi aij)olBrMo®n 1) < [Wh @il BMO(@Qy1)

for ¢ small enough. Moreover, it is easy to show that

s { laes < Wialleta, s < I¥aclrca

wr[ahB] < o'r[llfklahg]? wpla, B] < Gp[‘//kla QJ.

Thus (4.14) and (4.15) yield that the constant ¢; depends on n,p, I, |ajj|cc .

[Wklal]}BMO Hu/klatHM’ Hu/klaHM” o-r[wklalv Q]v 617[1//161‘1’ Q] and ao - It fol-
lows now from (4.13) that

(4.16) v(x) < AP (lof s +u)| Y aipyls) Vx € B:
i=1

this latter relation for x =y gives:

(4.17) u(y) < cid” (‘q’f .5+ u( )‘Zai¢xi|p,3)~
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2
Since |p| < 1+ A? and || < p - A, applying the Holder inequality if p < n
from (4.17) it follows that

n

(4.18) u(y) < (A7 + A7) s +u(A Y |ailp)

i=1

< 02((A7%_’_ ) |pB+’" Z|aer

with ¢, € Ry depending on the same parameters as ¢ .
Moreover,
|ai‘r,B(y,oc?L \XBU/klaz ‘rB(), HNQ < | ‘XBu/klal ‘ |M’

and this last relation shows that it is possible to choose A small enough, independent

- 1
on y, such that E |lail.p < 200 Therefore (4.18) provides the estimate
- 2
i=1
u(y) < 2e2(A77 + 1)|f ~|pp-

The theorem follows now easily. [

COROLLARY 4.2. Suppose that (h) is satisfied, and let u be a solution of the
problem

Lu=f € L*(Q),
ue Wr(Q)nc@Q),

loc

/
®') ujpe =0,
N lim  u(x) =0 ifQ is unbounded.
x| —>+o0
Then
() sup [u| < colf o0
Q

where cq is the constant of the statement of Theorem 4.1.

Proof. The statement can be easily obtained applying Theorem 4.1 to the functions
uand —u. O

The following uniqueness result is an obvious consequence of Corollary 4.2.

COROLLARY 4.3. If (h) is satisfied, the problem

Lu =0,
} ue WH(Q)NC(Q),
(p ) Ujpa = 07

lim u(x) =0 ifQ is unbounded

|x] —+o0

has only the zero solution.
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