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A NOTE ON BOUNDS FOR NORMS
OF THE RECIPROCAL LCM MATRIX

ERCAN ALTINISIK, NAIM TUGLU AND PENTTI HAUKKANEN

(communicated by J. Sdndor)

Abstract. Let S = {x1,x2,...,x%n} be a set of distinct positive integers and [x;,x;] denote

. . ) : —1] — (¢.. o= L
the least common multiple of x; and x;. The matrix [S™'] = (s;;) , where s;; = i)+ 18
called the reciprocal least common multiple (reciprocal LCM) matrix on S. In this paper, we
investigate some matrix norms of the reciprocal LCM matrix and one of its generalizations on
S ={L,2,...,n} in terms of the Riemann zeta function.

1. Introduction

Let S = {x1,x2,...,x,} be a set of distinct positive integers and (x;,x;) denote
the greatest common divisor of x; and x;. The matrix (S) = (s;), where s; = (x;,;),
is called the greatest common divisor (GCD) matrix on S [4].

Beslin and Ligh [4] showed that the GCD matrix is positive definite and

det(S) = ¢(x1)¢(X2) cee ¢(xi1)7

where ¢ is Euler’s totient, if § is factor-closed. S is said to be factor-closed if all
positive divisors of every element of S isin S.

Z.Li [10] calculated the value of the determinant of the GCD matrix on S in terms
of Euler’s totient when S arbitrary.

Beslin and Ligh [5] proved that det(S) = B(x;)B(x2) . .. B(x,), where B is defined

as
B(x;) = Z o(d)
d |xj
dfx;
Xj<Xi
on § when S is ged-closed. S = {x1,x2,...,x,} is said to be gcd-closed if (x;,x;) € S
forall x;,x; € S [5, 6].
The n x n matrix [S] = (s;), where s;; = [x;,x;], the least common multiple of
x; and x;, is called the least common multiple (LCM) matrix on S [3]. In that paper,
Beslin defined the matrix (S™') = (s;), where s; = ﬁ , and called it the reciprocal
Mathematics subject classification (2000): 11C20, 15A36, 15A60, 11A25.
Key words and phrases: GCD matrices, LCM matrices, matrix norms, Riemann zeta function.

© A, Zagreb 491

Paper MIA-07-48



492 ERCAN ALTINISIK, NAIM TUGLU AND PENTTI HAUKKANEN

GCD matrix on S. Beslin also investigated the structure of the LCM matrix on S and
showed that the determinant of the LCM matrix is

g2 g(x)g) ... g(x),

where the arithmetic function g is defined as g(n) = 1 > du(d), if S is factor closed.
d\n

The inverses of GCD and LCM matrices on factor-closed sets and the inverses of
GCD matrices on gcd-closed sets are calculated in [6]. The inverses of LCM matrices
on ged-closed sets are calculated in [9].

Haukkanen, Wang and Sillanpié gave a brief review of papers relating to GCD and
LCM matrices (see [8]).

In [1] E. Altinisik and D. Tasci presented a generalization of the reciprocal LCM
matrix, and gave also some inequalities on the determinant of such matrices (see The-
orem 4 in [1]). D. Bozkurt and S. Solak [7] have shown that the Euclidean norm of the
reciprocal LCM matrix [S~!] on S = {1,2,...,n} possesses the upper bound

5 2
lis™ll, < /25 -4

The main purpose of this paper is to improve this upper bound. We apply a technique
different from that by D. Bozkurt and S. Solak [7] to obtain a sharper upper bound given

as \/_
. 05
s~ < 5=

We, in fact, obtain a more general result which gives an upper bound for the ¢, norm
of the matrix [S~"] on S = {1,2,...,n} with rp > 1.

2. The main results

DEFINITION 1. Let S = {x1,x2,...,x,} be a set of distinct positive integers.
. 1 . . .
The n x n matrix [S~!] = <ﬁ is called the reciprocal least common multiple
X,‘,Xj

(reciprocal LCM) matrix on S.

