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LIONS-PEETRE TYPE COMPACTNESS
RESULTS FOR SEVERAL BANACH SPACES

FERNANDO COBOS * and RAUL ROMERO

(communicated by J. Bergh)

Abstract. Working with interpolation methods associated to polygons, a result of Cobos and
Peetre guarantees that the interpolated operator is compact provided all but two restrictions of
the operator (located in adjacent vertices) are compact. We characterize here those intermediate
spaces that satisfy the conclusion of Cobos-Peetre result for all operators. We also establish some
results on rank-one interpolation spaces.

1. Introduction

Inequalities play a central role in interpolation theory. For instance, the interpo-
lation property of compact operators by the real method can be stated as a convexity
inequality between measures of non-compactness of the restrictions of the operator to
the spaces in the couple (see the papers by Edmunds and Teixeira [25] and by Cobos,
Ferndndez-Martinez and Martinez [6]). Central results of the article by Cobos, Cwikel
and Matos [4] are also stated in terms of inequalities. They investigated to what ex-
tent the classical compactness results of Lions and Peetre [20] can hold for arbitrary
intermediate spaces A. This time inequalities involve measures of non-compactness
and also the functions yy, p4 which describe the “position” of the intermediate space
within the Banach couple. This research was continued by Cobos, Manzano, Martinez
and Matos [10] and Cobos, Ferndndez-Cabrera, Martinez and Pustylnik [5]. Our aim
here is to study these problems in the context of N -tuples of Banach spaces, by using
the K - and J -functionals associated to a convex polygon in the plane.

In 1991, when Cobos and Peetre [11] introduced the interpolation methods A ¢, g) 4.k »
K(aﬁm; ; defined by means of a polygon (we shall recall the definitions in Section 2.),
they also established the following compactness result of Lions-Peetre type.

THEOREM 1.1. Let I1 = Py --- Py be a convex polygon in R2, let Py, Py be
two fixed adjacent vertices of 11, let (o, B) be an interior point of T1 and 1 < g < 0.
Assume that A = {Ay,...,Ay} is a Banach N -tuple, that B is a Banach space and
that T is a linear operator.
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(i) If T : Aj — B is bounded for 1 < j < N and T : Aj — B is compact for all
1<j< N with j # k,k + 1, then T A(aﬁ)’ .x — B is also compact.

(i) If T : B — Aj is bounded forall 1 < j < N and T : B — Aj is compact for all
1<j<Nwithj#kk+1,thenT:Bw— Z(Ot,ﬁ),q;J is compact as well.

Related results can be found in [9], [3] and [7]. In this paper we investigate the
validity of Theorem 1.1 for arbitrary intermediate spaces. Among other things we
characterize those intermediate spaces A such that 7 : A — B is compact for all
operators T € (A, B) with T : Aj — B compactly for j # k,k + 1. We also derive
a corresponding result when the N-tuple A is the target of operators. The results
extend [4], Thms. 3.15 and 3.17 to the setting of N -tuples of Banach spaces (N > 3).
Theorems of [4] are closely related to [10], Thms. 3.7 and 3.8. However, it is not
possible to extend the results of [10] to our context, as we show here by means of
examples.

Our techniques are based on ideas introduced in [4] and [5], combined with the
geometrical elements which are peculiar to the functionals associated to polygons. We
shall also use versions of the functions Yy, p4 with two arguments.

In the case of Banach couples, the functions yy, p4 are connected with the notion
of rank-one interpolation space. In fact, a necessary and sufficient condiciton for A to
be a rank-one interpolation space with respect to the couple A is that for some C > 0 it
holds wa(f) < Cpa(r) forall £ > 0 (see the papers by Dmitriev [13] and by Pustylnik
[23]). However, in our setting of N -tuples, we show that the corresponding inequality
characterizes rank-one interpolation spaces only if A is a triple, thatis, N = 3.

The organization of the paper is as follows. In Section 2. we recall some basic facts
on interpolation methods associated to polygons and on measure of non-compactness.
Section 3. contains the compactness results. Finally, in Section 4., we study rank-one
interpolation spaces.

