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A NOTE ON 6-QUASI-MONOTONE AND
ALMOST INCREASING SEQUENCES

H. BOR AND L. LEINDLER

(communicated by J. Pecaric)

Abstract. In this paper by using an almost increasing sequence a general theorem on @ —
| C, o |, summability factors, which among others generalizes a result of Mazhar[9] on | C, 1 |;
summability factors, has been proved under weaker conditions.

1. A sequence of (b,) of positive numbers is said to be O -quasi-monotone, if
b, — 0, b, > 0 ultimately and Ab, > —§,, where (0,) is a sequence of positive
numbers (see [3]). Let (¢,) be a sequence of complex numbers and let > a, be a
given infinite series with partial sums (s,). We denote by g% and 7 the n-th Cesaro
means of order o, with & > —1, of the sequence (s,) and (na,), respectively, i.e.,

|
Gi(lx = E ZA:;LVISV (1)
noy=0
o 1 - a—1
L, = E Anfvvaw (2)
no,_q
where
A =0(n%), a>-1, Aj=1 and A%, =0 for n>0. (3)

The series ) a, is said to be summable | C, ot |,, k> 1 and oo > —1, if (see [5])

L) >~
S o o =30k e o @
n=1 n=1

and it is said to be summable | C,a; B |,, k> 1, o« > —1 and B > 0, if (see [6])

o 0
S oot e S < ®
n=1

n=1
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130 H. BOR AND L. LEINDLER

The series ) a, is said to be summable ¢ — | C, ot |, k > 1 and o > —1,if (see [2]
and [7])

Znik | 0% [F< 0. (6)
n=1

In the special case when @, = n' % (resp. @, = nﬁ“*%) , @ — | C, a |, summability
is the same as | C, a |, (resp. | C, a; B |,) summability.

Mazhar [9] has proved the following theorem for | C,1 |, summability factors of
infinite series.

THEOREM A. Let A, — 0 as n — co. Suppose that there exists a sequence of
numbers (B,) such that it is O -quasi-monotone with y_ nd,logn < oo, > B,logn is
convergent and | AA, |<| By | forall n. If

1
Z " | 1, [*= O(logm) as m — oo, (7)

n=1

where (t,) is the n-th (C,1) mean of the sequence (na,), then the series . a,A, is
summable | C,1 |,k > 1.

2. The aim of this paper is to generalize Theorem A under weaker conditions for
¢— | C, o |, summability. For this we need the concept of almost increasing sequence.
A positive sequence (b,) is said to be almost increasing if there exists a positive
increasing sequence ¢, and two positive constants A and B such that Ac, < b, < Bc,
(see [1]). Obviously every increasing sequence is almost increasing sequence but the
converse need not be true as can be seen from the example b, = ne=1" . So we
are weakening the hypotheses of the theorem replacing the increasing sequence by an
almost increasing sequence and use a more general summability.

Now, we shall prove following theorem.

THEOREM. Let (X,) be an almost increasing sequence such that | AX, |= O(%2)
and Ay — 0 as n— oco. Suppose that there exists a sequence of numbers (B,)
such that it is 8 -quasi-monotone with Y nX,0, < oo, »_B,X, is convergent and
| AL, |<| B, | for all n. If there exists an € > 0 such that the sequence (n“~* | @, |¥)
is non-increasing and if the sequence (W%), defined by (see [10])

o ‘ t}? |7 o=1
Wi =9 max [1%], 0<a<l (8)
1<vn
satisfies the condition
m
Znik(wg | Pn |)k = O(Xm) as m — 0oQ, (9)

n=1
then the series ) ayA, is summable o— | C o0 |,, k> 1, 1/k< o <1.

We need the following lemmas for the proof of our theorem.
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LEMMA 1. ([4]) IfO0<a<1and 1<v<n,then

m
A% < max
‘ Z " p 1<m<y

Z_:Am “la ’ (10)

LEMMA 2. Under the conditions regarding A, and (X,) of the Theorem, we have
| An | X = O0(1) as n— oo. (11)

Proof. Since A, — 0 as n — oo, we have that

@Qi | ALy |< 0(1>§jxv | Ay |
)Y X, | B, |< 0.

Hence | A, | X, =O(1) as n— 0.

| | X = X,

LEMMA 3. Under the conditions pertaining to (X,) and (By) of the Theorem, we
have

nB,X, = 0(1) (12)
> nX, | AB, |< oc. (13)
n=1

The statements proof of Lemma 3 are proved in Theorem I and Theorem 2 of Leindler
[8] and hence is omitted.

3. Proof of the Theorem. Let (T*) be the n-th (C, o), with 1/k < a < 1, mean
of the sequence (na,A,). Then, by (2), we have

n

1
T = —Y A" ha,. (14)
AOC
moy=1
Using Abel’s transformation, we get

n

T = ZAA Z ppap 2 ZAO‘ a,,

v=1

so that making use of Lemma 1, we have

n—1 v
1 _
¢ < EZ\MV\]ZA,?:,}M! -
moy=1 p=1

ZAH V

VA
»
Q
Q
e
>
+
>
=
=R
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Since
| T + Tys F< 24 T, F+ T, ),

to complete the proof of the theorem, it is sufficient to show that
Zn*k | ouTY, [F< oo for r=1,2, by (6).

Now, when k > 1, applying Hlder’s inequality with indices k and k", where 1+ & =
1, we get that

m+1 m+1 n—1
Zn ouT £ < D AN T L on F D ATwY | AL [}
n=2 v=1

m+1 n—1 n—1
= Zn | gy |f {ZV“" ¥ 1B, I}{Z | B, [}

m m+1

— k 7k|(pn
= o) > v B Y

v=1 n=v+1

m m+1 (7 |(P
= 0 3o v ) 1B Y s

v=1 n=v+1

m m+1 1
= 0(1)Zvak(wg)k B, [ v o [ Z ke

v=1 n=v+1

m oy
= oYt B v ot [

v=1 v

m

= 0() Y vIB v o )
v=1

= 0() Y A( B )Y 0k o))
v=1 r=1

D)m | By | Z"_k(w(vx Lo )
v=1

- 0(1)2‘(v+1)
v=1

m—1
= 0(1) > v|AB,| X, +0(1 Z\B | X,
v=1 =1
m—1
:0()ZV|AB|X+O Z‘BVH‘XVH
v=1

+0(1)m | By | Xy = O(1) as m — oo,
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by virtue of the hypotheses of the Theorem and Lemma 3.
Again, since | A, |= O(1/X,) = O(1), by (11), we have that

m

m
S s = ST A T A 0 ] g )
n=1

n=1

= O() Y [ Au |0 (w5 | 0 )}

n=1

m—1 n
= O()Y A2 | Y v Wy [ ) +0(1) | A |
v=1

n=1
Yo wy [ )
n=1
m—1
= 0(1)> | Ak | X+ O(1) | A | X,
n=1
m—1

= O(I)Z |Bn ‘Xn‘i”O(l) |Am ‘szo(l) as m — 00,

n=1

by virtue of the hypotheses of the Theorem and Lemma 2.
Therefore, we get that

Zn*k | ouT,, F=o0(1) as m— oo, for r=1,2.

n=1

This completes the proof of the Theorem.
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