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LOCAL GROWTH ENVELOPES OF SPACES OF
GENERALIZED SMOOTHNESS: THE CRITICAL CASE

ANTONIO M. CAETANO' AND SUSANA D. MOURA?

(communicated by L. Pick)

Abstract. The concept of local growth envelope of a quasi-normed function space is applied to
the spaces of Besov and Triebel-Lizorkin type of generalized smoothness (s, V) in the critical
case s = n/p, where s stands for the main smoothness, ¥ is a perturbation and p stands for
integrability. The expression obtained for the behaviour of the local growth envelope functions
(which, as expected, depends on ') shows the ability to be generalized to a form unifying both
critical (s = n/p ) and subcritical (s < n/p ) cases.

1. Introduction

In [2] we have studied the local growth envelopes of the spaces B,(,‘;’lw (R") and

F,(,‘;’T) (R") of generalized smoothness in the sub-critical case n(l/p — 1), =: 0, <
s < n/p, extending previous results of Haroske [7] and Triebel [17] dealing with the
same type of issues for the more classical Besov and Triebel-Lizorkin spaces.

We have postponed to the present work the extension of the results of [7] and [17]
dealing with the critical case 0, < s = n/p. One of the reasons had to do with the
fact that the technique of interpolation used in the study of the sub-critical case was not
powerful enough in order to deal with the critical case (this was already clear in the
more classical setting studied by Haroske and Triebel). A second reason was that the
behaviour observed for the local growth envelope function in the classical critical case
did not give a clue for what it should be in the generalized setting. A third reason was
the difficulty in overcoming some technical details.

However, in the end the results obtained were much rewarding, because we not
only solved the problem of characterizing the local growth envelopes of the spaces
B Y (R) and FSy (R") in the critical case 6, < s = n/p, as we did it in a way that
unifies with the sub-critical case 0, < s < n/p and — we hope — which may open the
door to extensions to even more general settings (so, extension to the spaces studied,
for example, in [5] would be worth considering).
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Functions spaces of generalized smoothness have been considered since the middle
of the seventies of the last century, in particular by the Russian school, and have been
again in the center of interest in recent times. In particular because they are relevant
in recent investigations in the theory of stochastic processes, where they appear in a
natural way. For a short description of this and some historical remarks, please check
[5], where other relevant references can also be found.

We give now a more concrete flavour of the results which are proved in this paper.

Denoting by A either B or F, the main objective is to characterize the ability
of local growth for functions of the spaces A,(,i;\P) (R™), when these spaces are not
continuously embedded in L., (R") (thus the situation s > n/p has no interest). This
is in part done by studying the behaviour of the local growth envelope function

SalAy " (1) = sup{f*(1) « |/ AL (R")]| < 13

near 0, where f* stands for the decreasing rearrangement of f (so we need f to be in
Lll"C , which in part explains the restriction s > o), ).

When ¥ = 1 and, consequently, we are dealing with the Besov and Triebel-
Lizorkin spaces A;, (R"), Haroske [7] and Triebel [17] have proved that & |A;, (1)

behaves like #*/"~1/7 near 0 in the sub-critical case and like |logz|"/ « pear 0, with
u=gq when A = B and u = p when A = F, in the critical case (with #’ standing
for the conjugate exponent of u and where u is here assumed to be greater than 1, as
otherwise the question is of no interest).

In [2] we have shown that & A% (1) behaves like #/"~1/P¥(£)~! near 0 in the

!y 1/u
sub-critical case. In the present work we prove that it behaves like ( ftll/,, Y(y)— %)

near 0, with u as above, in the critical case (where here ¥ is assumed to be such that
(P(277) Yjen & L , as otherwise the question is of no interest), this giving a clue for
describing the behaviour of the local growth envelope function near O of either critical
and sub-critical cases, both for the classical or generalized settings, in the following
unified form (which we actually prove in the course of the paper that reduces to the
previously given expressions in each specific situation considered before):

1 dy 1/
D, (1) := ([/ y e (y) ;) :
t n

where —n/r=s—n/p.

Following the idea of Haroske [7] and Triebel [17] when introducing the concept
of local growth envelope, we also study the behaviour of an individual f* against ®,
and (assuming we have picked up a continuous V') the Borel measure .,/ associated
with —log @,/ in some interval (0, €] (for some small positive ¢ ), thus proving that
the best exponent v such that

([ (£ wan) <cwmgmmn.
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for some constant ¢ = ¢(v) and all f € A,(,i;\P) (R"),is g when A = B and p when
A = F, just like in the classical setting.
Notice that, when ¥ = 1, r = 0o and v = u, (1) can be written as

(f () )" < crmeon.

which may become apparent that we are pushing forward in a direction already followed
by many others. We refer the reader to [17, 11.8(v), 13.5] for historical references to
the subject and related more recent developments, where the names of Adams, Brézis,
Brudnyi, Cwikel, Edmunds, Gold’man, Hansson, Kaljabin, Kerman, Krbec, Maz’ya,
Moser, Netrusov, Peetre, Pick, Pohozaev, Pustylnik, Schmeisser, Strichartz, Triebel,
Trudinger, Wainger, Yudovich and Ziemer are cited. See also related recent results
of Opic and Trebels [12] dealing with some Bessel potential spaces of generalized
smoothness.

We finish this introduction by collecting some general notation used throughout
the paper.

As usual, R" denotes the n-dimensional real Euclidean space, N the collection
of all natural numbers and Ny = N U {0} . We use the equivalence “~ " in

ag ~ by or @)~ yx)
always to mean that there are two positive numbers ¢; and ¢, such that
crag <bhy <crar or ¢ @(x) <y(x) <c(x)

for all admitted values of the discrete variable k or the continuous variable x, where
(ak)k» (br)r are non-negative sequences and ¢, ¥ are non-negative functions. Given
two quasi-Banach spaces X and Y, we write X — Y if X C Y and the natural
embedding of X into Y is continuous. All unimportant positive constants will be
denoted by ¢, occasionally with additional subscripts within the same formula. If not
otherwise indicated, log is always taken with respect to base 2. Since we will not deal
with function spaces defined on domains different from R”, in most cases we shall omit
the “R"” from their notation.

2. Functions of interest

We shall be concerned with function spaces of generalized smoothness of Besov
and Triebel-Lizorkin type, where the usual main smoothness parameter s is replaced
by a couple (s,¥), where W is an admissible function according to the following
definition.

DEFINITION 2.1. A positive monotone function W on the interval (0, 1] is called
admissible if

Y2 ) ~¥(27Y), jeN,. (2)
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EXAMPLE 2.2. If b € R then
Wy(x) = (1 +|logx|)”, x € (0,1], (3)

is an admissible function; we return to this particular choice in the sequel for illustration.

The proposition below gives some properties of admissible functions that will be
useful in the sequel. We refer to Lemma 2.3 of [2], where a simple proof can be found.
The reader may also want to refer to the beginning of [10], where some other useful
properties of admissible functions are stated and proved.

PROPOSITION 2.3. Let ¥ be an admissible function.
(i) There exist constants b > 0, cy,cz > 0 such that

_ . (1) W(rs)
c1 (1+ |log#))™? < inf < su
1 |log D 0<521 ¥(s)

< b
0<s<1 P(s) < e (1 [log )",

forany t € (0,1].
(ii) Forany a,d > 0, there is 0 > 0 such that

¥(at') ~¥(1), te€(0,8).

The functions we are going to introduce now will be central in the estimates to be
presented later.

DEFINITION 2.4. Let r,u € (0,00] and ¥ be a continuous admissible function.
Define ®,, : (0,27"] — R by

1 d 1/u
—Iy —u 4y
D, (1) ;= (/1/ y i (y) 7)
t n

(modified to sup,iu_, o,y *¥(y) " if u=o00).

PROPOSITION 2.5. @, , given as above is a positive, monotonically decreasing
and continuous function. In the case u # oo we can even say that ®,.,, is differentiable,
its derivative being given by

@, (1) = - F N (), re (0,271 @)

Proof. That ®,, is positive and monotonically decreasing is obvious. In the
case u # oo it is also clear that ®,, is continuous, as it is a positive power of a
(Riemann) indefinite integral. Since the integrand is even continuous, then ®,, is also
differentiable and elementary calculations lead to the expression (4).

It only remains to show that ®, . is also continuous.

Let € (0,27 and # T ¢, k € N.

If there is k; € N such that @, () is attained in [¢'/7,1], then for k > k; it
always holds @, o (#%) = @00 (7) and therefore limg_, oo @00 (tr) = Py oo (?) .