2. Preliminaries

Let IT = P, --- Py be a convex polygon in the affine plane R?, with vertices
P; = (xj,y)), j=1,...,N. Let A = {Ay,...,Ay} be a Banach N-tuple, that is,
a family of N Banach spaces A; all of them continuously embedded in a common
Hausdorff topological vector space. It will be useful to imagine each space A; as sitting
on the vertex P;. By means of the polygon IT we define the followmg family of
equivalent norms on X(A) = A + --- + Ay

N N

K(t,85a) = inf{ Zt"js"qu,-HAj ta= Z“J’ a; € Aj}, t,s > 0.

j=1 j=1
Similarly, in A(A) = A; N ---N Ay, we consider the family of equivalent norms
J(t,s;a) = max {t"f'syf||a||Aj : 1<j<N}, 1,5 >0.

Note that || - gz = K(1, 15-) and || - [[yz = J(1,1;).
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Given (o, ) in the interior of IT, (o, ) € IntIT, and 1 < g < o0, the K -space
A(a.p).qx is formed by all a € Z(A) for which the norm

1/q
lall(.p).q:x = (/ / ﬁKtsa)V??)

is finite (the integral should be replaced by the supremum if ¢ = co). On the other
hand, the J -space A (4 )4, consists of all those a € Z(A) which can be represented as

o [ [ et

where u(t,s) is a strongly measurable function with values in A(A) and satisfies

(/ / s7PI(t, s ult, S)))q?%y/q < o0.

The norm in A(g,g) gy is

gdt ds\ /g
Il = inf /my/ “sI (1, su(1,5)) )

where the infimum is taken over all representations of a as before.

These spaces were introduced by Cobos and Peetre in [11]. When IT is equal
to the simplex {(0,0),(1,0),(0,1)}, then the spaces coincide with (the first non-
trivial case of) spaces studied by Sparr [24]. If IT coincides with the unit square
{(0,0), (1,0),(1,1),(0, 1)}, we recover spaces investigated by Fernandez [17].

In contrast to the case of the classical real method for couples, where K- and
J -spaces coincide to within equivalence of norms (see [1] or [26]), K - and J -spaces for
N -tuples (N > 3) do not coincide in general. We only have the continuous inclusion
A(a Bl < A(a p).q:k - For example, if IT is the unit square and £; (wy) is the weighted
£, -space with weights w,, , then (see [8], Example 2.8)

(zl(f) ol )zl(%),zl(%))(%wﬂ:zl(%), but
1 1 1 B 1+ logn
(0G0 4= 0 (20

Let B = {By,...,By} be another Banach N -tuple. We write T € Z(A,B)
to mean that 7 is a linear operator from X(A) to X(B) whose restriction to each A;
defines a bounded operator from A; into B; (j=1,...,N). We put

ITllz5 = max{[|T{|a;5 : j=1,...,N}.

If T € £(A,B),itis easy to see that the restriction of T to Ay pg) 4k gives a bounded
operator T : Z(aﬁ) K B(a B).¢:k - The same holds for J -spaces.

If the N-tuple A (respectively, B) reduce to a single Banach space, that is, if
Ay =---=Ay = A (respectively B| = --- = By = B), then we write T € .Z(A,B)
(respectively, T € £(A,B)).
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We say that a Banach space A is intermediate with respect to the Banach N -tuple
A if A(A) — A — Z(A), with continuous inclusions. To work with the intermediate
space A, the following functions will be useful

pa(t,s) = inf{J(t,s;a) : a € A(A), ||alla = 1},
Wa(t,s) = sup{K(t,s;a) :a € A, |lalja = 1}.

These functions are versions with two parameters of the functions used in [4] (see also
[13] and [22]).

We end this section by recalling that given a bounded linear operator 7' between
the Banach spaces A and B, the (ball) measure of non-compactness of T is defined by

Y(Tag) = 1nf{r >0: T(%) C U{yj—&—s%g} for some finite set {y1,...,y.} C B},
j=1

where %, and %3 denote the closed unit balls of the spaces A and B respectively (see
[2] or [15]).

