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A CONJECTURE ABOUT THE INERTIA OF HERMITIAN MATRICES

C. M. DA FONSECA

(communicated by R. A. Brualdi)

Abstract. Let H be a Hermitian matrix which has been decomposed into m rows and m columns
of blocks. Suppose further that we know the inertia of each diagonal block and a range of possible
ranks for each off-diagonal block. What are the possible inertias of H ?

In this paper, a conjecture on the inertias of Hermitian matrices with a prescribed 3 x 3
block decomposition is presented, based on several important works on the subject.

1. Introduction and preliminaries

Define the inertia of an n x n Hermitian matrix H as the triple In(H) = (7, v, d),
where 7, v and 0 = n —  — v are respectively the number of positive, negative, and
zero eigenvalues. When n is given and we will not be using the symbol § we write
In(H) as (m, v, *).

For i,j = 1,...,m, suppose that Hj; is an n; X n; matrix with H; = Hj; and
n=ni+---+ny. Wesay that (Hy),,,  isan m x m block decomposition of
H if H = (Hj). In the last decades the characterization of the inertias of Hermitian
matrices with prescribed 2 x 2 and 3 x 3 block decompositions has been extensively
investigated. In the first case, after the papers [18] and [2] in 1981, Cain and Marques
de Sa established the following result.

THEOREM 1.1. ([3]) Let us consider nonnegative integers n;, m;, v; such that m; +
vi < n;, fori=1,2,andlet 0 < r < R < min{ny,ny}. Then the following conditions
are equivalent:

(1) For i = 1,2, there exist n; X n; Hermitian matrices H; and an ny X n, matrix
X such that In(H;) = (m;, v;, *), r < rankX < R and

[H X
Sy

has inertia (7, v, x).

(II) Let k € {1,2}. Let Wy be any fixed Hermitian matrix of order ny and inertia
(ﬂ'k, Vi, *) . (I) holds with H, = Wyy.

(I1l) Let W be any fixed ny x ny matrix with r < rankW < R. (I) holds with X = W.
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(IV) For k = 1,2, let Wy be any fixed ny X n; Hermitian matrix with inertia
(ﬂ'k, Vi, *) (I) holds with Hy = Wy, and Hy, = Wy,.
(V) The following inequalities hold:

max {7, T, r — Vi, r — Vp, Ty + M — R},
max {Vy, Vo, r — m,r — T, Vi + Vo — R},
min{m + T, T +no, T + T JrR}7
min{m + WV, V] +ny, VI + W +R},

< 3 < 3
NNV

> m+Vvi+m+va—R,
< min{m+n2,m+v1+n2+R,n1+7T2+vz+R}.

In this important theorem we can see how much influence the pair H;, H, of
complementary submatrices and the off-diagonal block X have on the inertia of H .

In 1992, Cain and Marques de Sd ([3]) extended the methods given by Haynsworth
and Ostrowski in [15], for estimating and computing the inertias of certain skew-
triangular block matrices. Later this result was improved in [10], which can have the
following block tridiagonal version.

THEOREM 1.2. ([10]) Let us consider nonnegative integers n;, m;,V; such that
i+ vi <n, fori=1,2,3, andlet 0 < rijy1 < Ry < min{n;,ni}, for i =1,2.
Then the following conditions are equivalent:

(1) For i = 1,2,3, and j = 1,2, there exist n; X n; Hermitian matrices H; and
n; X njp1 matrices Xjjy1 such that In(H;) = (m;, v;, %), rjjp1 < rankXjq1 <

RjJ+1 and
H X 0
H=|X}, H X3
0 X3 H;

has inertia (7, v, x).

(I) Let k € {1,2,3}. Let Wy be any fixed ny x ny Hermitian matrix with inertia
(ﬂk, Vi, *) . (I) holds with H, = Wy.

