athematical
nequalities
& Papplications

Volume 8, Number I (2005), 101-109

COMMUTATORS OF IMAGINARY POWERS OF LAPLACE OPERATORS
SUNGGEUM HONG

(communicated by J. Marshall Ash)

Abstract. We obtain continuity properties of commutators generated by the imaginary powers of
the Laplace operator and BMO functions on Hardy spaces and certain Hardy type spaces.

1. Introduction and statements

Let £ (&) = [f(y) e7<¥¢> dy be the Fourier transform in R". For each u €
R\ {0}, let K, be the tempered distribution on R" such that K, (&) = |£|~*. Here
K, is defined via (K,,f) = (K,,f) forall f € /(R"). Explicitly, K, may be given
by

Ku(x) = C(u) x| 7™
where C(u) = 7=+ [(n—iu/2)/T(iu/2) . Then define the singular integral operators
T, on .(R") by
T. =K, *f,

where K, is the kernel of 7,,. For every k € N, K, is of class ck away from the
origin and satisfies the following properties:

(@) [Ku(@)| < C(1+[u)? 67", x#0,

() [Kulx = y) = Ku(x)| < C (L4 [u) 2 |yllx| 771, |2l > 20y > 0,

() [D"K,(x)] < C(1+u)2™ x| "7, x £ 0,
for every multi index y with |y| < k (see [8, 15] for more details).

The singular integral operators that are imaginary powers of the Laplace operator
T, in R” have been studied by many authors |5, 6, 8, 11, 13]. Recently, Gunawan and
Wright [8, 9] showed the following sharp estimates for T}, :
1T 1 gy < Cp (1 [ae) 221 [1f |

for 1 < p < o, and

T ||y < Cp (14 [u])? ™2 |[f || 2w () (1.1)
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forO<p<1.
We consider the commutator 7, , defined by

Tuf () = p [ Kule =)o) = bO)LF 0)

where b € BMO(R"), that is b is locally integrable and
1
|16]|sro = —/ |b(x) — bo|dx <A < 00
10| Jo

holds for all balls Q C R". Here by = |Q]! fQ x)dx and ||b||pmo denotes the
BMO norm of b.

In [4], Coifman, Rochberg and Weiss proved that the commutator generated by
Calder6n-Zygmund singular integral operator and a BMO function is bounded on
IP(R"), 1 < p < oo. C. Pérez [14] proved that this commutator is not weak type
(1, 1), butsatisfies a weak type Llog L inequality. It is known that a Calder6n-Zygmund
singular integral operator maps H'(R") into L'(R") under certain assumptions. How-
ever, it was observed in [12] that a corresponding result for the commutator generated
by Calderén-Zygmund singular integral operator and a BMO function is false. As for
p < 1, the commutator of Calderén-Zygmund singular integral operator and a BMO
function is not bounded from H?(R") to L?(R").

The purpose of this note is to study the continuity properties of the commutator
T,, on Hardy spaces H'(R") and Hardy type spaces H}(R"), 0 < p < 1. What we
are interested in here is how the norm of the commutator 7, , especially from H}(R")
to L/(R") where 0 < p < 1, depends on the imaginary power.

DEFINITION 1. Let 0 < p < 1 and d be an integer that satisfies d > n(1/p—1).
Let Q be a cube in R". We say that a is a (p,d)-atom associated with Q if a is
supported on Q C R" and satisfies

(i) lal|zoomn < Q17175

(i) /n a(x)xPdx =0

where B = (B1,B,---,Bn) is an n-tuple of non-negative integers satisfying || =
Bi+B+ -+ B, <d,and xP = xPixPr .. P,

If {a;} is acollection of (p,d) -atoms and {A;} is a sequence of complex numbers
with 377, |4[P < oo, then the series f = } ™, Aja; converges in the sense of
distributions, and its sum belongs to H? with the quasinorm

HfI\Hp=Z Zw )

Jlja]

(see [16]).
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THEOREM 1. Let b € BMO(R"). Then T,, maps H'(R") boundedly into
weak- L' (R"); i.e., there exists a constant C = C(n) such that for all f € H'(R")

n C n
[{r € R« |Tuaf ()] > o < = (14 Jul) 2 [1f ] ey
forall o > 0.

REMARK 1. It was shown in [13] that the norm for the imaginary power u of
the Laplace operator; from L'(R") to L'>°(R"), depends on the imaginary power as
(L4 Ju])?.