3. Intermediate spaces and compactness

We start by establishing compactness results of Lions-Peetre type for general
intermediate spaces with respect to a given N -tuple.

THEOREM 3.1. Let I1 = Py - - - Py be a convex polygonwith vertices P; = (x;,y;),
let A= {Ay,...,Ay} be a Banach N -tuple and let A be an lntermedlate space with
respectto A. For any Banach space B and any operator T € £ (B,A), we have

Y(Tga) <2 inf max

1,5>0 I<GEKN

{%V(TB,Aj)}- (1)

Proof. For j=1,...,N, take any k; > y(Tp,;) and let {a’1,7a£,]} be a finite
setin A; so that
nj

) < |+ k). (2)

r=1

N
Consider the intersections ﬂl{ajrj + k%, } and take one element w(ry,...,ry) in
j=
N .
N{d); + k%, } if the last set is not empty. Let W be the set formed by all those
j=1
w(r1,...,ry). The set W is contained in A(A), it is finite and not empty because, by

@),
T(u) S \J [ Nal, + k).

1<r <y /=1
I<ry<ny
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Given any b € % we can find w € W such that [|[Tb — wls; < 2k;, for
j=1,...,N. Whence, for any ¢,s > 0, we get

J(t,5;Tb — 19s% 19 8%
ITh —w|ja < H,5Tb — w) = max {lHTa*WHA.} < 2 max {lkj}.
pal(t, s) i< Lpa(z,s) / 1<V Lpa(t,s)
This implies that

T 2 f
¥(Tsa) < 2 inf| max

{ pixj(;fjs) ¥ (Tpa;) }

O

When the N -tuple is in the domain of the operator, the corresponding result reads
as follows.

THEOREM 3.2. Let I1 = Py - - - Py be a convex polygonwith vertices P; = (x;,y;),
let A= {Ay,...,Ay} be a Banach N -tuple and let A be an mtermedlate space with
respectto A. For any Banach space B and any operator T € £ (A, B), we have

. WA(L S) }
< —_— . .
¥(Tap) SN inf max { oV (Tay) 3)

Proof. For j=1,...,N, take any k; > y(Ty, ) and let v, ... ,b{;j} be a finite
setin B such that

ran,) € i)+ ). @

r=1

N

Let z,s > 0. Given any a € %, and any € > 0, there is a representation a = ) _ a; of
j=1

a with a; € A; and

N
> 19 ajlla; < K(ts:a) + € < walt,s) + €.

It follows that @; € 157 (ya(t,s) + €)%, j=1,...,N, and so, using (4), we can
find 1 < 7; < n; such that

WA(I7S)+8 WA(I7S)+8
[re sl < e
Consequently,
N
wal(t valt,s) + ¢ Valt,s) + €

< — ki ;.
H Ta- Z r"J s‘f Z { TR } SN e { T }
This ylelds

. t’
Y(Tap) < N inf max {WA_( S)y(TAﬁB)}.

15>01<GKN U 19 8%
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Assume that for some (o, 8) € IntIT and some M > 0 the intermediate space A
satisfies that

wa(t,s) < Mt®sP - forall 7,5 > 0, (5)
(respectively, M1%sP < pa(t,s) forallz,s > 0.) (6)

In this case, using [8], Thm. 1.9, we can rewrite inequality (3) as
¥(Tas) < NMmax {y (T, 5) "y (Ta;8)97 (Ta.8)* : {i.j.k} € Pup}. (7)

Here &, is the collection of all triples {i,j, k} such that (&, ) belongs to the
triangle with vertices P;, Pj, Pr and c¢;, cj, cx are the barycentric coordinates of (ct, B)
with respect to P;, P;j, Py. Similarly, if (6) holds, then (1) says

2 ) . ¢ ..
¥(Tpa) < 5, max {v(Tsa) Y (Toa) 9y (T a)* - {isjk} € Pop}. (8)

It is easy to check that condition (5) is equivalent to the continuous embedding
A — Z(a,ﬁ),oo;K . On the other hand, using the discrete description of the space Z(a,ﬁ),l;l s
it can be verified that (6) is equivalent to the continuous embedding Ay )1 < A. In
the terminology of Nikolova [21], condition (5) means that the space A is of the class
K, p(A), and condition (6) means that A is of the class J, g(A).