If @, o (#) isalways attained in [t,i/", /1), sayin yi,then @, o (1) = yk_%‘l’(yk)’1

so that, by the continuity of ¥, limy_, e @00 () = 7P/~ If B, 0(r) =
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PP (/)1 we already got limg_ oo D, oo (1r) = Dpo0(r). Otherwise, it must
be (/") < @,00(t) < y. "¥(w)"! and, by the continuity of ¥, there
exists 7 € (yi,'/") such that @, (1) = z, "W(z%)~'. Given any ¢ > 0 it
is thus possible, again using the continuity of ¥, to choose ky € N such that
ly"FW(y)~! — (/7)1 < & whenever y € [t,i({",tl/"}, from which follows
that

YTPO) T - () < 2e (5)

/n

. ,t'/7] . In particular (5) is true when y = y; and z = z, for any

whenever y, z € [t,i
k > ko, that is,
D) 00 (1) — Droo ()| < 26 whenever k > kg .

Letnow 7 € (0,27") and # | ¢, k € N.

If @, (¢) is attained in (£'/7 1], say in yo, then for k € N such that t,i/" <y
we have @, o (#) = P00 (7), and therefore limg_.oc Dy o0 (tx) = P00 (¢) . Otherwise,
@, o0 (1) = = 7P (1'/7)~" and, by the continuity of ¥,

_1
Do (1) = Proo(te) = 1, (/") — PP = D00 (1),

k — oo
so that we also have limy_,oo @00 (k) = Dr00 (7). a

PROPOSITION 2.6. Let ®,, be given as in Definition 2.4.
(i) If r # oo, then ®,,(t) ~ t~*¥(r)~" in (0,27"]. The same happens if r,u = co
and ¥ is not bounded away from zero.
(ii) If ¥ is bounded away from 0, then @, oo (t) ~ 1 in (0,27"].
(iii) If u# oo and ¥ = 1, then ®, ,(t) ~ |logt|'/* in (0,27"].
Proof. Note that we are dealing with positive continuous functions in (0,27"], so
that it suffices to show that the equivalences hold near 0.

(i) First consider the case r,u # 0o.
Observe that

D, (1) = A(t) 1 (/)7 (6)

1 » . 1u
o= (ﬂn CoMCr) %>

where we have changed variables according to the rule y = 1'/"ew? .

with
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The fraction inside the integral in (7) is, by Proposition 2.3 (i), bounded above by
c1(1 4 z)?, for some constants ¢; > 0 and b > 0, so that

1 —%1ns
Alt) € (/ e_zdz—i—/ e i dz)
0 1

< el —e '+ T(bu+ 1) < e, (8)

1/u

where ¢;, c3 > 0 are constants, I' stands for the Euler function and the second integral
only shows up when 1 < —%1n¢.

On the other hand, again by Proposition 2.3 (i) , the fraction inside the integral in (7)
is bounded below by c4(1 +z)~”, for some constant ¢4 > 0, so that for 7 € (0,e~"/")

we have
1/u

A(t) = cs (/01 et dZ) 2 Ce s )

where c5,cg > 0 are constants.

Since, from Proposition 2.3 (ii), there exists § > 0 such that ¥(¢'/") ~ ¥(¢) in
(0,9), (6), (8) and (9) together prove part (i) when r,u # co.

Consider now u = oo (again with r # o0).

When ¥ is monotonically increasing, the result is obvious.

When ¥ is monotonically decreasing, on the one hand one has, by definition of
supremum, ®, o (1) > 1+ ¥(:'/7) =1 ; onthe other hand, @, (1) < B(¢)t~ *¥(1'/") !,
with

tl/n 1}/t1/n
B(t) = sup ( ) )
tl/"gygl y ‘P(y)

n

tl/n r tl/n
< ¢7 sup ( > (1+ |log |)b
tl/’1<y<1 y y

= ¢; sup z7(1—logz)’ <cg,
1/ngz<1

where c¢7,cs > 0 and b > 0 are constants and we have taken advantage of Proposition
2.3 (i) . The result again follows with the help of Proposition 2.3 (if) .

Consider, finally, the case when r,u = co and W is not bounded away from 0.

Since ¥ is monotonic, then it must be increasing, so that @, o (1) = ¥ (¢'/")~! ~
W(¢)~! for small ¢ > 0.

(i) If ¥ is increasing, ®oo o0 (f) = P(1/")~! > ¥(1)~!, a positive constant.
On the other hand, under the hypothesis that ¥ is bounded away from O, there exists
c9 > 0 such that ¥(r'/")~! < co.

If W is decreasing, @ oo o (f) = (1), a positive constant.

(iii) It follows from straightforward calculations that, in the case u # oo and
Y=1, dy,(t) = (——=logt)'/". O

n loge
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PROPOSITION 2.7. Let ®,, be as in Definition 2.4. Then
(1 og ]/n] Vu
D, (1) ~ Z 2rp (27 in (0,27
(with the right-hand side modified to sup;_; _1oq:q 27 ¥(277) 7" if u=o00).

Proof. Taking advantage of the definition of admissible function, we have, for all
re (0,271,

logljn] M (ltogrl/n] =G " 1/u
Z 2];14\};(27})714 < o Z . y*;tn{;(y)fu_
=1 =1 Y
1/u
1
. d
< o (/ yH(y) y)
pl/n y
[llogt|/n]+1  »—G—1) dy Vu
<al Y oy )T
O 2-J y
[| log ] /n]+1 ' ' 1u
Seal >, 2meE)
=1
[ tog 1|/] Hu
< o Z Vg (27)

and

sup 2w < e osup ( sup y_%f'()’)_l)

j=1,....[| log | /n] J=1,...[| log|/n] \ 2= <y2—0—"n

ci sup y ()
tl/’1<y<1

sup ( sup y‘%‘l’(y)“>
J=1..[| log#|/n]+1 \2—/<y<2—0—D

sup iyt
Jj=1,....[| log | /n]+1
sup  2Fg(27)7t,
,,,, (| log | /n]

/A

N
2

N
S

N
u(?

where, in both cases, ¢, ¢ and ¢3 are suitable positive constants. O
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3. Function spaces of generalized smoothness

3.1. Introduction

Before introducing the function spaces under consideration we need to recall
some notation. By . we denote the Schwartz space of all complex-valued, infinitely
differentiable and rapidly decreasing functions on R” and by .’ the dual space of
all tempered distributions on R”. Furthermore, LllOC stands for the collection of all
complex-valued locally Lebesgue-integrable functions on R” and L,, with 0 < p <
00, is the usual quasi-Banach space with respect to the Lebesgue measure, quasi-normed
by

» 1/p
0= (i ax)
with the usual modification if p = co. Let ¢y € . with
o(x)=1 if |x/<1 and supp@y C {x € R": |x| <2}, (10)

and for each j € N let ¢;(x) := @o(27/x) — @o(27"'x), x € R". Then (¢;);en, form
a smooth dyadic resolution of unity. Givenany f € .#’, we denote by .Zf and .7 ~'f
its Fourier transform and its inverse Fourier transform, respectively.

DEFINITION 3.1. Let 0 < p,g < 00, s € R and ¥ be an admissible function.
(i) Then B;;’\P) is the collection of all f € ./ such that

‘ o . 1/
I 1B = (32 220wy |17 o) | L)) (1)
j=0

(with the usual modification if ¢ = o) is finite.

(if) Let 0 < p < co. Then F;‘;’T) is the collection of all f € .#/ such that

If | FS®) = H (i 200 (2 \ﬁ‘-l[%ﬁ‘f](dl")l/q\ LpH (12)
j=0

(with the usual modification if ¢ = o) is finite.

REMARK 3.2. The above spaces, quasi-normed by (11) and (12), were introduced
by Edmunds and Triebel in [3, 4] and also considered by Moura in [10, 11], where they
have remarked that such spaces are independent of the resolution of unity taken, in the
sense of equivalent quasi-norms. If ¥ = 1 then the spaces Bf,f,"y) and F ,(,f;‘y) coincide
with the usual Besov and Triebel-Lizorkin spaces, B, and F), , respectively, and the
following elementary embeddings hold:

N (13)

forall € >0 and A € {B,F}.



LOCAL GROWTH ENVELOPES OF SPACES OF GENERALIZED SMOOTHNESS: THE CRITICAL CASE 581

EXAMPLE 3.3. With the particular choice of ¥, given by (3) we obtain spaces
B;’[f consisting of those f € .7’ for which

i 1
I 1820 = (3 290+ 12 (077 | Lle)
j=0
is finite (usual modification for ¢ = oo ); similarly for F, ;; . These spaces were studied
by Leopold in [9].