DEFINITION 2. Let 0 < p < 1 and b be a locally integrable function. Let O be
acube in R". A function a is said to be a (p, co; b) -atom, if

(i) supp(a) C O;
(ii) HaHLOO(Rn> < |Q‘_1/P;

(iif) /n a(x)xP dx = /n a(x)b(x)xPdx =0, |B| < [n(1/p —1)],

where [x] denotes the integer part of x.

A tempered distribution f is said to belong to the atomic Hardy space H%(R"), if
it can be written f = > Aja; , in the sense of distributions, where ;s are (p, 00;b) -
atoms, A; € C and Z;jl |AjlP < oco. Moreover, we define the quasinorm on HJ
by

g = g-inf (3 At
j=1 "I j=1
(see [1, 14]).

The following theorem states that (1.1) is true for the commutator 7, on Hardy

type spaces.

THEOREM 2. Let b € BMUO(R") and 0 < p < 1. The inequality
T Moy < Cp (1 [ul)? ™2 [If |2
holds for all f € HY(R").

REMARK 2. Alvarez and Pérez [1, 14] defined the Hardy type space H (R") (for
the case B = 0 in Definition 2), and showed that the commutator of a Calder6n-
Zygmund singular integral operator and a BMO function is a bounded operator from
HY(R") to IP(R") where n/(n+ 1) < p < 1. It was pointed out in Y. Komori
[10] that this commutator does not map HY(R") into 17°°(R") for the critical value

p=n/(n+1).
2. The Proof of Theorems

In this section, we prove the theorems 1 and 2. To begin with, we employ the
following lemma due to M. Christ [3].
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LEMMA 1. For any o > 0 and any finite collection of dyadic cubes Q and
associated positive scalars Ag, there exists a collection of pairwise disjoint dyadic
cubes S such that

) Y A <8alS| foralls,

Qcs

) Y oISI< e Y Al
H > Al 1%QH
OZ any S

Proof of Theorem 1. Suppose that f(x) = > Agagp(x) is an element of H',
chosen arbitrarily except that the sum has finitely many terms, that > Ag < 2||f||m
and that o > 0 is given. ApplyingLemma 1,set h =} o>, ¢Apag and g =f —h.
Then, we have ||g||cc < Ca and

{x cR": \Tu7bf(x)| > OC} CQUQyUQs
where €, is the union of the double cubes S* and
n a
{xer\ Qi |Tus) > T,

Q, — {xeR”\Ql T, ph(x)] > %}

Q;

We now assume that |u| > 2 (so that the property (b) of K, holds for |x| >
|u|ly| > 0, see [8]). By the disjointness of the cubes S we have

Q) < oIS < = ZMQ\ 1+Iu\)2 Wl @y
N

and Chebyshev’s inequality and the L? -boundedness of T, (see [2,7]) imply

o <clslB _ S5y
Qo] <C52 < =D lAgl < <  [ul)?|1F 11
o

In order to estimate the measure of Qj, fix the cube Q with radius R centered at
Xg . Applying (ii) of Definition 1, we split the integral

Tupao(x) = /R (Ku(x =) = Ku(x = x0))(b(x) = bo) ap(y) dy

+ | Kulx=y)(bo = b(y)) ag(y) dy
Rn
= lo(x) + Tu((bo — b)ag)(x).
We first estimate Ip(x). By applying the property (b) of K, , we see that

o ()| < € (14 [u)**! |y —xol [x = xg|™"~" [b(x) — bol.
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Let Q!" be the |u| dilation of Q. Then

n a
’{xER V20 Aglip(x)] > g}’ 2.1)
s ocs
< / ‘IQ |dx
s ch R0l
Ao (1+ Jul)?*! (2/|u|R) "7 — by|dx
zs:Qch o1l g & Q”“‘"'I g 170~ el
c B
<5 (T 1ul) 2 [[bllsmo DY Ao Z 27

s ocs  j=I

Next, we observe that

Tu((bo = b)ag)(x)| < C/QIKu(x—y)IbQ—b(y)laQ(y)ldy

< C(1+lu? /Q = 3" [bo — ()] lag(y)] dy
) 1

< C(1+ u)t |x—xol a/gbg—b@wy

< C(L+u))? |x — xo| ™ ||b]|smo-

Thus, we clearly have

xRN\ QST Al Tul((bg - bag)()] > = (22)
{ :

s ocs

C
< 5 (L ful) )2 [[bllsmo D> Ao.

s ocs
Combining (2.1) and (2.2), we get the measure of Q3. This finishes the proof. O
We turn to the proof of Theorem 2.

