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POSITIVE SOLUTIONS FOR CONTINUOUS AND DISCRETE BOUNDARY
VALUE PROBLEMS TO THE ONE-DIMENSION p-LAPLACIAN

DAQING JIANG, JIFENG CHU, DONAL O’REGAN AND R. P. AGARWAL

(communicated by V. Lakshmikantham)

Abstract. New existence results (for positive solutions) for continuous and discrete boundary
value problems to the one-dimension p -Laplacian are presented in this paper. Here we use a
well-known fixed point theorem in cones. Our results improve several recent results established
in the literature.

1. Introduction

In this paper, we discuss the existence of positive solutions to the boundary value
problem

{ (o)) +g(t)f (u) =0, ae. t€]0,1]; (L)
u(0) =u(l)=0 :
and the discrete boundary value problem
A(P(Au(i — 1)) +q(i)f (u(i)) = 0, i€ N; (1.2)
u(0) = u(T +1) =0, :

where ¢(s) = |s]P~2s, p > 1, N={1,2,...,T} and T > 1 is a fixed positive integer.

It is of interest to note here that the existence of positive solutions to problem (1.1)
and (1.2) has been studied in great detail in the literature. For results the continuous
case, we refer the reader to [3,7, 8,11, 18,24] (p =2) and [5, 6,9, 12, 16, 19, 20, 21].
For results in the discrete case, we refer the reader to [1, 2, 3,4] (p = 2) and [22, 23].

In this paper, we present a new existence theory for the continuous case in section
2 and the discrete case in section 3. In both sections we employ a well-known fixed
point theorem in cones (see Theorem 1.1). One of the key steps is to find a function
W such that the appropriate operator @ satisfies the condition u # ®u + Ay in the
cited fixed point theorem. It seems to be difficult to utilize the norm-type expansion and
compression theorem to prove our main results (see [24] for a discussion when p = 2).
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As an application of our new results, we respectively consider the existence of
eigenvalues of the problem

(0(u')) +Ag(t)f (u) =0, ae. t€]0,1];
{u<o>— )0 (1.3)

in section 2 and the problem

{ alg(autc D)+ A W) =0, i< N »
w(0) = u(T +1) =0 :

in section 3.
To conclude this section, we state a fixed point theorem in cones which will be
needed in this paper.

THEOREM 1.1. ([10], [24]) Let X be a Banach space and K is a cone in X.
Assume Qp, Qy are open subsets of X with 0 € Qq, Q; C Q,. Let

D:KN(Q\Q)—K

be a continuous and completely continuous operator such that

(i) ||Dx|| < ||x|| for x € KN 0OQy,

(ii) there exists Wy € K\{0} such that x # ®x + Ay forx € KN 0Q, and
A >0.

Then ® has a fixed pointin K N (Q, \ Q).

REMARK 1.1. In Theorem 1.1, if (i) and (ii) are replaced by

(i)* ||Px|| < ||x|| for x € KN OQ,,
and

(ii)*  there exists y € K\{0} such that x # ®x + Ay forx € KN IQ,; and
A >0,
then @ has a fixed pointin K N (Q; \ Q).

2. Continuous Case

In this section we establish the existence of positive solutions to problem (1.1).
Throughout this section we will assume the following two conditions hold:

(H1) f :]0,00) — [0,00) is continuous.

(H2) g€ L'0,1] and g(¢) > 0 ae. for ¢ € [0,1]; in addition, it is assumed
that there exists a € (0, ] such that g(r) > 0 a.e. for 7 € [a, 1 — a].

Let X = C[0, 1], with the norm ||u|| = max,c[ ) |u(?)|, so X is a Banach space.
By a solution u to (1.1) we mean a function u € C'[0,1], ¢(u') € AC[0,1] such
that u satisfies (1.1) and the boundary condition; here AC[0, 1] denotes the space of
absolutely continuous functions defined on [0,1]. Also, we define

K ={ue€ X: uisconcaveon [0, 1] and u(0) = u(1) = 0}. (2.1)

One may readily verify that K is a cone in X.
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First we present some useful results.

LEMMA 2.1. ([16]) Let u € K, then
u(t) > min{t, 1 — t}|u|| forall t €10,1].