Formulae (7) and (8) shows that Theorems 3.1 and 3.2 comprise Theorem 1.1.
These results apply, in particular, to Sparr spaces and to Fernandez spaces. But they also
apply to extensions of the complex method. For example, they work for the extension
given by Favini [16] to triples of Banach spaces [A;, A, As]yp, and for the extension
given by Fernandez [18] and Dore, Guidetti and Venni [14] to 4-tuples of Banach spaces
[A1,A2, A3, A4 ((e.8).q - Indeed, if Cy g denotes any of these extensions of the complex
method, one can check that

A piy = Cop(A) = Agp)ook-

Next we want to characterize those arbitrary intermediate spaces A that satisfy
the conclusion of Theorem 1.1 for all operators T and all Banach spaces B. We first
establish two auxiliary results.

LEMMA 3.3. Let I1 = P, - - - Py be a convex polygon with vertices P; = (x;,;),
and let Py, Py be two fixed adjacent vertices of I1. Then there exist sequences of
positive numbers {t,},{s,} such that for all 1 <j < N with j # k,k+ 1, we have

,,linolo FR RN o = ,,ILHOIO £ e 7
and
LF TR gk — ] foralln € N.

Proof. Let ax+ by = c be the equation of the line through P; and Pj; . Since the
vertices Py, Py are adjacent, the polygon lies in a side of the line, say in ax + by > ¢
(see Figure 1).
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ax+by<c
ax+by>c

Figure 1.
Forany 1 <j< N with j # k,k+ 1, it follows that a(x; —x;) + b(yx —y;) <0
and a(xir1 — x7) + b(yks1 — yj) < 0. Put {t,} = {€"}, {s,} = {¢"}. Then

X —X, Vi —V, — ) —
£t Pk M@= )Tk —yi) — 0 —

)
Xk —Xj Yp—Yj —x v
Ik = ey 0 asn — oo
and
KXk+1 =X Yi+1—Yj ) —X; —y;
t, + an U e"(“(‘kﬂ X))+ —5)) —0 asn— oo.

LEMMA 3.4. Let I1 = P, - - - Py be a convex polygon with vertices P; = (x;,y;),
and let Py, Py 1 be two fixed adjacent vertices of 1. Assume that A = {A1,..., AN}
is a Banach N -tuple and that A is an intermediate space with respect to A. Let
a € 2(A). Then the following conditions are equivalent.

{K(t,s;a) K(t,s;a) } —0

1k §Vk ’ h+1 §Yk+1

(i) inf max
t,s>0

=) _
(ii) The element a belongs to Z A; , the closure of W = Z Aj in Z(A).

1N 1N

jryas) Akt

Proof. For every t,s > 0, we have

inf  {r%s%|[ag|[a, + %% @ | a,, }
N

a:Z aj
j=1

K(t,s;a) K(t,s;q)
max{ } >

Prsvk | PR gk rIlin{[XkS)’lc7 Ykt SYk+1}

= iI}]f {Hak”z(z) + ||ak+1||z(7a)} > a}ggv{lla - de(Z)]"

H:Z llj
Jj=1

This shows that (i) implies (if).
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Assume now that (if) holds. Let {r,},{s,} be the sequences constructed in
Lemma 3.3, and put u, = 1/t,,v, = 1/s,. Then

Xj—X Xj—X
lim u) "7 =0 = lim wy *y) 9)
n—oo n—oo
s /I / !/
Givenany &€ > 0, wecan find ' = > a; € W such that [la — d'[|yz) < €. Let
1SN
Ak