Proof of Theorem 2. In view of Definition 2, it suffices to show that

| Tpal|prny < C (1 + |u)p~* (2.3)

for any (p,o0;b) atom a.
By translation-invariance, we may assume that Q with radius R is centered at the
origin and we write

[Ty pa(x)|P dx = /

x| <|u|R

= L+ L.

[T pa(x)P dx + / |T,pa(x)|P dx

R" |x]>|u|R
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(We note that it is different from the usual technique: instead of splitting the integral at

2R, we split at |u|R, just as in [8, 9]). For the integral L;, we assume that 0 < p < 2
and p/2 + 1/q = 1. Then L?-boundedness of T, and Holder’s inequality, we have

Ly < C(uR)" % |lalfy < Clu'~%.

Consider the integral L,. Since T,,a(x) = (b(x) — bg)Tua(x) — T, (b(x) — bg)a(x)
and 0 < p <1, we have

L, = / [T, pa(x)P dx
[x]>|ulR

< b(x) — byl Tua NP dx
j:zl |:/sz+l”\Q2j|”| ‘ ( ) Q| | ( )|
+ Tu bp — b)a)(x pdx
‘/sz+l“\Q2ju ITu((bo )a)(x)|
= > [Aj+B].
j=1

In order to estimate each A; and B;, suppose first that n/(n + 1) < p < 1. By using
the property (b) of K, and (ii) of Definition 1, we observe that

Tua(x)| < /||<R Ku(x = y) = Ku(x)| [a(y)| dy

< (1t [ |y / i 1a(y)| dy

[y|<R
< C(L+[u) 3T R™Th x|,

whenever |x| > |u|R.
Hence, we have

A = / _|b(x) = bo|P |Tua(x)|P dx (2.4)
QZJH|u|\QZ]\u\
< C(1+|u\)¥+PR"P+P*"/_I |b(x) — bol? x| TP dx
sz+ |L¢|\Q2J\u\

1

np .
< T +p prptp—n (5] —np—p+n : — bolP
< CO ) E R @Ry [ ) — b ax

ey )
< CYP) (14 [u))" 7 BB

by taking Holder’s inequality to W i) ot [D(x) = bol” dx when 0 < p < 1 with
p+1/qg=1. We now proceed to the estimate B;. Similarly as before, by the property
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(b) of K,, (ii) of Definition 1 and (iii) of Definition 2, we consider

(b0~ D] < € [ Kx=3) = Kl o — b(3)|la(y)| dy

[y[<R
n _n 1
<UD RE o = b0 dy
ol Jo
< COUA ) = R [[B] o

Moreover, we have

B = / L |Tul(bo — b)a)(x) P dx (2.5)
QZJ |u|\QZ]|u|
< C(L+Jul) 2 R b g / T
sz+ |u|\Q2J|u|

j(n—np— n—2
< CYP) (1 4 |u)"™ % ||B]Baso-

Thus combining (2.4) and (2.5), we have

= = j(n—np— n—"22
Ly = Y [A+B] < €Y 20 (Lt |u)" [|blluo
Jj=1 Jj=1

since n/(n+ 1) < p < 1. Then taking the p-th root, we obtain (2.3) as desired.

Suppose now that n/(n + k) < p < n/(n+ k — 1) for some k € N. For the
estimates, we use the fact that K, is of C* class away from the origin and satisfies (c).
Let P,.(y) denote the (k — 1)-th order polynomial of the function y — K, (x — y)
expanded about the origin of the cube Q. Then using the cancellation property (i) of
Definition 1,

Tat) = [ (K= ) -~ Pust)] ab)dy, (2.6)
[yI<R
and a straightforward calculation shows that

raw) < € [ S Il a] (.)

lvI=k
< C(L+[ul)FFR™TF x| ™5 [x] > [u|R.
Following the same arguments with (2.4) and using (2.7), the estimate
Ay < AR L) by

holds.
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Finally, for the estimate B;, likewise (2.6), using the property (c) of K, and (ii)
of Definition 2, we have

Tllbo =Dl < /<R |Ku(x = y) = Pus ()] Ibo = b(y)| la(y)| dy
/|,|<R > IDYKL )] [y [bo — b()] la(y)|dy

lv|=k
< C(L+ [u) 55 [ 7" F R™5 {16 | suo-

Then it follows that
By < CYmmh) (1 (Y% ||b] -

Since n/(n+k) <p <n/(n+k—1) for some k € N, we thus have

L, = Z [A; + < C szn v kp 1+ ‘”|)n__ 1161 gar0
j=1

< ( +|“D”7_ 151 Bar0-

The proof is complete. [
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