An important tool is the characterization of the spaces of generalized smoothness
by means of atomic decompositions. We state this here only for the B-spaces. We refer
to [10] or [11] for a complete description. We need some preparation.

As for Z", it stands for the lattice of all points in R"” with integer-valued
components, Q,, denotes a cube in R” with sides parallel to the axes of coordi-
nates, centred at 27¥m = (27Vmy...,27"m,), and with side length 27", where
m= (my,...,m,) €Z" and v € Ny. If Q isacube in R"” and r > 0 then rQ is the
cube in R” concentric with O and with side length r times the side length of Q.

DEFINITION 3.4. (i) Let K € Ny and ¢ > 1. A K times differentiable complex-
valued function @ in R”" (continuous if K = 0) is called an 1g -atom if

suppa C ¢ Qopm, forsome m € Z"

and
|ID%(x)| <1, for |a| <K

(ii) Let K € Ng, L+ 1 € Ny and ¢ > 1. A K times differentiable complex-valued
function @ in R" (continuous if K = 0) is called an (s, p, ¥)k . -atom if for some
Ve N() ,

suppa C ¢Qy,,, forsome meZ",

ID%(x)| <27V~ w T for ol < K,
and
/ Pa(x)dx=0, if |B]<L.
R}l
If the atom « is located at Q,,, , that means

suppa C ¢ Qyn, with v € Ny, m € Z",

then we write it as ay, . The sequence spaces b, are defined as follows:

DEFINITION 3.5. Let A = (Ayn)venymeze C C. Then

bpg = {/l A | bpgll = (i (Z Mvm|p)q/p )1/q< oo}

v=0 meZ"

(with the usual modification if p = co or/and g = o).
If 0 <p < oo then 0, :=n(1/p—1); =max{0,n(1/p—1)}.
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THEOREM 3.6. Let ¢ > 1, K € Ny and L+ 1 € Ny with
K> (1+[s])+ and L > max(—1,[o,—s]) (14)

be fixed. Then f € %' belongs to B,(,‘;’\P) if, and only if, it can be represented as

f= Z Z Ay Gym, — convergence being in ", (15)

v=0 mezZ"

where ayy are lg-atoms (v = 0) or (s,p,¥)k-atoms (v € N) according to
Definition 3.4 and A € b,,. Furthermore

inf [|A | byq|l, (16)
where the infimum is taken over all admissible representations (15), is an equivalent

. . (s,¥)
quasi-normin By, .

3.2. Rearrangement properties

If f is an extended complex-valued measurable function on R" which is finite
a.e., then the decreasing rearrangement of f is the function defined on [0, 00) by

fr(t):=inf{A >0:mp(A) <1}, 1t>0, (17)
with m; being the distribution function given by
mp(A) = |{xeR":|[f(x)| > A}, A=0.

As usual, the convention inf() = co is assumed and | - | denotes Lebesgue measure
when applied to measurable subsets of R". Moreover, the maximal function of f* is
the function

1 t
£ () 1:;/0]”*(1)(17, t>0.

We assume that the reader is familiar with basic facts concerning rearrangements: these
may be found in [1]. In particular we shall need the sub-additivity property

(f+&)" @) <f"0)+¢7 (), 1>0. (18)

By analogy, in the case of a (multiple) sequence (0, )mezn C C, its decreasing
rearrangement is defined as the sequence (al*) ieN , Where

of :=inf{A > 0:#{meZ":|oy| >A} <}, [€N. (19)
‘We also define

1
1
oy ::TZO‘;’ leN.
k=1

PROPOSITION 3.7. Let p € (1,00]. Let (O)mezn, (0 )ien and (04" )ien be as
above. Then

* ko p *
| () mezn o]l = 11(0g )ienlpll < (0™ Nienlby]| < pTl (g )ienlépll

where 1% should be interpreted as 1 when p = oco.
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Proof. The result is obvious for p = co. As to the case p € (1,00), the equality
(which, actually, holds also for 0 < p < 1) follows from [1, Prop. 1.8 in Ch. 2, p.
43] applied to the counting measure in Z" and the last inequality is due to Hardy and
Landau [6, pp. 239-240]. O

PROPOSITION 3.8. Let d > 1/2 and (d;)jen, be a sequence of positive numbers.
Let (ajm) ieNo,mezn be a sequence of complex-valued measurable functions on R" such
that, for each j and m, supp aj, C 2dQjm and |aju(x)| < d;, Vx € R", where Qjn,
is a dyadic cube as defined previously, in subsection 3.1.. Let (Ajn)jen,mezn be a
sequence of complex numbers and define, for each j € Ny,

D)= 3 Apan(x) . xR (20)

mezl

(i) There are positive constants C and D, depending only on n and d, such that

DdE:,%Z t>0, €N,

and

Ddz (), >0, €N, (21)

where y; stands for the characterzstlc function of the set [C277"(I—1),C277"]), | €

N, (kﬂ)leN is the decreasing rearrangement of (Ajm)mezn, j € No, and

A’jlk* = ZZk 1 jk7 I eN.

(ii) If; for some j € Ny and p € (0,00], (Ajm)mezn € €y(Z"), then f; € L,, for the
same j and p.

(iii) Let p € [1,00], q € (0,00] and assume (Ajm)jen,, mezn € bpg, where by, was
introduced in Definition 3.5. If, moreover, (d27’ p )ieNy € Ly, where g’ is
conjugate to q (with ¢' = co when 0 < g < 1), then the series

o0

p

j=0
converges in L, to a function f satisfying

<) 7@, t>0.
j=0

Proof. (i) Note that (20) makes sense pointwise, the sum being finite in, say, each
set of the form 2dQ),, , and therefore each f; is a complex-valued measurable function.

Let D/2 be an upper bound for the maximum number of different sets 2dQ;,, (for
the same j € Ny ) with non-empty intersection.

Observe that, foreach j € Ny and x € R”, thereisan m € Z" such that x € 2dQj,,
and

D
)] < Zhnl
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Therefore, for each j € Ny and [ € N, and if /lj}‘ is finite,

n 2 — *

[{x € R": |Sd7 fix) > A7}

< HxeR":3Im e Z" s.t. x € 2dQjy, and |Ajy| >

meZ" s.t. |ljm|>)Lj7

Z ‘Zdem‘
meZm s.t. Mjm\>lj’;
< (Qd)y27"1-1).

Choose C := (2d)".
We then have, for # > C277(1 — 1), that (%dj_lfj)*(t) <A

/A

Z gxi(t), >0, j€N,.

Letnow ¢ > 0. Therefore, foreach j € Ny, [ € N and C2 J"(l

fi (1) < Ddidyy™
from which (21) follows easily.
(i) Assume first that 0 < p < co. Then we have

c27m

frrdr < Dpd’?/ AP dt
/o ! ; 7 Jer=ingyy
= DdlC2a"y AT
=1
= D’d'C27" Y |Awl’ < oo
mezl
hence f; € L, .

Ajt }

A; and, consequently,

1) <t< 271,

In the case p = oo, observe that f(0) < Dd;A; = Dd;sup,,czn |Aim| < o0,

hence fj € Lo

(iii) leen M,L e N with M > L, in the case 1 < p < co we can write

(s3] 1/p
I35 1e] < $5([ vl
j=L j=L /0
M 1/p
< Y pc'rap (Z )L,,,,|P>

J=L mezn
1/q

M q/p
< DCP Z (Z |/1ij>

Jj=L \mez"

(S

Jj=L

1/
2 J Q>



LOCAL GROWTH ENVELOPES OF SPACES OF GENERALIZED SMOOTHNESS: THE CRITICAL CASE 585

(with the usual modifications if ¢ = 0o or 0 < g < 1).

j
space L, , hence it converges in this space to, say, f .

When p = oo we have | fill < XL f7(0) < X, D
SUp,,czn |Ajm|, and the proof of the convergence of ZJ(:O fj to some function f in
L, follows as before.

From f = Y% f; in L, it follows that [f| < 3%, |fj| pointwise a.e., where
the last sum might possibly be infinity at some points, and from here we can apply the
subadditivity property (18) as well as other properties of maximal functions (cf. [1,
Prop. 3.2 of Ch. 2, pp. 52-53] for the case when the functions are finite a.e.) to get

From the hypothesis it follows that (ZZO fJ)M N is fundamental in the complete
€

<) 7@, t>0.