My =max{||alls;: 1 <j<N,j#kk+1}. We have

K(un, visa) _ K(up,vnya — Ty
ey Vk = My Yk + Z Uy Vi ||A'
un Vn un n
1N
JARkH
=X Yj=Vk / X=X Vi =Yk
< max{ vi “Ha—dllsg + My Z ui vy
1N
1N
AR
Xj—X, X -, Xj—Xg Y
< max {1, v e+ My Z EET AL
1N
JAk L 1S/SN
Ak

Using (9), we get that K(u,, v,;a)/uyvi¥ < 2¢ for n big enough. Whence, we have
that lim (K (uy, va;a)/udvF) = 0. A similar argument yields that

lim (K (i, v @) /1 v) = 0.

n—oo

Consequently, (i) is satisfied. O

We can now characterize those intermediate spaces that satisfy the conclusion of
Theorem 1.1/ (ii) for all Banach spaces B and all operators 7 .

THEOREM 3.5. Let Il = Py - - - Py be aconvex polygonwith vertices P; = (x;,y;),
and let Py, Pry1 be two fixed adjacent vertices of 1. Assume that A = {Al, .., An}
is a Banach N -tuple and that A is an intermediate space with respect to A. Then the
following are equivalent.

1Yk gk 1Yk+1 §Vk+1

(i) inf max{—, 7} =
>0 Pa(t;s)" palt;s)

(i) For every Banach space B, if T € £ (B,A) is such that T : B — Aj is
compact forall 1 <j< Nwithj#k,k+1,thenT : B— A is compact.

(iti) If T € Z(€1,A) is such that T : {1 — A is compact for all 1 < j < N with
JFkk+ 1, thenT : £, — A is compact.

Proof. By Theorem 3.1 we get that (i) implies (ii). Clearly, (ii) implies (iii).
To show that (iif) implies (i), let us suppose that (i) does not hold, that is,

inf max 0 >0.

kY k1 Yk
t,s>0 { }

pA(t7 S)7 pA(t7 S)
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Then, taking M = 1/8, forall 7,5 > 0 we can find a;; € A(A) with ||a;s]|la =1 and
J(t,85a;5) < M max{rksk, r1s%1} It follows that

l|@rs|la; < Mmax{r* 970 =gha ™4} - forj=1,...,N.

Let {t,},{s,} be the sequences given by Lemma 3.3 and put a, = a,,,. We have
lanlla = 1. llaslla, < M. asll,,, <M and

hm lanlla;, =0 forall 1 <j <N withj # k. k+ 1. (10)

Consider the operator T € Z({;,A) defined by T{)Ln} = Z Anay, . This operator

satisfies that T : ¢; — A; is compact forall 1 <j < N w1th ] #kk+1, because

T : £y — A; is the limit of the sequence of finite-rank operators R,,{A,} = Z/ljaj.
=1

However, the image by T of the sequence of unit vectors {e,} does not have any
convergent subsequence in A. Indeed, if this were the case, since {Te,} = {a,},
we could find @ € A and a subsequence {a,/} of {a,} such that {a,} — a in A.
Hence ||a|]la = 1. On the other hand, (10) implies that {a,,} — 0 in Z(A). Since
A — X(A), it follows that @ = 0, which contradicts |al|la = 1. So, T : ¢; — A is
not compact. This shows that (iii) does nothold and establishes that (i) implies (i) . O

Next we turn our attention to the case when the N -tuple A is in the domain of the
operators. We need to impose a mild additional assumption on A and the intermediate
space A.

THEOREM 3.6. Let I1 = Py - - - Py be aconvex polygonwith vertices P; = (x;,y;),
and let Py, Pry1 be two fixed adjacent vertices of 1. Assume that A = {Al, .., An}
is a Banach N -tuple and that A is an intermediate space with respect to A such that

K(t,s;a) K(t,s;a)
FrsYk 7 ke gkt

inf max {
1,s>0

}:0, foralla € A. (11)

Then the following are equivalent.