LEMMA 2.2. If u € C'[0,1] satisfies

(p(u")) <0, ae. t€][0, 1],
u(0) = u(1) =0,
then u(t) > min{z, 1 — t}||u|| forail t € [0,1].
Proof. Notice that (¢(u))’ < 0 fora.e. ¢ € [0, 1] implies u is concave on [0,1],
so the result follows from Lemma 2.1. [
LEMMA 2.3. ([17]) If u, v € C'[0, 1] satisfies
(0@")) < (9(v))', ae. 1€]0,1]
u(0) = v(0), u(1) = v(1),
then u(t) = v(t) forall t € [0, 1].

In order to prove the existence of positive solutions to problem (1.1), we consider
the following boundary value problem

{(¢( W)+ (Z ) =0, ae 1€][0,1];

)f (u
w(0) = w(l) = 0, (2.2)

forany u € K, where K is aconein X givenin (2.1).
It follows from [17] that, for each fixed u € K, problem (2.2) has a solution w
and (2.2) is equivalent to

= /Ot o (7 +/ g(r)f (u(r))dr)ds =: (u)(r), 0 <r< 1 (2.3)

where 7 = ¢(w'(1)) is a solution of the equation

1 1
/ ¢*1(r+/ g(r)f (u(r))dr)ds = 0. (2.4)
0 s
Moreover, the operator @ : K — X is continuous and completely continuous. Now
since
{ (9((Pu)))" +g()f () = 0, 1 € (0,1);
(@u)(0) = (Pu)(1) =0,

and g(#)f (u) > 0, it follows that w = du € K, so ®: K — K.
From Lemmas 2.1-2.3 we have the following results:

LEMMA 2.4. Let u € K, then u(t) > al|u| for Vit € [a,1 — a].
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LEMMA 2.5. Let P(t) be a solution to problem (2.2) with f (u) = 1, then

(I) if w(t) is a solution to problem (2.2) with f(u) < ¢(M), then w(t) <
MP(1),i.e., (Pu)(t) < MP(z) fort € [0, 1];

(I1) if w(t) is a solution to problem (2.2) with f(u) > ¢(M), then w(t) >
MP(t),i.e.,(Pu)(t) = MP(z) fort € [0, 1].

Proof. Notice that for a.e. ¢ € [0,1] we have
(@(w' (1)) — g(0)f (u() > —M"""g(r) = (9(MP'(1)))’,
so the resultin (7) follows from Lemma 2.3. Similarly we can prove (II). O

Let V € C'[0, 1] be a solution to the following problem

O(V)) + &) Xjar—a(t) =0, ace. t€[0,1];
{ V(0) = V(1 ):0[ -
where 1 [a, 1 ]
, te€la, 1 —al;
Xa1—a)(t) = { 0, t€[0,a)U(1—a,l] (20

is the characteristic function on [a, 1 — a].

LEMMA 2.6. Let V(1) be a solution to problem (2.5), then

(I) if w(t) is a solution to problem (2.2) with f(u(t)) < ¢(M)xa1—q (), then
w(t) < MV(1),i.e.,(Pu)(t) < MV(z) fort € [0,1];

(1) if w(t) is a solution to problem (2.2) with f (u(t)) = ¢(M)x4,1—q (t), then
w(t) = MV(1),i.e., (Pu)(t) = MV(t) fort € [0,1].

The proof will be omitted only because it is similar to that of Lemma 2.5.
In order to state our main results, we let
fo—tim LY and fo = tim LW

1,4~>04r up—1 U— 00 upfl.

THEOREM 2.1. Suppose that (H1) and (H2) hold. In addition, we assume that
one of the following two conditions holds:

(h) 0<fo<AP™' and B! < fo < o0;

(hy)  0<foo <A™ and BP~' < fy < o0;
where A = (maX()g,gl P(l‘))_l and B = (minagtgl_u V(l))_l.

Then problem (1.1) has at least one solution u € K with u(t) #Z 0 for t € (0, 1).

Proof. (I) Assume that (4;) holds.
By the first part of (h;), there exists » > 0 such that

f(u) < (Auy™" for 0<u<r

For any u € K with |lu|| = r, we have f (u(t)) < (Ar)?~! for t € [0, 1].
It follows from Lemma 2.5 that

w(t) = (Du)(t) < ArP(t) < Ar max P(t) =r,

0<r<1
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s0,
|Du|| < ||lull, VueKNoQ, (2.7)
where Q) ={ueX: |u| <r}.
By the second part of (hy), there exists 17 > O such that
) > (Bu)’“1 for u>n.

Let R = max{2r, a~'n}. Forany u € K with |lu|| = R, then it follows from Lemma
2.4 that
u(t) 2aR >n for t€la,1—al.