O

COROLLARY 3.9. Given p € [1,¢], g € (0,00], s € R and ¥ an admissible

function, B;,Z’W) C LY eitherif s >0 orif s =0 and (¥(277) " )jen, € 4y .

Proof. We first remark that the result for s > 0 can also be obtained by comparing
with Besov spaces with ¥ = 1, via (13). But here we have a direct proof, even for the
case when ¥ = 1.

From Theorem 3.6 we know that any f &€ B,(,‘;’lw is the limit, in ./, of fi’sasin
Proposition 3.8, where (Ajn)jengmezn € bpy, do = 1 and d; = 2_1'(5_1%)‘11(2’]')’1 for
j€N. Since (d2777)jen = (277¥(277)")jen is in £, either when s > 0 or when
s =0 and (W(277) !)jen, € £, then part (iii) of Proposition 3.8 guarantees that
> i~ofi also convergesin L, . Since L, — .’ (recall p > 1), then, under the given
conditions, f € L, and, therefore, is locally integrable. O

EXAMPLE 3.10. Recall ourexample ¥, given by (3) and the corresponding spaces
in Example 3.3. Assume p € [1,00], g € (0,00] and 5,0 € R. Then Corollary 3.9
yields that By, C L' either if s > 0 or

b>1/q, if g>1;
s=0 and /
b>0, if 0<g< 1.

3.3. Extremal functions
Let ¢ be the compactly supported C* function on R" defined by
() i=e VO if |y <1 and @):=0 if |x>=1.  (22)

PROPOSITION 3.11. Let 0 < p < 00, 0 < g < o0 and ¥ be an admissible
function. Let b = (bj)jcn be a non-negative sequence in £, and put

f@)=> h¥27) o2 x), xR, (23)
j=1
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n/p‘I’

where @ is the function given by (22). Then f € B, and, moreover,

I 1 Bl < clib] &l (24)

for some ¢ > 0 which does not dependent on b. If, in addition, there exist a strictly
increasing sequence (ji)ren of natural numbers and a positive constant d such that

by, =2dbj ,, keN, bj=0 for j#ji, k€N, (25)

and
W) ~ (2, kEN, (26)

then, for the decreasing rearrangement f* of f the following inequalities hold:

7@ < a Z 2707 for 1> |w,| 27", and (27)
ket

@) = csz YRI)T for 0<it< || (1—27")27  (28)

with k € N, ¢y, ¢y positive constants which depend only on @, ¥ and d, and |w,|
standing for the Lebesgue measure of the unit ball in R".

Proof. Since the functions
ai(x) =¥Y2 ) (2 'x), xeR" jeN, (29)

are (up to constants, independently of j) (n/p,p,¥)k —1 -atoms, for some fixed K € N
with K > n/p,and b € {,, then (24) is an immediate consequence of Theorem 3.6.

Assume now that (25) and (26) hold true. Let 2~ Uit < |x| < 27, for some
k € N. We then have

k+1 k+1
Z b ¥ @) <t Y b (30)
(=1

and, on the other hand,

k

4 e : :

st S5 (3w v

(=1 (=1

_% k ,

— (X bre) T ey, v )
=1

k+1

> ) b, (31)
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where ¢’ is a constant depending only on ¢, ¥ and on the constant d (according to

(25)). Thus, if A issuchthat 0 < A < ¢/ Zk“ b, ¥(277¢)~", for some k € N and
with ¢’ as above, then

mp(A) = [{x e R": f( C’Zb w2~
> [{x e R": 270D |x| <27} = o, | (1 —27") 270,

and, if A >e' S0 b, W(277¢) ! then

k+1

me(A) < [{x €R":f(x) > e Y by, W2

(=1
< [{xreR: ) <27} | = e 27,

where |@,| denotes the Lebesgue measure of the unit ball in R”. The above estimates
yield (27) and (28) with ¢; = ¢~ ! and ¢; = ¢'. O

REMARK 3.12. In the sequel and for technical reasons, we will consider the
function g given by
g(x) :==f(RY"x), xeRY (32)
where f is the function in (23) and R := |w,|(1 —27")27" (so, a constant depending
only on n). Analogously to f , it turns out that

g€ BYPY and g | BYPY| < cllb| 4], (33)

for some constant ¢, independent of . Concerning the decreasing rearrangement of
g, it holds

g ) =f"(Rt), t>0, (34)
and, in particular,
k+1
2/k">ch w(277)~ keN, (35)

for some positive constant ¢, independent of b.

3.4. Local growth envelopes

As we briefly mentioned in the Introduction — and explained in some detail in [2]
—, regarding the study of local growth envelopes in the context of the spaces Aéfj‘y) , of
interest are the spaces so that
(s,'¥) loc (s,¥)
At CLY but A o Leo
As for the inclusion A,(,q ' c L, this is the case if s > 0, and impossible if 5 < 0},.
The borderline s = o, deserves a careful attention and we transfer this topic to a later
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occasion, although something in this direction is already contained in Corollary 3.9. A
complete characterization for the usual Besov and Triebel-Lizorkin spaces is known, cf.
[13].
When o0, < s < n/p, independently of ¥ and g we never have embeddings in L
This corresponds to the so-called sub-critical case and in [2] we have achieved final
answers for the correspondent local growth envelopes. When s > n/p we always have
embeddings in Lo , so that the remaining case is then s = n/p, the so-called critical
case, which we shall consider in this paper.

In the following we present the complete description for the embeddings in L, in
the critical case. In the context of 1 < p,g < oo the result is due to Kalyabin [8]. We
recall that for 0 < r < oo the number # is givenby 1/ = (1 —1/r)4

PROPOSITION 3.13. Let 0 < p,q < 0o and ¥ be an admissible function.
(i) Then

By/PY) Lo if, andonly if, (¥(27)7") € Ly

(ii) Let 0 <p < co. Then

Fy/P®) — Lo if, andonly if,  (¥(27)7"), 0 € by

In both cases Lo, can be replaced by C, the space of all complex-valued bounded and
uniformly continuous functions on R”".

Proof. We will prove here only the sufficiency of the conditions since the necessity
will follow as a by-product of later considerations (see Remark 4.3 below).

Let (¢)jen, be the usual resolution of unity and let f € BY/”" . By (1.3.2/5)
and Remark 1.4.1/4 in [15], we have

17~ (@ 7] | Looll < 2P| F 7 g Zf] | Lll,  j € No. (36)

Let first 0 < ¢ < 1 and suppose that (‘I’(Z‘f)_l)jeN € ls . Since then ¢, — ¢y,
using (36) we obtain

o0

Y 1T @S] | Lol < CZZJWHﬁ" (97 f] | Ly

=0
<e(X 2 17 1) | 117)

j=0
/q
<esp¥() (Z (2 |7 7] | 1)
€Np j=0

=c|w@) " [ Ll Il | Bl
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Now let 1 < g < co. Assuming that (W(27)~! ) € {, , using (36) and applying
Holder’s inequality we get

Y IF O Ff] | Lol < e [EQ27) 7" | by

Jj=0
) ) 1/q
< (3 2w # 1) | L)
j=0

=¥ Ll | Byl

(with the usual modification if ¢ = oo). Hence, in both cases of ¢ and under the

corresponding assumption on the sequence (‘I’(Z*j )*l)j e We have shown that

Bgf/”’\}’) — B

This leads to BU/"*) < C as BY_| < C, cf. e.g. [14,2.2.9/(1), p. 68].
Since F,,ép — Bgop —cf. e.g. [16, 11.4 (iii) ] — then Proposition 3.4 of [2] yields

n/pW¥ 0%
FI(;q/p ) B(oop>-

—

Therefore, by what has been proved above, (‘I’(2’j )’l)j en, € £,y implies Fp, (1/p¥)
C. ]

EXAMPLE 3.14. In case of our particular example ¥}, given by (3) and the
corresponding spaces in Example 3.3, Proposition 3.13 reads as

b>1/q, if ¢>1;

n/p,b . :
qu — Lo 1if, and only if, {b}O, if0<qg<1,

where p,q € (0,00] and b € R.