(i) inf max{WA(t’S) va(t, s) } —0

1,50 PrsVk | ket gVke

(it) For every Banach space B, if T € £ (A, B) is such that T : Aj — B is
compact forall 1 <j< Nwithj# k,k+1,thenT : A— B is compact.

(iti) If T € L(A, loo) is such that T : Aj — Lo is compact forall 1 < j < N
withj # k,k+ 1, then T : A — [l is compact.

Proof. According to Theorem 3.2, condition (i) implies (ii). Obviously, (if)
implies (iii). It remains to show that (iii) implies (i). Let us suppose that (i) does
not hold, that is,

t t
lI/A( aS) WA( 7S) } > By > 0.

PrsVk | Nkt gkt

inf max {

1,s>0
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Then, for all #,s > 0, there exists a,, € A with ||a,s||la = 1 and

maX{K(t,s;ar,s) K(Eﬁ“r,s)} S8 (12)

Fesve 7 e gk

Let {#,},{s.} be the sequences constructed in Lemma 3.3 and put u, = 1/t,, v, =
1/s, . It follows from the second part of the proof of Lemma 3.4 that, for any a € A,
i KU vaia) o K, viia)

0 u/r\;k Vi;k n— 00 I/t;\;kﬂ V:;kﬂ

(13)

Put a, = a,,,, and consider the sequence of norms on Z(Z) defined by

K(um Vns a) K(Mn, Vns (1) }

Jalln = max { =, =

According to (12), we have
llan|la=1 and |la,|l, >38 forallneN, (14)

and, by (13),
lim ||an||, =0 foreverym € N. (15)

n—oo

Using the Hahn-Banach theorem, foreach n € N, there is a linear functional f,, on Z(K)
such that f,,(a,) = |lax||» and |f,(a)] < ||a||, forall a € E(A). Let T € L(A, )
be the operator defined by Ta = {f,(a)}. By the definition of || - ||, it is clear that

G—Xk YiT Ve XXk YT Vi1
Vi }.

an”A’.k < maX{uZ Vi s Un
J
Hence, Hf,,HA;: < I’Hf”HAZl < 1 and lm |[fullax = 0 forall 1 < j < N with
+ n—oo J
J # k,k+ 1. It follows that T : A; — { is compact for all 1 < j < N with

Jj # k,k + 1, because it is the limit of a sequence of finite-rank operators. However,
T : A — [l is not compact. Indeed, if T were compact, the sequence {Ta,} would
have a convergent subsequence in {.,, say {Ta, }. Using (14), for ' and m’ big
enough, we get

o
E = HTCln/ - Tam’”[oo = Vn’ (an’ - am’)‘ > Vn’ (an’)‘ - vn’ (am’)‘

2 Han’Hn’ - ||am’Hn’ >0 — Ham’Hn"

Whence, @[, > 8/2 for every m',n’ sufficiently big, which contradicts (15).
Consequently, (iii) does not hold.
The proof is complete. ]

Lemma 3.4 explains the meaning of (11). Note that condition (11) holds if A(A)
is dense in A, or if A(K) is dense in Ay + A+ . Theorem 3.6 is not valid in general
without condition (11) as the following example shows.
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COUNTEREXAMPLE 3.7. Let II be the simplex {(0,0),(1,0),(0,1)}, let A =
{X,¢1,0,}, where X is the subspace of ¢, formed by all the sequences having the first
coordinate equal to 0, and let A = ¢o. For every Banach space B, if T € .#(A,B)
satisfies that T : X +— B is compact, then T : ¢y — B is compact. Indeed, let P €
Z(co,X) be the projection given by P{&,} = {0,&,&,...},let ¢ = {1,0,0,...},
and consider the operators R,S € .Z(cp,B) defined by R{&,} = &iTer, S{&.} =
T(P{&,}). Compactness of T : X — B implies that S : ¢y — B is compact.
Moreover, the operator R is also compact because its rank is 1. Since T = R + §,
we derive that T : ¢p — B is compact. Consequently, statement (ii) in Theorem 3.6
is satisfied. However, condition (11) fails, and therefore statement (i) is not verified.
Indeed, given any #,s > 0, we have

max{u/A(t,s) u/A(t,s)} > max{K(l,:;el) K(t,s;el)}

t s ’ s

. K . t
> max{lirﬁle {IAl+ ;M}’Aﬂf:l {EM\ + \H|}} >1

Theorems 3.5 and 3.6 extend [4], Thms. 3.15 and 3.17, to the setting of interpolation
using polygons. Since the mentioned results of [4] are closely related to [10], Thms. 3.7
and 3.8, one might think that if 7 € Z(B,A) with T : B — X(A) compactly, and A is
an intermediate space with respect to A with