As aresult

Ful) > { 0, t€f0,a)U(l —a,l]

B mi Y=, ¢ 1—
(B min u(n)"™, t€fal-ad

= 1 [7*1
(B min u(0))"™ Xja1-q(0)-
Then it follows from Lemma 2.6 that we have

w(t) = (Pu)(r) > BV(r) min u(t), t € [0, 1].

ast<l—a
Let y =1 for ¢ € [0, 1], so w € K\{0}. We shall prove that
u#du+ Ay for uec KNoQ,and A >0, (2.8)

where Q, = {u € X : ||ul]| < R}.
If not, there exists ug € K N 0K, and Ay > 0 such that

ug = Pugy + Aol[/
Let u = min,c(,—q Uo(t) . Then for 7 € [a, 1 — a] we have
u()(t) = ((DM())(I) + Ay = BMV([) + Ay = u+ A,(),

and this implies u > u + Ay, a contradiction.

It follows from Theorem 1.1, (2.7) and (2.8) that @ has a fixed point u €
KN (Qy\ Q); notice u(z) = min{z,1 — ¢} r. Clearly, this fixed point is a positive
solution of (1.1).

(Il)  Assume that (f;) holds.

By the first part of (h;), there exists § > O such that

fu) < (Auy=t for u>P.
Let b = maxoc,<pf (u), R > ¢~ 1(b)/A, and it is easy to see that

max f(u) < ¢(AR).

0<u<Rk

For any u € K with |lu|| = R, we have f (u(t)) < (AR)P~!.
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It follows from Lemma 2.5 that

w(t) = (u)(r) < ARP(1) < AR max P(r) = R, 1€ [0,1],
\t\
S0,
|Dul| < lull, YueKno, (2.9)

where Q = {u € X : |lu|| <R}
By the second part of (h;), there exists r > 0(r < R) such that

fu) = (Bu)P~" for 0<u<r.

For any u € K with ||u|| = r, then

0, t€0,a)U(l—a,l
f(u(®)) > { (B, min u(@Dy~, i€lal-d
= (B, min_u())" ™" Har-a )

It follows from Lemma 2.6 that (®u)(¢f) > BV(¢) mingg,<1—qu(t). Let w = 1 for
t € [0, 1], and we prove that

u#®u+ Ay for ue KNoQ and A > 0, (2.10)

where Q) ={u e X: [jul| <r}.
If not, there exists ug € K N 9K, and Ay > 0 such that

ug = Pugy + Aol[/
Let u = min,c(,—q Uo(t) . Then for 7 € [a, 1 — a] we have
Mo(l) = (q)uo)(l) + Ay = B,LLV(I) + Ao = u—+ Ao,

and this implies u > u + Ay, a contradiction.
It follows from Theorem 1.1, (2.9) and (2.10) that @ has a fixed point u €
KN (Q;\ Q). Clearly, this fixed point is a positive solution of (1.1). O

COROLLARY 2.1. Assume (H1) and (H2) hold. Also suppose fo = 0 and
foo = 00; or fo = 00 and foc = 0. Then problem (1.1) has at least one solution u € K
with u(t) #0 for t € (0,1).

As an application of Theorem 2.1 we consider the following eigenvalue problem

(o)) + Ag(t)f (u) =0, ae. te[0,1];
{u(O) 2y =0 (1.3)

Consider the following conditions:
(L1)  fso >0, fo# 00 and B < 47,

foo fo
p—1 p—1
(L2)  fo >0, foc # 00 and Bf—0</}7;

where A and B are given in Theorem 2.1.
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THEOREM 2.2. Assume that (H1) and (H2) hold. If (L1) holds, then for ¥ A €

(pr—o:, /%71) problem (1.3) has at least one solution u with u(t) > 0 for t €10,1]
and u(t) #Z 0 on [0,1]. The same result remains valid for ¥ A € (%, A ) if (L2)
holds. !

Proof. If (L1) holds, then Af. > B’~! and Afy < AP~!; if (L2) holds, then
Afo > BP~! and Af., < AP~!. The result follows from Theorem 2.1. [

COROLLARY 2.2. Assume that (H1) and (H2) hold. Also suppose fo = 0 and
foo = 00; or fo = o0 and f~ = 0. Then problem (1.3) has at least one solution u € K
with u(t) Z 0 for t € (0,1) forall A € (0,00).