According to what was pointed out before, regarding the local growth envelope of
interest are the spaces A,(f,‘]’\P> so that

(PQI) "),y &by it A=B,

(PQ) ), Ely if A=F G7)

n n
0, <s<—- or 0,<s=— and {
14 p

We can even say, in such a case, that

SalAp (1) = sup{f () « If 1A < 1}

(which is finite for # > 0, in view of Proposition 4.1 and Corollary 4.5) defines a
decreasing function which is positive in (0, €], for some € € (0, 1), and which tends to
oo as t goesto 0 (cf. Theorem 4.4 of [2] in case of s < n/p and Proposition 4.2 below

in case of s = n/p). Therefore, it makes sense to ask for the behaviour of gLG\Af,‘;’T) (1)
near zero, which gives an indication of the ability of local growth for functions in A;,‘;’\P
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Let & g be the set of all functions f : (0,¢] — R*, forany € € (0, 1], which are
decreasing and consider the following equivalence relation in & 5 : given f,g € & g,
one says that f and g are equivalent (and write f ~1g g) if

Jer,e0>0:Vee(0,€], ¢ () <f (1) < cag(r),

where (0, €] is the smallest of the domains of f and g.

DEFINITION 3.15. The local growth envelope function of A,(,‘fl’lw ,for s,p,q and ¥

satisfying (37), is the equivalence class [@@LG\A;;’W)] . We shall also call local growth

()

envelope function of A,; ' any representative in such a class. We even call local

growth envelope function of A,(,‘fl’lw any function f : (0, €] — R*, for some € € (0,1],
—even if not decreasing — such that f ~ & \A;;’\P) in (0, €], and use it to represent the

equivalence class [& A% ")].

REMARK 3.16. Note that different equivalent quasi-norms taken in the same space

Aé‘;’\y) give rise to the same equivalence class [&] g \Aé‘;’\y)} .

Let again s,p,q and ¥ be so that (37) holds true.

Assume there exists a continuous representative é"LGA,(,i;\m € 66 \Aéfj‘y)} (we shall
later see that this is indeed the case). Let (0,€], 0 < € < 1, be its domain.

Define H(t) := —log @@LGA,(;;’T)(t) and note that H is a (finite) real increasing
function on (0, €] which tends to —oo when # goes to 0. There is only a Borel
measure (i.e., a measure defined on the Borel sets) w; in (0, €] such that uy ([a,b]) =
H(b) — H(a), ¥ [a,b] C (0,&]. Its restriction to each such [a, b] is the Stieltjes-Borel
measure associated with H|[, .

We recall here Proposition 12.2 of [17], which will be useful in the sequel.

PROPOSITION 3.17. (i) Let 0 < € < 1 and h : (0,€] — R be a continuous,
decreasing function such that lim,_o+ h(f) = oco. Let H(t) := —logh(t), t € (0, €],
and Uy be the associated Borel measure in (0, €], as above. Let 0 < u; < up < 00.
There are cy,cy > 0 such that

TESE)?E] % s (/(o,e] <%)”2 “H(df)>l/u2

<[, (1) i)

for all non-negative decreasing functions y on (0, €].

(ii) Let 0 < € < 1 and hy and hy be functions as the h above and satisfying hy ~ h,
in (0,€]. Let H; := —logh; and up, be the associated Borel measure in (0, €],
i=1,2, as before. Let 0 < u < oo. Then

(/(O’g] <%)u i (dt)>1/u - </<o,e] (%(tf))y Ly, (dt))l/u
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(with the sup-norm if u = oo ) for all non-negative decreasing functions y on (0, €],
where the equivalence constants are independent of y .

REMARK 3.18. Note that this proposition makes clear that an expression like

( /(o,g] (%) MH(dt))l/u (38)

must be interpreted as sup,¢ g (¥ (1)/A(t)) when u = occ.

In the important case when H happens to be continuously differentiable in (0, €], we
have p,(dt) = H' dt, and for the functions we want to integrate in (38) we can calculate
the integral as the improper Riemann integral

I u
Y(f)) /
—= | H'(t)dr
| (5g) #o
DEFINITION 3.19. Let s,p,q,¥ be according to (37) and 0 < u < oo. Then
eLGAéz\P) = ([gLG‘Aéz\P)LM)
is called the local growth envelope of A;;’\P) if u is the minimum (assuming that it

exists) of all v > 0 such that

Je(v) >0:Vf €AY,

</<0,e] <fh*((ft)) > | MH(dt))l/v< () If 435Il (39)

where h(f) is a continuous representative in [&] \A;,Z"y)} with domain (0,¢€], 0 < € <
1.

We must remark that this definition makes sense, namely that the infimum of all
such v’s is independent of the chosen continuous representative /(7) in [&] |A,(,f]’\P>] ,
as follows by using some standard arguments of measure and integration theory, the
definition of chG|A;,fI’T> and Proposition 3.17 (ii) . Recall, on the other hand, that we
are assuming that there exists at least one such representative — and we have already
mentioned that this is indeed the case, as will be apparent later. Recall also that the
definition of & g |A,(,i[’\P> guarantees that (39) holds at least for v = co. Remark also
that the definition does not discard the possibility that there is no such thing called the
local growth envelope of A,(,f]’w : this would be the case if the infimum of the mentioned
v’s were not a minimum. We shall, however, see (in Section 4) that the minimum is
really attained, and therefore all mentioned spaces have local growth envelopes.

Instead of ([& g \Aéfj‘y)}, u) , we shall usually write (h(r),u) for the local growth

envelope of A,(,‘fl’lw with (37), where h(r) is any continuous representative in [&] g \A;;’\P)] .

Instead of %(r), we can also use in the couple any local growth envelope function as
considered in Definition 3.15, though it must be borne in mind that for the construction

of the measure u; we shall only use continuous representatives in [é”LG|A,(,‘;’lP>] .
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4. Local growth envelopes for Béfj‘*') and Fz(ai}"y)

We start by getting the upper estimates needed in order to determine the growth
envelopes and, as we shall see, in this part we deal both with the critical and the sub-
critical case, though the latter was already studied in [2]. The reason is that the technique
used here is completely different from the technique of interpolation with a function
parameter used in [2] for the corresponding upper estimates. Here we use a more direct
approach, as Haroske and Triebel did for the critical case in the classical setting, but
we show that the same approach can also be used in the sub-critical case. Though not
explicitly mentioned in the assertion that follows, when convenient we assume in its
proof that the admissible function ¥ satisfies the condition W(1) = 1. There is no
loss of generality in doing this.

Recall that the notation o, stands for n(% —1);.

PROPOSITION 4.1. Let 0 < p,q < o0 and s € R be such that c, < s < n/p
and ¥ be a continuous admissible function. Define r € (1,00] by the equation
s —n/p = —n/r and let ®,, be as in Definition 2.4 (now with q' in the place of
u). Inthe case s = n/p assume further that (¥(277)~")jen & . Then there exists

€ (0,1) and ¢ > 0 such that

é"LG\B G (1) <D,y (1), vt € (0, ], (40)

and, for each v € [q, 0], there exists ¢(v) > 0 such that

(/06(q{:f();))v“w’(df)y/v cOIFIBEY, v eBEY (41)

(with the modification (49) if v = oo ), where U,y denotes the Borel measure associated
with —log®, , in (0, €] (in accordance with subsection 3.4.).

Proof. First note that the hypotheses imply that p # oo and Byt C Ll

Fix d > 1/2 as in Proposition 3.8 and consider the corresponding constants C
and D. Define € := C2~%" < 27" for a suitable chosen ky € N.

Step 1. First we assume p > | and ¢ = co and prove (40) and the modified
version (45) of (41) (which is the correct interpretation of the latter in the case v = o0).