1%
inf ——— =0 forj=1,...,N, (16)
t,5>0 PA ([, S)

then T : B — A should be compact. Similarly, one might believe that if T € (A, B)
with T : A(A) — B compactly and

Ya (t7 S) o .
;,s>f0 prpe 0 forj=1,...,N, (17)
then T : A — B should be also compact. But this is not the case, as the following
examples show. We work with weighted sequence spaces.

COUNTEREXAMPLE 3.8. Let IT be the unit square {(0,0),(1,0),(1,1),(0,1)}
and let (o, ) € IntIT with § > 1 — o. Take A = {1, £4,(n),¢1(n),¢1(n)} and let
A =A(gp)1s- Then ps(t,s) > Mit*sP and so we have for j = 1,2, 3,

1% 1

inf ——— < — inf A9 %5,
15>0 Pa(t, S) M 1,5>0

The last infimum is equal to O as it can be checked with a similar argument as in Lemma
3.3. Whence, condition (16) is satisfied.

Take B = ¢;(n) and choose T as the identity operator T{&,} = {&,}. Since
(A) = ¢, we have that T : B — X(A) is compact. However, by [8], Thm. 2.5,

z
A = {,(n) and it is obvious that T : A — B is not compact.



568 F. CoBOS AND R. ROMERO

COUNTEREXAMPLE 3.9. Choose IT and (¢, 8) as in Counterexample 3.8. Take
A = {log(n),loc, loo,loc} s A = Aap) ook s B = loo and choose again T as the
identity operator. Condition (17) holds because wy(z,s) < Mt*sP. Moreover, since
A(A) = lo(n), we have that T : A(A) — B is compact. But, according to [8], Thm.
23, A=/, andso T : A — B fails to be compact.

4. Rank-one interpolation spaces

Recall that an intermediate space A with respect to an N -tuple A is said to be an
interpolation space if, forany T € £ (A, A), the restriction of T to A gives a bounded
operator from A into itself. It is a consequence of the closed graph theorem that then
there exists a constant C = C(A,A) such that

ITllaa < ClTlz7 (18)

for all operators T € £ (A,A).

We say that the intermediate space A is a rank-one interpolation space, or a partly
interpolation space, if (18) holds for all operator T of the special form Tx = f(x)a
where f € Z(A)* and a € A(A).

EXAMPLE 4.1. Let G be the symmetric function space constructed in [19] p. 122.
Then, for any 1 < p < oo, G is an intermediate space with respect to the triple
(L1,Ly, L), but G is not an interpolation space (see [19] Thm. IL.5.11). However,
G is a rank-one interpolation space with respect to (L;,L,,L~) because, by results
of Dmitriev [13] and Pustylnik [23], any space lying between the Lorentz and the
Marcinkiewicz space with the same fundamental function is a rank-one interpolation
space with respect to (L, L) and, therefore, with respect to (L, L,, Loo) -

Working with Banach couples, inequality w4 (f) < Cpa(t), t > 0, characterizes
rank-one interpolation spaces (see [13] and [23]). Next we show that working with
N -tuples (N > 3), the corresponding inequality is a characterization of rank-one
interpolation spaces only if N = 3.

THEOREM4.2. Let I1 = Py - - - Py be aconvex polygonwith vertices P; = (x;,y;),
let A= {Ay,...,Ay} be a Banach N -tuple and let A be an intermediate space with
respectto A.