(IIl) Let k € {1,2}. Let Wiy be any fixed ng X ngy1 matrix with rigi1 <
I‘aHka’k+1 < Rk,k+1 . (1) holds with Xk,k+1 = Wk,k+1 .

(IV) For k = 1,2,3 let Wi be any fixed n; X ny Hermitian matrix with inertia
(ﬂk, Vi, *) (1) holds with Hy = Wy, Hy = Wy, and H3; = Ws3.

(V) Let (i,j k) = (1,2,3) or (2,3,1). Let Wi be any fixed ny x ny Hermitian
matrix with inertia (7, V,*) and let Wj; be any fixed n; X n; matrix with
Tij < rankWij < Rij. (1) holds with H, = Wy, and Xij = Wij.



A CONJECTURE ABOUT THE INERTIA OF HERMITIAN MATRICES 499

(VI) The following inequalities hold:
T = max{m,ry — Vo, 73 — V2,
m — V2 + 13— R, M — V3 + 3,
3 — Vi +ri2, M3 — Vo +r2 — Ros,
T+ M — Ry, 1y + 73, T + 73 — Ras,
T+ M+ m —Rio— Ry},
v 2 max{vy,rp — M, r3 — M,
Vi — T +r3 — Rip, Vi — T3 + 123,
V3 —m +ri2, V3 — M+ ri2 — Ros,
VI + Vo — Rz, Vi + V3, Vo + V3 — Rps,
Vi+Va+Vv3—Rpp— Ry},
n < min{ny + m +n3,m + M + M + Riz2 + Ro3,
T+ m+n3+ R, m+nm+m,n +m+m3+Ry3 ),
v < min{m + Vo +n3,vi+ o+ v3+ Rip + Ros,
Vi+Vo+n3+ R, Vi+no+v3,n +va+v3i+Ry |},
n+v Zmax{m + Vi +m+ Vs —Ri2,m + V2 + T3 + V3 — Rag,
T+ Vi + M+ Vo + M+ V3 — Rip — Ros,
T+ VI — M — Vo + 23 — Ry,
M3+ Vi —m—Vva+2r, —Ro3 },
m4+v <min{n +ny + n3,m + vy +n2 +n3 + Rz,
n+m+ Vo +n3+ R+ Roz,ny +ny+ 3+ v + Ros,
M+ Vi + M + Vo +n3 + 2Ry + Ras,
M+ Vi +ny+ @3+ V3 + Ry + Ros,
ny 4 M+ Vo + 3+ V3 + Rip + 2Ry }
7—v <min{m + m, + m,
T+ mMm+m—Vvi+Ryo,m+m+ 73— vs+ Ry},
v—m <min{v, + v, + vs,
Vit +Vvs—m +Ro,vi+va+Vvs—m3+ R }.
For m > 2 Cain (cf. [1]) characterized the inertias of Hermitian matrices with
m-by-m block decompositions in terms of a system of linear inequalities involving
the orders of the blocks and the inertias of the main diagonal blocks, extending the

main results of [2]. Given the integers xi,...,x, and yi,...,yn, Cain defines, for
k=1,...,m, the set

Ly (m, x«,y.) = min Zx,-—&—Zyi |[Ic{l,....m}and |I| =k,
igl icl

and establishes the theorem:
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THEOREM 1.3. ([1]) Let m, n;, m;, V; be nonnegative integers and m; + v; < n;,
fori=1,....,m,andset n =n; +---+n,. The following conditions are equivalent:
(I) There exists an n x n Hermitian matrix H = [H;j] where Hj; are n; X n; blocks,
satisfying In(Hy;) = (7, vi, %) and In(H) = (7, v, *).
(II) Given Hermitian matrices X; of order n;, with In(X;) = (m, v;,*) for i =
1,...,m, there exists an n X n Hermitian matrix H = Hij], where H;; are
n; X n;j blocks, satisfying X; = H; and In(H) = (7, v, *).
(III) The following inequalities hold:

max {m,...,m,} < 7@,
max {vy,...,Vu} < V,
n—(k—1)v < Ly(mn.,m), fork=1,....,m,
v—(k—1r < Ly(mne,v), fork=1,...,m,
T+Vv < n

In the next section a conjecture on inertias of 3 x 3 partitioned Hermitian matrices
is given.