Throughout this paper, [S~!] denotes the reciprocal LCM matrix defined on the

1
set S ={1,2,...,n}. Let r be a positive real number. The matrix [S™'] = (ﬁ)
5,J)"
defined on S = {1,2,...,n} is a generalization of the reciprocal LCM matrix. Now

we investigate the ¢, norm of [S™'].
DEFINITION 2. Let A = (ajj)nxn bein M,(C). The ¢, normof A is
/p

A, = { D lasl"] . (1<p<oo).

ij=1
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THEOREM 3. Let [S™"| be a generalization of the reciprocal LCM matrix and
rp > 1. Then

)3/
571, = o

where {(s) is the Riemann zeta function.

Proof. The £, norm of [S77] is

Then

_ _, i,j)"
Jim [lIs70 =2 7 2 i

ij=1 i=1 j=1

X

For any positive integer m, it is well known that m" = % J,(d), where J, is Jordan‘s
d|m

totient (see [2],[11]). Then

2l 1
Jim (57 = 3530 D gl

I
T
3
=

]
.|)—*

g&
—
&

I
U™
3
=
=
(]2
N.g\
%/—\
=
(]2
N
El=
<

By using the relation J,,,(i) = i’ ) ’j}:ﬁ , we have
dli

n—oo

tim (|51 = C0m Y 75 3 A

Il
T
S

=
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Thus

)3/
i 157, = Zi5orm

Since rp > 1 itis clear that {(rp) and {(2rp) are covergent by the definition of the
Riemann zeta function. [J

REMARK 4. By Theorem 3 we obtain the least upper bound for the ¢, norm of the
matrix [S™'] thatis

()PP

1570, < 2y
where rp > 1.

We compare our result given in Theorem 3 with computer calculations by using
Maple 6 for the £, norm of the matrix [S~'] for p =5 and r = 10.

3
n | S NSl
2 | 0.83577 x 10~
3 | 0.78886 x 10~
5 | 0.17324 x 10~
10 | 0.53541 x 10~
20 | 0.11980 x 10~%
50 | 0.10720 x 10~
100| 0.25595 x 10~%°

Table 1

COROLLARY 5. Let [S™!] be the reciprocal LCM matrix. Then

. - 2)¥2 V15
Jtim (1571, = Hie = o

where {(s) is the Riemann zeta function.

Proof. By letting p =2 and r = 1 in Theorem 3, the proof is immediate. [

We compare our result in Corollary 5 with computer calculations by using Maple
6 in Table 2.
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3/2

n| sl | e =
2 [ 1.322875656 | 2.027889338
3 | 1.462494065 "

4 11.570120307 "

5 |1.618383968 "

10 | 1.785512467 "

30 |1.923525230 "

50 [ 1.958073310 "

100 | 1.988504622 "

200 | 2.005863321 "
30012.012307249 "

400 | 2.015714494 "

500 2.017840069 "
600|2.017853121 "

Table 2

The following corollary gives us an upper bound for the spectral norm of [S~"].

DEFINITION 6. Let A = (a;)nxn be in M, (C). The spectral norm of A is
|Al|¢ = max {\/I : A is an eigenvalue ofA*A} .

COROLLARY 7. Let [S™"] be a generaliztion of the reciprocal LCM matrix and
2r > 1. Then

—r gar)yr

Is7Mls < Zg e
Proof. By Theorem 3 we have

—r L)’

H[S ]Hp < C2rp)ir’
Letting p = 2 we have

—r L(@r)?

15711, < Cane

Since ||Al[; < ||A]|, for any matrix A = (ajj),xn in M,(C) we obtain

L@y

i

™15 <

3. Discussion

The matrix norms of GCD, LCM and their generalizations have not hitherto been
studied in the literature by using some tools of number theory. We initiated the study of
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matrix norms of GCD and LCM matrices in a different sense. We also present an open
problem on the norms of GCD and LCM matrices.

PROBLEM 8. Can values of matrix norms of GCD and LCM matrices be obtained
in terms of arithmetical functions?
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