3. Discrete Case

In this section, we establish the existence of positive solutions to the discrete
boundary value problem (1.2). Throughout this section it is assumed that:
(A1) ¢q:N — (0,00) is continuous and f : [0,00) — [0, c0) is continuous.

REMARK 3.1. We callamap g : N — (0,00) continuous if it is continuous as a
map of the topological space N into the topological space (0,00). Throughout this
paper the topology on N will be the discrete topology.

Let C(NT,R) denote the class of map u continuous on N*, with norm |ju|| =
max;en+ [u(i)], here N* = {0,1,...,T+ 1}, so C(N*,R) is a Banach space. By a
solution u to (1.2) we mean a function u € C(NT,R) such that u satisfies (1.2) and
the boundary condition. A solution u(i) of (1.2) is called a positive solution if u(i) > 0
for i € N.

LEMMA 3.1. ([1]) Let y € C(NT,R) satisfy y(i) > O for i € N*. If u €
C(NT,R) satisfies

ANu(i—1)+y(i) =0, ieN
{u(O)—u(T+ 1)=0,

then
(i) > u(i)lull for i € N*;
here
(i) = min T+1—-i i
i) = —_ =
H T+1 ' T
LEMMA 3.2. If u € C(N*,R) satisfies
A((Au(i — 1)) <0, i€ N
u(0) =u(T+1)=0,
then u(i) = u(i)|ul| for i € N*; here u(i) is defined in Lemma 3.1.

Proof. Notice that A(¢(Au(i — 1))) < 0 implies A%u(i — 1) < 0 for i € N, so
the result follows from Lemma 3.1. O
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LEMMA 3.3. If u, v € C(N*,R) satisfies
{ A(9(Au(i — 1)) < A(¢>(AV( 1)), ieN
v(0),

u(0) > u(l +1) 2 v(T +1),
then
u(i) = v(i) fori e N*.
Proof. Let z(i) = u(i) — v(i). If the lemma were not true, there would exist iy € N

such that z(ip) = min;ey z(i) < 0, Az(ip — 1) < 0. Notice that

AO(Au(i — 1)) < A@(Av(i — 1))), i€ .
Sum both sides of the above inequality from iy to i (ip < i < T) to obtain

¢(Au(i)) — ¢(Au(io — 1)) < 9(Av(i)) — ¢(Av(ip — 1))
ie.,
¢(Au(i)) — o(Av(i)) < (Au(io — 1)) — ¢(Av(io — 1)) <0,

s0,

Az(i) = Au(i) — Av(i) < 0, ih<i<T.
This implies z(ip) > z(T + 1) = 0, a contradiction. [

In order to prove the existence of positive solutions to problem (1.2), we consider
the following boundary value problem

A(P(Aw(i —1))) +q(i)f (u(i)) =0, i€ N
{ w(0) = w(T 4 1) = 0. (3-2)

forany u € K, where K isaconein X = C(N*,R) defined by
K={ueX:u(i)>=u(lul|forie N}, (3.3)

where u(i) is givenin (3.1).
It follows from [23] that, for each fixed u € K, problem (3.2) has a solution w
and (3.2) is equivalent to

0, i=0o0ri=T+1
o= @00 ={ 3o SN e, en 09
where 7 is a solution of the equation
T s
2(t) =97 (1) + Y07 (T + ) a(r)f (u(r)) = 0. (3:5)
s=1 r=1

Moreover, the operator ® : K — X is continuous and completely continuous. Now

since
A(P(A(DPu)(i — 1)) + q(@)f (u(i)) =0, i €N;
(Pu)(0) = (Pu)(T + 1) =0,
and g(i)f (u(i)) > 0, then it follows from Lemma 3.2 that w = du € K, so ®: K —
K.
From Lemma 3.3, we have the following result.
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LEMMA 3.4. Let P(i) be a solution to problem (3.2) with f (u) = 1,

(I) if w(i) is a solution to problem (3.2) with f(u) < ¢(M), then w(i) <
MP(i),i.e., (Pu)(i) < MP(i) fori € NT.

(I1) if w(i) is a solution to problem (3.2) with f(u) > ¢(M), then w(i) >
MP(i),i.e., (Pu)(i) = MP(i) fori € N*.

Proof. Notice that

A@(Aw(i — 1)) = —g(i)f (u(i)) > —M"~'q(i) = A(O(AMP(i — 1)))

for i € N, so the result in (/) follows from Lemma 3.3. Similarly we can prove
(n. O

THEOREM 3.1. Suppose that (Al) holds. In addition, we assume that one of the
following conditions holds:

(A2) 0<fo<AP! and B ' <fo <o0;

(A3) 0 < foo <AP™! and B! <fy < oo;
where A = (max;ey P(i)) ™! and B = (min;ey P(i)) 7.