2. A conjecture

As we have seen in previous section the effort to characterize the inertias of
Hermitian matrices with a prescribed 2 x 2 or 3 x 3 block decomposition has produced
many results. While the case of 2 x 2 block decompositions is solved the case 3 x 3
seems to be far from decided.

All these theorems state that a number of conditions are equivalent. In each
theorem the last of the conditions is a large collection of inequalities. Although we are
not certain what the general theorem for 3 x 3 block decompositions should say, here
it is without that last complicated condition:

THEOREM 2.1. Let us assume that the quantities m;, V;, n;, for i = 1,2,3, are
nonnegative and
i+ Vi <
and
OérijéRijémin{ni,nj}, 1<l<]<3
Then the following conditions are equivalent:

(I) For i = 1,2,3, and j = 2,3, there exist n; X n; Hermitian matrices H; and
n; X nj matrices X such that In(H;) = (m;, v;,*), rj < rankX; < R; when
i<jand

H X Xi3
H= n Hy Xo3
Xiy X33 Hs
has inertia (7, v, *).

(I) Let k € {1,2,3}. Let Wiy be any fixed Hermitian matrix of order ny with inertia

(ﬂk, Vi, *) . (I) holds with H, = Wy.
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(III) Let j,k € {1,2,3} such that j < k. Let Wy be any fixed n; X ny matrix with
Tik < rank Vij < Rjk. (I) holds with Xjk = Vij.

(IV) For k = 1,2,3 let Wi be any fixed n; X ny Hermitian matrix with inertia
(ﬂk, Vi, *) (1) holds with Hy = Wy, Hy = Wy, and H3; = Ws3.

(V) Let (i,j,k) = (1,2,3), (1,3,2), or (2,3,1). Let Wi be any fixed ny x ng
Hermitian matrix with inertia (T, Vi, ) and let Wi be any fixed n; X n; matrix
with Tij < rank Wij < Rij. (1) holds with H, = Wy, and X,'J' = Wij.

Proof. (See also [3, 10]) It is straightforward that each of (II)-(V) implies (I).
Suppose now that H satisfies (I). Let M be a block diagonal matrix M; & M, & M3,
where each M; denotes an n; X n; invertible matrix. For i = 1,2,3, and j = 2,3 set
Yi = M{HM;, Y; = M;X;M; when i < j. We have ¥ = (Yij)i,/ = M*HM . Then
rankY); = rankX;, and by Sylvester’s Theorem In(Y) = In(H) and In(Y;) = In(H;).
Thus Y has all the rank and inertia properties required in (II)-(V). In each of these
cases the only additional requirement is that, for certain i < j, k, M;X;M; = W; and
M}HM; = Wi . Such M,,’s can always be founded ([17]). O

Note that the set of linear inequalities in each theorem is self- v -dual in the sense
that it remains invariant after we transform each inequality into its 7v-dual, i.e., the
set is the same after the substitution in each inequality of the symbols v, &, v;, ; for
7, V, W;, V;,, respectively. Also, when rj3 and R;3 are not zero they must show up in the
inequalities in a way that respects the symmetries and the patterns revealed in [10].