Given f € B,(,so’\ow consider a corresponding atomic decomposition ZJ.OZOO fi (con-
vergence in .¥’), where f; have the same meaning as in (20), for given atoms
Qi in B;,ﬁ;;y) and complex numbers A, satisfying (Aj)jiengmezr € bpoo. To-
gether with our hypotheses, this guarantees that Proposition 3.8 can be applied with

di=2 ’(P')‘I’(Z_-’)_1 , J € Ny. In particular, f is also the limit, in L, , of the series
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Z](:o f; - This justifies de following inequalities:

*(t *(t
sup f () = Sup sup f ()
0<t<e (Dr,l (t) kZ=ko c2—(k+)n <p L C2—hn (Dr,l (t)

*% C2—(k+l)n
apd 7€
Kk Pra(C2747)
k — oo _
N i fer) (k+1)n > sk (0 —(k+1)n
sup (Z]ij ( ) ijkJrlfj ( ) (42)

N

N

k>ko ®, (C27Hkm) ®, | (C2Hn)

Since, for 0 < j < k, C2~(*+n ¢ (0,C27/"), then (21), Proposition 2.7,
Proposition 3.7 and the adm1ss1b111ty of ¥ allow us to write
Zjlfzofj**(czf(kJrl)n) . ZJI'C:O 2]%‘{’(2*})*1}(;;
@, (C2— ) ! S 28 P2 )

N
A%y
2}
=
o
> 2

N

c1sup [ (A7 )ien| 6|l
Jj€Ny

= c1l(Aim)jenomezr[bpos || , (43)
where ¢; > 0 depends only on n,d,s,p and ‘Y.
Since, for j > k + 1, C2~k+Un ¢ [C2/mpU—k=1n Co=in(2U~k=Dn 1 1)) and
1/p

Aicknyy S 22" — 1)~ Vpp= =05 (Zl ' **P) , then (21), Proposition 2.7,

Proposition 3.7 and the admissibility of ¥ allow us to write
Z](:k+1fj** (Cz—(k+l)n)
@, (C2Fn)
Z] k+1 2],\}1( ) IA'J*;E/ k—1)n 1

< < ~
S 2P
< ¢ Dk 24w (27) " 12_0_k>s||(/1j7*)leN|£pH
B 2 o -
Zj:o 2P (2=)~!
YR
< e U=k sup || (Aim)mezn |¢
3 ;;1 Y2 j>k§1H( minezr |6
< ea | D274 | I imdienymezn [Bpoo]l (44)
j=1

where ¢;, c3,c4 > 0 depend only on n,d,s,p and ¥ and b > O is determined by V.
Putting (42), (43) and (44) together, we get

@

0 < s (Ajm)jeng mezn [bpos || < 00,

sup
0<r<e q)r,l
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for some ¢5 > 0 depending only on n,d,s,p and ¥, and, with the help of Theorem
3.6,

p L0

<c B ()1 45
U (1 [l [BSY| (45)

From this it easily follows, in the case p > 1 and g = oo, that (40) holds and, in
particular, that chG|BI(,f;\5>(t) is finite for each 7 € (0, €].

Step 2. Now we prove (40) and (41) inthe case p > 1 and 1 < g < 0.

We start with the proof of (41) when v = q.

Given f € B,(,f]’w consider a corresponding atomic decomposition ZJ(:O fi (con-
vergence in .¥’), where f; have the same meaning as in (20), for given atoms
@y I B,(,‘;’lw and complex numbers A, satisfying (Ajm)jengmezn € bpg. Together
with our hypotheses, this guarantees that Proposition 3.8 can be applied with d; :=
27j(‘Y7%)‘I’(2*j)*1, J € No. In particular, f is also the limit, in L, , of the series
Zjo:oo f;- This together with Proposition 2.5, the discussion in subsectlon 3.4. and the
admissibility of ¥ allow us to write that

£ * q 1/q
() (ai5) o)
B 1\ Y4 [ cr—kn ) q e o /g
= (q/—n) (,;;)/Cz(kﬂ)" <7<I>,,q/(t)‘1’) t (")~ dt

oo f**(CZ (k+1)n ) Y s 1/a
Co (Z <—<D,741(C2—’<") ) 25 (27R) q)

<
k=ko
k _ g\ 1/a
0o .y , kL k(0D (k+1)n
< ¢ Zz"vw’(z—k)—q 2j-of; (,k ; )
k=ko (Drvql (C2 n)q
[e'e] _ l/q
=, (S f (2
k(2K —a gl . 46
+06 (l; ( ) ( (an’ (Czikn)ql ( )
=Ko

Since, for 0 < j < k, C2=(*+Un ¢ (0,C27/"), then (21), Proposition 2.7,
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Proposition 3.7 and the admissibility of ¥ allow us to write

o) sk _ n q\ 1/4
sz%"y(z*")*q’ Sjofy (€270
CID,,q/(C2—"")‘1’

k=ko

oS} k j% —j\—1 * q 1/q
. (sz%,\y p— (ij_og ¥(2 ), /1]1> )
e Zj:OQH‘I ‘I’(Z—J)—fi
( k=0 )
00 1/q
< (ZI (Aa)ienl | )

k=0
= CS”(A’]m GNomez”‘bqu (47)

where in the second inequality we have used a generalization of Hardy’s inequality (cf.
[6, p. 247]).
Since, for j > k + 1, C2=k+Un ¢ [C2/mU—k=1n Co=in(2U~k=Dn 4 1)) and

o 1/p
Ak S < 22/p(n — 1)~ Upp=U=H)} (Zl . **p) , then (21), Proposition 2.7,

Proposition 3.7 and the admissibility of ¥ allow us to write

e’} e’} sk — n 1/q
sz%q"I’(Z*k)*q’ 2 fi(C2 ki
q)r’q/(CZ_k")ql

k=ko

N

Mg

N

1/q

> ! ! ZJV\II IA** n q
< o sz'%q \P(ka)*q (ZJ k+1 (ﬂ : ) 2(/ k—1) +1>
k=ko Zj:o Yy (2-7)a

n : : l/q
oo y , 2k y(2—J 7127(17k)s A / q
. (Z (b e (Z, i 2H VG el

< ;
k=ko Zj:O 2 lII(Z_J)_q
q\ /4
[e%e} e’} B \P(Z j)
< cio Z Z 2 (=K)s ﬁ”( ]m)mGZ’lw H
. Y(275)
k=ko \Jj=k+1
< cn (Z (Z 27t Jrl)b”(/'Lk+l,m)meZ"|fp|> >
k=ko \ I=1

S n (Z 2701 +l)b> | (Ajm )jeNo.mezn [bpgl | (48)
=1

where in the last part we have used a generalized Minkowski inequality.
As in Step 1, b > 0 is determined by W, and the positive constants c¢ to cj;
depend only on n,d,s,p,q and V.



596 ANTONIO M. CAETANO AND SUSANA D. MOURA

Putting (46), (47) and (48) together, we get

. . q /g
f(t

(/O (CD S()t)) ‘ur,q/(dl)> < cDH(AJ"”)JEI\IO’”’EZH‘bqu7
rq

for some cj» > 0 depending only on n,d, s, p,q and ¥, and, with the help of Theorem
3.6,the case 1 < v =gq < oo (and with p > 1) of (41) follows easily. To prove (41)
for any v > g (even for v = oo, in which case it should be interpreted as

wp 170

(s,¥) Y‘I’)
0wi<e q)r’q,(t) < ¢(o0 )HﬂB || , Yf €ByY), (49)

one just has to use Proposition 3.17.

From (49) it also easily follows, still in the case p > 1 and 1 < g < oo, that (40)
holds and, in particular, that £’LG|BI(,2T>(t) is finite for each ¢ € (0, €].

Step 3. Still with p > 1, we deal now with the proof of (40) and (41) for
0<g<l1.

Again, we start by proving (41) when v = q.

The sub-critical case s < n/p can be dealt with the same type of discretization of
the integral as in Step 2, taking advantage of the rough estimate .,/ [C2™ (ktn o= kn)
constant. Since the result for this case is already known (cf. [2]) and we would run into
problems if we applied the same type of discretization when dealing with the critical
case s = n/p, we shall omit the details for the case s < n/p and deal now only with
what is our main concern in this paper, namely the case s = n/p.

We recall that when considering s = n/p we are also assuming that (¥(27/)~ l) jien ¢
¢, . Since we are now dealing only with 0 < ¢ < 1, this means that (W(277)™")jen
is unbounded, that is, lim,_o; ¥() = 0. Recall also that in this case ¥ must be
increasing (and that, in any case, ¥ is positive in (0,1]).

As a consequence, we can build a sequence (04 )ren, in the following way: oy =
C27"" ‘where 1y = ko; forevery k € N, o = C27%", where #; > t,_1 + 1 is such
that ¢/ < W(C27%")¥(C2~%1")~1 < 1/2, for some positive constant ¢’ depending
onlyon n and V.