If A is a rank-one interpolation space, then there is a constant C = C(A,A) such
that

wa(t,s) < Cpalt,s), forallt,s> 0. (19)

Moreover, if N =3 and (19) holds, then A is a rank-one interpolation space.

Proof. Assume that A is a rank-one interpolation space and let C > 0 be the
constant in (18) for rank-one operators. To establish (19) it suffices to show that for

any a € A and any b € A(A) it holds
K(t,s;a)||blla < CJ(t,s;D)||alla, forallt,s>O0. (20)

This can be done using ideas of [23].
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Given a € A, by the Hahn-Banach theorem, there is f € Z(Z)* such that

f(a) =K(t,s;a) and |f (x)| < K(t,s;x) forany x € Z(A). We have that ||f |4 < 9%
J
for j=1,...,N. Take any b € A(A) and consider the operator Tx = f (x)b. Since
1T llaj.a; = [IF llax [Dlla; < 2957 ([l
and A is a rank-one interpolation space, we get that
ITalla < CJ(t,5;b) [|al|a-
Then (20) follows by observing that
[Talla = If ()] |[blla = K(2,s;a) [|b]|a-

Suppose now that (19) holds and that N = 3. Take any f € %(A)* and any
b e A(A), and put Tx = f (x)b. Using (19), for any a € A we have

J(t,5;b) J(t,5;b)
ITalle = I @) Bl < If @) 2250 < Clf (@) 5122
< C%J(I,s;b)ﬂaﬂf;.
3 3
Choose a decomposition a = > a; with a; € A; and >~ 195" ||aj|la; < 2K(1,55a).
Then . .
3
2. I (4))]
ITala <2 C5———J(t.5:0)alla
> 199 |y
j=1

<6Cmax{ [f (ar)| |f (a2)| If (a3)]

J(t,s;b
rrsnflaa,’ P27 ]az]la,’ txzsy3\|a3\|A3} (1, 5:6) alla
SO Cmax{r™ s [f flaz, %52 lag, 705 f Mlag 3 (2, 55.0) [lalla-

Here ¢, s are positive numbers at our disposal. By [8], Lemma 1.7, we can choose them
such that

S = W g = 08 -
Call M this common value. It follows that
|Talla < 6CMJ(t,s;b) ||a|a
— 6 Cmax{M" 5" [blLa,, Mrs||b.ay, Mr%" [b]La.
= 6 Cmax{[|f |laz[|Blla,, [If llaz [Bllaz: I [laz l15]]as} llalla
=6C||T55 llalla-

O

We end the paper with an example that shows that if N > 3 then (19) is not
sufficient to guarantee that A is a rank-one interpolation space.
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COUNTEREXAMPLE 4.3. Let IT be the unit square {(0,0

and let A be the diagonally equal 4-tuple (L]0, 1], L0, 1], L,
[12], Example 1.25,

Al

Hence, any intermediate space A with respect to A satisfies that K( L < A —

K(%,%),oo;K' This means (see Section 3.) that there are constants M, M, > 0 such that

wal(t,s) < Mlt%s% < My pa(t,s), foralle,s > 0.

In other words, any intermediate space A with respect to A satisfies (19).
Take now A as the subspace of L;[0, 1] formed by all those functions f having a
finite norm

If lla = If x0,1/2)ll00 + If X172, L1 -

It is easy to check that A is an intermediate space with respect to A. We claim that A
is not a rank-one interpolation space. Indeed, for n > 2, put

hy = nYxa—1/m21), & = NX(0.1/n)>

and consider the sequence of rank one operators {7, } defined by

:</Olf(x)h x) dx

|mm@:sm\/f B () x| gnll, = Vnllecc lglles = n/m =1,

Flle, <1

We have

Folse = s | [ £ Il = Il gl =n/n =1
fllLeo <10

Whence, ||T,||z5z =1 for n > 2. But,

1
ITla = sup | [ @0 el

[Iflla<t

= s /f () gl = Il gl =
f%(1/21 Hngl

Consequently, although A satisfies (19), A is not a rank-one interpolation space.
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