Carefully reflecting on the results reviewed above leads us to conjecture:

CONJECTURE 2.2. Under the conditions of the Theorem 2.1, (I) (and, therefore,
(I1)—(V)) is equivalent to the following system of linear inequalities:

s >max{n1,7r2,7r3,
2 = Vi, 73 — Vi, V2 — V2,123 — V2,113 — V3,723 — V3,
T — Vo +r3 — R, M — V3 + 13 — Rys,
T — Vi +ri3— Rz, M — V3 +ri3 — R,
M3 — Vi +ri2 — Ri3, M3 — Vo +ri2 — Ros,
M + M — Ri2, M + M3 — Ry3, M + M3 — Ras,
M+ m+m—Ri2—Rizs— Ry},
v > max {vi, v, Vs,
Fp2 — T, 3 — T, 2 — M, 3 — M, ri3 — 73,23 — 73,
VI — T +r3 — Ri2, Vi — T3 + s — Rys,
Vo — Ty +r13 — R, Vo — T3 + 113 — Ras,
V3 — M +ri2 — Ri3, Vs — M + ri2 — Ros,
Vi+ V2 —Rpp, Vi + V3 — Ri3, Vo + V3 — Ros,
Vi+Va+Vv3—Rip—Riz— Ry },
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r < min{m +ny +n3,n; + m + n3, 0y + ny + 73,
T+ T +n3 + Rip, T +no + 73 + Riz,ny + M + 73 + Ros,
m +m+ M+ R+ Ris+Ros b
v <min{v; +ny +n3,n1 + vo +n3,ny + ny + v,

Vi+ WV +n3+Rip, Vi +n2+ V3 4+ Rz, np + Vo 4+ v3 + Ry,
Vi+Va+v3+Ri+Riz+Ry b,

n4+v Zmax{m + vi + m+ v, — Ry,
T+ vi+m+ vi — Ry,
T+ V2 + M+ Vi — Ras,
M+ Vi+m+ Vo + 7+ V3 — Rip — Ri3 — Ry,
ri2 +ri3 — Ry, ri2 + 13 — Riz, riz + 3 — Ry,
T+ Vi — M — Vo + 2r3 — R, 1 + Vi — 73 — V3 + 23 — Ry,
T+ Vo — M — Vi +2r3 — Ri2, iy + Vo — 713 — V3 + 2113 — Ras,
M3+ V3—m —Vvi+2rp—Ri3, i3+ Vvs —m — Vo +2rip —Rp3 },

4+ v < min{n; + ny + ns,
7+ Vi +ny +n3 + Rz + Ry,
ny +m + vy +n3 + Rz + Ros,
ny +ny + m + vz + Ri3 + Ro3,
T+ Vi + M + Vo +n3 + 2R1p + Ry3 + Ros,
T+ Vi + 1y + M3+ V3 + Rip + 2R3 + Ros,
ny+ M+ Vo + M+ Vs + Rio + Ris + 2R3 }

n—v <min{n; + m + 7, m + np + M3, T + M + N3,
T+ T + 3 4+ Rio, T + Mo + 73 + Ri3, M + M + M3 + Ros,
T+ M+ M3 — Vi + R + Rys,
m + M+ M3 — Vo + Rip + Ros,
m+m+m—vi+R3+R3},

v—m <min{n + v+ v3, Vi + 12+ v3, Vi + V, + 13,
Vi+Ww+V3+Rp, Vi+ Va4 Vvs+Riz, Vi + Vo + V34 Ros,
Vi + V2 + V3 —m + Rz + R,
Vi + V2 + V3 — M+ Rz + Ros,
Vi+Va+Vvi—m+Ri3+Rs},

—Rip—R3—Rp <7m—-2v<m+m+m,
—Rip —Ri3—Rp < v-2n<vi+w+vs.

Itis not difficult to generalize the Theorem 2.1 to m x m block decompositions, but
itis notclear how to generalize Conjecture 2.2 to the m x m case. Cain’s result, Theorem
1.3, suggests new inequalities involving 7—3v,v—3x,..., 71— (m—1)v,v—(m—1)x.
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The correct generalization of Conjecture 2.2 could depend on combinatorial and
qualitative features of the decomposed Hermitian matrix, a subject which in the recent
years has been quite thoroughly investigated (e.g. [13]). The inertially symmetric
pentagons of Dancis and Cohen could play a role.
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