We then start as in Step 2: given f € B,(,‘fl’lw consider a corresponding atomic de-
composition Zjo;’o fj (convergencein "), where f; have the same meaning as in (20),
for given atoms aj,, in B,(,f]’w and complex numbers A;, satisfying (Ajn)jengmezn €
b,q . Together with our hypotheses, this guarantees that Proposition 3.8 can be applied
with d; := 277“"p)¥(27)~1, j € Ny. In particular, f is also the limit, in L, of the
series > f;-

We can then write, recalling also the definitions of ®,, and u,, (now for r,u =
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00 ), the discussion in subsection 3.4. and the admissibility of ¥,

([ (5 o)
<o (S 0 () i)

0 koK q 1/a
< en (Z () ad)) (50)

k=0

00 T<tg41
< cui Z‘I’(ak)q 177 (o) + Z‘P o) Z I (o) ;
= Jj=0 jzt 41
where, for example, jig‘“ means that the sum is made on integers j from O to the
nearest integer less than 7, .
Since, for 0 <j < tyy1, 0441 € (0,C27"), then (21) and the admissibility of ¥
allow us to write (with the understanding that # := 0 when the index [ is a negative
number)

[e'e) j<tk+1 k+1 j<ty

Z‘I’(ak)‘f ij**(akﬂ)q < DqZ‘I’ o) Z Z )IA

k=0 j=0 h=0 j>t,_,

oo k+1 q J<th
DM ) > A

k=0 h=0 it

N

oo k+1 Jj<tp

Cl6 Z Z 2~ (k=h)q Z /l;;q

k=0 h=0 JSthos

N

J<tk—1

935 SERD DY

k=0 I=—1 JSte_i

N

oo J<t—|

- reS S

I=—1 k= 0]>tk 1—1

6 (i 2—“1) ZA*‘I : (51)

I=—1

N

Since, for j > [ter1], 41 € [C27(Ly — 1), C27";), where I; is the only
natural number satisfying the inequalities [;; — 1 < 20— tk)n lij, and )ij:j <

1/p
172 U= el (Zl . /l**”) , we have, again with the help of (21), Proposition 3.7
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and the admissibility of ¥,

Z‘I’ oy )? Zf** Oky1)?

It

< DqZ‘I’(ak Y WET)TA
k=0 J:[tkﬂ
< e D D Plon) (2 ) 2D (A ) e )¢
k:Oj:[tk+l]
k+l
DD IR \p oo S0 (et ez
k=0 [=0
< C19 ZZ*’W( Z [thg1]+Lm mGZ"M ||
=0 k=0
< o (Z 27ba(1 + z>”q> [[FTT——a (52)

As in the previous Steps, b > 0 is determined by W, and the positive constants
c13 to cj9 depend only on n,d,s,p,q and V.
Putting (50), (51) and (52) together, we get

£ * q 1/q
(/(; (q)‘]:oiify)(t)) .uoooo(dt)> < CZOH(Ajm)jENU,mEZ”‘bP(IH )

for some ¢y > 0 dependingonly on n,d, s, p,q and ¥, and, with the help of Theorem
3.6,thecase 0 < v=¢g <1, s=n/p (and with p > 1) of (41) follows easily. As
mentioned before, the situation when s < n/p can be dealt with in a similar — though
easier — way.

To prove (41) for any v > g (even for v = oo, with the interpretation (49)) one
just has to use Proposition 3.17.

From (49) it also easily follows, st111 inthe case p > 1 and 0 < g < 1, that (40)
holds and, in particular, that 5LG|qu ( ) is finite for each 7 € (0, €].

Step 4. We extend now the validity of (40) and (41)to 0 <p < 1.

Note that, given 0 < p < 1 and o, < s < n/p, we actually have s > n(l -1,

that is, s — g > —n, so that there are y,0 > 0 such that s — 2 = § — m and
therefore B,(,f]’w — Bgi’;z] (cf. [10, Prop. 1.9 (iv)]). As we have already proved (41)

for the space on the right-hand side, we can thus write

(/Oe (q]:;t()t))vw, (dt ))l/v ()Hf‘BquH a1 |lf|Bb‘P)H7 f EB“*'7

with modification if v = oo. Actually, it is from this modification that, as usual, (40)
is also obtained for the extended range of the parameter p, not to mention the finiteness

of & &|B%Y) (1) foreach 1 € (0, ¢]. O
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In the next result we consider only the critical case, as the technique of proof is
essentially the same as the one used in [2] for the sub-critical case.

PROPOSITION 4.2. Let 0 < p < 00, 0 < g < o0 and ¥ be a continuous
admissible function. Then there exists ¢ > 0 such that

gLG|A[()Z/p’\P>(t) 2 C(Doo,u’ (t)7 re (Oaz_n]a (53)
where
_[aq if A=B,
““\p if A=F

Proof. Step 1. In this step we deal with the case A = B. Suppose first that
1 < g < 00. Foreach J € N we denote by g; the function g in (32) with b = (b))jen
being the sequence defined by

. / J N —1/a
(o)l (Z\P(sz)*q) for j=1,---,J,
k=1
0 otherwise.

bj =

Notice that b; > cbj.1, j € N, for some positive constant ¢, as ¥ is an admissible
function. Moreover, ||b | ¢,]| = 1. By (35),

J+1

1/4'
g2~ > Zb‘l’ 2 1>C(Z‘P 27))," Jen

Therefore, having into consideration (33) and the property (A f )* = |A|f*, we obtain
EalBl "M (27 Z g5 27 2 e (Z Y(27) ) JeN, (54)

where the constants are independent of J. Now let 27~ (+1)n <t <277, for some

J € N. In virtue of (54), using the monotonicity of & ;|Bl/”" ¥
¥ and Proposition 2.7, we get

, the admissibility of

J . / 1/‘/
GBI > EalBUTN ) = o (D W) )

J=1
J+1 J [| log t]/n]

C3(Zl1'2/ N (Z\sz )ql
>y (Doo,q’(t)7

where the constants involved do not depend on J, and the proof of (53) for A = B and
g > 1 is then complete.

Now let 0 < ¢ < 1. Foreach j € N let a; be as in (29) and let & be a positive
number so that ¢*(6) > 0. Then the functions

Aj(x) = q;j(8""x), x€R" jeN,
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are (up to constants, independently of j) also (n/p,p,¥)k 1 -atoms for some fixed
K € N with K > n/p. In particular, it holds

147 | By/Pl ~ 1, jeN.
For fixed J € N and j € {1,--- ,J + 1}, we have
A7) =af (827" = inf{A > 0:my(A) <5277}
=inf{A > 0: 270" Vm, (A ¥(27)) < 527"}
—\P(z NTHnf{d > 0:my(A) < §2U7/~my
¥(27) 97 (9),
leading to

EalBRy" (27 = e supfa; (277 1 = - )

ca sup ¥, JeN
J=1, J+1

>
=

Now let 2=U+1n < 1 < 27/ forsome J € N. Using the monotonicity of & |B%/""
and Proposition 2. 7 we get

fLG\Bgé/”’T)(I) > C’?L0|B,(,2/p’ly>(2fjn) >c  sup w2t
]:1,~\1+1
=c sup ‘P(zfj)*l > C/ (Doo,oo ([),
j=1,-.[| logt|/n]

where the constants involved do not depend on J, concluding the proof for the B-
spaces.
Step 2. Notice that

Bﬁ;/r,‘l’) SN Fl(jz/la‘l’) for 0<r<p<oo. (55)

We refer to Example 3.5 of [2]. Then the assertion (53) for the F -spaces follows from
the corresponding assertion for the B-spaces, proved in Step 1. (]

REMARK 4.3. The necessity of the conditions in Proposition 3.13 can be inferred
from Proposition 4.2. In view of Proposition 2.7, this is immediately the case if
p < 00, since the unboundedness of & Ay /p¥) implies A,(,Z/ P¥) o/, L . In the case
of p = oo (hence for the B-spaces) the conclusion follows from the previous one due
to the embedding

B;,’;ép“"*') — B((E;;*') for 0 <py < oo.

We just point out that in Proposition 3.13 no continuity assumption on ¥ is required,
in contrast with Proposition 4.2; but this is immaterial in the reasoning above. Indeed,
given an arbitrary admissible function there is always a continuous equivalent admissible

. .. . . . . (s,9)
function giving rise to an equivalent quasi-normin Ay, .
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THEOREM 4.4. Let 0 < p,q < o0 and s € R be such that o, < s < n/p
and ¥ be a continuous admissible function. Define r € (1,00] by the equation
s—n/p = —n/r. Inthe case s = n/p assume further that (¥(277)~")jen & £, . Then

GLGB;;!]\P - ((Dr,q’a Q)v

with @, as in Definition 2.4.

Proof. Having into consideration Proposition 2.6, the case 0, < s < n/p was
already proved in [2, Thm. 4.4], though, as mentioned previously, we have given in
Proposition 4.1 a different approach for some parts of its proof; so that from now on we
shall deal with the case s = n/p, for what we assume

(PR en & £y (56)

We remark that, in view of propositions 4.1 and 4.2, we have just to prove the optimality
of the exponent ¢q.