Then problem (1.2) has a solution u € K with u(i) 20 for i € N*.

Proof. (I) Assume that (A1) and (A2) hold.

Since 0 < fo < AP~! we can choose r > 0 such that

f(u) < (Au)P~" whenever 0 <u<r.

Thus, if u € K with |ju|| = r, then

S () < (Au()P~" < (Ary71 i€ N.
It follows from Lemma 3.4 that

(i) < ArP(i) < Armzll\;(P( iy<r,ieN",
i€

i.e.,
|Du|| < ||lull, VueKNoQ, (3.6)

where Q) ={u e X : [jul| <r}.

Also, since B! < fo, < oo, there exists 1 > such that

)
f(u) > (Bu)’~" whenever u > 1.
Let R=(T+1)n > r. If u € K with |Ju|| = R, we have

R

so f(u(i)) > (Bu(i))>~!, for i € N.
Let y(i) =1 for i € N*, so y € OK\{0}. We shall prove that

u#du+ Ay for u e KNoQ,and A >0, (3.7)
where Q, = {u € X : ||ul]| < R}.
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If not, there exists ug € K N 9L, and Ay > 0 such that
uy = Pug + Agy.
Let oo = minjey uo(i) . Then o > 1, so we have
f(u(i)) = (Ba)™', forVicN.
Then, for i € N, it follows from Lemma 3.4 that we have
up(i) = (Dup) (i) + Ao = BaP(i) + Ao = o + Ap.

This implies o > a + Ao, a contradiction.

Now (3.6), (3.7) and Theorem 1.1 guarantee that ® has a fixed point u € K N
(Q2\ Q) with r < [ju]| <R

(II)  Assume that (A1) and (A3) hold.

By the first part of (A3), there exists r; > 0 such that

fu) < (Au)y~"' for u>r.

Let R = (T 4 1)ry, so we have, for Vi € N,

u(i) > T——H|| ||_—_r1 for u € KNoQ,, (3.8)

where Q = {u € X : ||u|| < R}.
Thus

£ (u(@)) < (Au(i))’~ < (ARY'™, i € N.

It follows from Lemma 3.4 that
(i) < ARP(i) <R foralli € N,

i.e.,
|Pul| < |lul| YueKnNo,.

On the other hand, since B"~! < fo < oo, there exists 7 € (0,7) such that
fu) = (Bu)"’*1 for 0O<u<r

Then for any u € K with ||lu|| = r, we have u(i) > 7 foralli € N.
Let w(i) =1 for i € N*. Essentially the same reasoning used in (I), establishes

u#odu+ Ay foru e KNoYand A > 0, (3.9)

where Q) ={u e X: [jul| <r}.

Now from (3.8), (3.9) and Theorem 1.1 we have that @ has a fixed point u €
KN (Q\ Q) with r < ||lul| < R.

This completes the proof of the theorem. [
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COROLLARY 3.1. Assume that (A1) holds. Also suppose fo = 0 and fo, = 00;

or fo = 00 and foc = 0. Then problem (1.2) has at least one solution u € K with
u(i) 20 fori e N*.

As an application of Theorem 3.1 we consider the following eigenvalue problem

{ A(¢(Au(i — 1)) + Aq(D)f (u(i)) = 0, i €N, (1.4)
u(0) =u(T+1)=0. :

Consider the following conditions:

(S1)  foo >0, fo# 00 and 5= < 47—,

(S2) fo>0, foo # 00 and B’;;l < A;:;

where A and B are given in Theorem 3.1.

THEOREM 3.2. Assume that (A1) holds. If (S1) holds, thenforall A € (Bpi1 A

problem (1.4) has at least one solution u with u(i) > 0 for i € NT and u(i) £ 0 on
Nt . The same result remains valid for all A € (L7l Apil)7 if (S2) holds.

fo ? foo
Proof. 1f (S1) holds, then Afo, > B! and Afy < AP~'. If (S2) holds, then

Afo > BP~! and Af. < AP~!. The result follows from Theorem 3.1. [J

fo

COROLLARY 3.2. Assume (A1) holds. Also suppose fo = 0 and fo = 00; or
= 00 and foo = 0. Then problem (1.4) has at least one solution u € K with

u(i) Z0 for i € N forall A € (0,00).
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