Step 1. Let first 1 < g < oco. Assume that for some v € (0, g) it was possible to
find ¢(v) > 0 such that

MUY " (n/p¥) (n/p¥)

(G, @) Hoal@)) <cOIFIBEYI vr €BEPY,. (57)
0 00,q

where (., , denotes the Borel measure associated with —log @, ,» in (0,¢&] and &

is as in Proposition 4.1. Notice that, by Proposition 2.7, there are positive constants ¢,

¢ such that

[ 1og 1|/ (| 10g 1] /n]

cl(Z‘I’ZJ )Wg e cz(Z\sz )// re(0,el.  (58)

Due to (56) we can construct a strictly increasing sequence (f )ren, Of natural numbers
in the following way:

(i) to is suchthat 27" < €,

(ii) fr11, k € Ny, is the smallest integer satisfying

S ve (ch)q'

T N D (59)
Zj:l W(2)4 €1
with ¢, ¢ asin (58).
We remark that in such a case
SRR R
R TERIIN
so that, using the admissibility of ¥,
Tkt1 —i\—¢ Tk —1 —\—q —(tgp1—1) —q
(2 e il Y27)"17 + cP(27 kn
>0 Y2 < 2o (27) ( ) <o (o)

Yk Y2 Yk P(@2)
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forall k€ N.
Foreach J € N, let b = (b;)jen be defined by
. 12 tk ) / _l/q j:tk71+1""7tk’
(o)l (Z Pp(2—t) ) for
bj = = k=1,---,J
0 otherwise.
We have

J Iy , 1 N1 1/q
= (33 e (v ) ) e

k=1 j=t;_,+1 =1

(with the usual modification if ¢ = c0). Let k € {1,---,J}. For j € {1 +
L,--- 1 — 1} we have

. ’ L N —1/q
by =¥ ) (3w )
(=1
/ L / —l/q
<cP(27) (Z Pyt —4) = cb;
(=1
and, for k £ J,
Ths1

/ ) / *1/‘]
bien =P ) (3w
(=1
/ i Y / *1/‘]
<cP(2k) (Z (2=t ) = b,
(=1

Thus b; > cbji1, j € {to +1,---1;}, for some constant ¢ > 0 independent of j
and J. Denote by g, the function given by (32) with the above-described sequence.
According to Remark 3.12 we have

lgs | By "™ < cgVe (61)

and

i

) > e (S ey ) v

=1 =1 J=tp_i+1

> e( e ) S Wl ke (1 ), (@)

i=1 J=tr—1+1
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where ¢ > 0 is independent of J. From (57), using (61), the monotonicity of g} and
D, (62), (58), (59) and (60), we obtain for any J € N,

J

—ln . 1/v
Ji/a >c ( g / . )) Uooq! (dl))
+1"

7 . nin ) .
- (kz_; <%) Moo g (27547, 2-%@)1
J I N\ Vg Ik ‘ Tk41 — 1y
A3 (S ) (S ey (Swa ) )
= J=t_ i +1
26”{§] ;Clirl ) (Z‘Pz ] ) \/}1/\/261//‘]1/\17

which is impossible for v < g. We have also used above the fact that

(3 vy MZW ) e

Jj=tr_+1

for some positive constant ¢ and for all k € N, consequence of (59).

Step 2. Now let 0 < g < 1. Then ¢’ = oo. We modify appropriately Step 1.
Assume that (57) holds true for some v € (0,g). The counterpart of (58) reads as
follows:

1 sup PRI TP oo(t) < sup PQRV)T 1€ (0,¢). (63)
j=1,+[| logt|/n] j=1,+- [/ logt|/n]

We remark that (56) implies that the admissible function ¥ has to be monotone
increasing and we construct a strictly increasing sequence (#)ren, of natural numbers
in the following way:

(i) to is such that 27" < €;

(ii) fx11, k € Ny, is the smallest integer satisfying

W(2 k)1 < &
YR-u)"l T e
with ¢1, ¢; asin (63).
Notice that then

Y(2-k)~! P2t 1
P2 )T T WD) 2]

Foreach J € N, let b = (b;)jen be defined by

b 1 if j=#, ke{l,---,J}
771 0 otherwise.
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We have ||b | £,]| = J'/9. Then the corresponding function gy, as in step 1, satisfies
lgs | By P < e3¢ and - g5 (27%) > e ¥(27%) 7! ke {1}, (66)

Where 3, ¢4 > 0 are independent of J. From (57), using the monotonicity of g} and
D 0, (63), (64), (65) and (66), we obtain for any J € N,

JVa > ¢ <Z/ tw )) uoooo(dt)>l/v

Zc <i (%)vum,m([ztk+l’172tkn])>

k=1 s

1/v

J

-1 oY
2C/{z:(supj L ‘)I’(Z—/)—l) }

k=1 =L g
17l
>,

which is impossible for v < g. ]

COROLLARY 4.5. Let 0 < p,q < 00 and s € R be such that ¢, < s < n/p
and ¥ be a continuous admissible function. Define r € (1,00] by the equation
s—n/p=—n/r. Inthe case s = n/p assume further that (\¥(277)~")jen & €, . Then

EFET = (®,,,p),
with ®,, according to Definition 2.4.

Proof. The assertion for 6, < s < n/p is covered by [2, Thm. 4.4], having into
consideration Proposition 2.6 (i) , though it can now also be easily deduced by the same
technique that follows, mutatis mutandis. The remaining case, i.e. the case s = n/p, it
is a consequence of Theorem 4.4 and the embeddings

BI(,’I'I/,”“\P) — Fé';/’”ly> — BI(,’Z'I/,”Z’% for 0<pi <p<py<o0
(see Example 3.5 of [2]). O

EXAMPLE4.6. We return to our example W), givenby (3). Assume p, g € (0, <]
and b < 1/¢’'. Then Theorem 4.4 yields that

€ By = (logt| =714, g).

When g € (1, 00| it also makes sense to consider b = 1/¢’ (cf. Example 3.14), and in
this case we get that

¢ B = ((log|logt))'/7, q).

REMARK 4.7. Analogously to what has been observed in Remark 4.3, we point out
that there is no loss of generality in assuming the continuity of the admissible function
¥ in Theorem 4.4 and Corollary 4.5. Actually we just have to keep in mind that for an
arbitrary admissible function, the function ®, ,, to appear in the local growth envelope
— and, specially, the corresponding measure u, ,, — should be built by means of an
equivalent continuous admissible function.
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REMARK 4.8. Theorem 4.4 and Corollary 4.5 describe in a rather condensed way
some sharp inequalities. It is not difficult to see that, together with Proposition 3.17 (i),
they even imply, under the hypotheses assumed, that, given a positive monotonically
decreasing function k on (0, €], for some small enough € € (0,1), and 0 < v < o0,

</o£ (K(I) g,qut()t)y%’(df)) N cllr1Bg ™l (67)

¥)

(with the appropriate modification if v = 0o ) holds for some ¢ > 0 and all f € B,(,f]’
if, and only if, k is bounded and v > ¢;

</o (K(” g;ft()t)yurvl"(dt))l/v e lIF1F3"

(with the appropriate modification if v = oo ) holds for some ¢ > 0 and all f € F,(,;’\w
if, and only if, k is boundedand v > p.

Notice also that it is possible to give explicit expressions for u, ,/(df) and u,,,(dt)
(even for general W) in some cases: for example, if u # oo,

dt
q)r,u ([)M\P(I)u ft/r+1

(cf. Proposition 2.5); since ®,,(f) ~ t~'/"¥(t)~! when r # oo (cf. Proposition
2.6 (i) ), then in the case r,u # oo the measure U, ,(dt) can be further simplified to
di

Mru(dt) ~ (68)

7 .
And either by using (68) or by calculating directly from the local growth envelope
function given in Example 4.6, in the interesting case of this example when ¢ is assumed

in (1,00] and b equals 1/¢’, one has

dt
(log |log1])| log?|

Moo g (dt) ~

and the inequality (67) above then reads

v 1/v
€ *
/ k(1) LU 1 a gc“f‘Bn/p’bW
0 7t | |logt|t P4
(log | log1]) 7

REMARK 4.9. Our main results stated in Theorem 4.4 and Corollary 4.5 recover the
results of Haroske [7] and Triebel [17] for the usual Besov and Triebel-Lizorkin spaces
in the critical case. Indeed, having into account Proposition 2.6 (iii), when ¥ = 1
what we have obtained is:

€ B = (|log1|'/7,q), 0<p<oo, 1<g

€ FUP = (Jlogt'',p), 1<p<oo,0<gqg

>

<
<
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