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SMOOTHNESS OF y -DIRECT SUMS OF BANACH SPACES

KEN-ICHI MITANI, SATORU OSHIRO AND KICHI-SUKE SAITO

(communicated by S. Saitoh)

Abstract. Let X1,Xo,- -+, Xn be Banach spaces and y a continuous convex function with some
appropriate conditions on a certain convex subset of R”. Let (X; ® Xo @ --- @ Xp)y be the
direct sum of X;,Xp,---,X; equipped with the associated norm with y . Then we give the

characterization of smoothness of (X; @ Xo @ --- & Xp)y .

1. Introduction
Amnorm || - || on C" is said to be absolute if

H(X17X2, o 'vxn)H = H(‘xl‘7 ‘X2|, Y |anH

forall (x1,xz,--+,x,) € C", and normalized if

Let AN, be the family of all absolute normalized norms on C". In [9], Saito,
Kato and Takahashi characterized absolute normalized norms on C" by means of the
corresponding convex function as follows. For each n € N with n > 2, we put

n—1
1.
A= (t .13, 1) €ER' 08 20, th <1
j=1

and define the set ¥, of all continuous convex functions on A, satisfying the following
conditions:

W(0a07 70)ZW(L070’ ’O)ZW(0a170a ?O)ZZW(Oa a071):1

4! In—1
Wty ostn) = (4 + o)W
) s n = n tl —’—-~-—’—l’n_1’ ) tl +~-~+tn_1 (A )
Mathematics subject classification (2000): 46B20, 52A21.
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153 Ih—1

fyooostpm) 2 (1=t 0, S A

v, te1) 2 ( 1)"’( 1—1 l—fl) )
18] 13 th—1

Heooity ) > (1=t ,0, o A
ll/(h ’ 1) ( 2)"/(1[2 lftz ltz) ( 3)

(t ti-1) = (1 = ty—1) § 0 )
Yty ..., th—1) 2 n—1)Y l_tn—l’ 71_tn—17 . n

Then for each n € N with n > 2, AN,, and ¥, are in a one-to-one correspondence
under the following equation:

n—1

Wit st) = || [ 1=ttt (1)
=1
for (t1,--- ,t,—1) € A, . Indeed, for any y € ¥, , we define
|2 [ )
x+...+xn RN ,
[Gety 2, xa)||, = (s l)¥ <x1|+--~+x,,| et [+ x|
b o W_ if(-xl7"'>xn)3é(o>"'70)>
0, if (x1,--+ ,x,) = (0,---,0).
Then | - ||y € AN, and satisfies (1). From this, we can consider many non- ¢, type

norms.

Mitani, Saito and Suzuki in [6] calculated all norming functionals of absolute
normalized norms on C" and they gave a necessary and sufficient condition of y that
(C", || - |ly) is smooth. That is, they showed that (C", || - ||,) is smooth if and only if
foreach t = (11,t2, - ,t,—1) € A,, the following equalities hold:

1.y (t;pj—1t) =y (t;pj—1t) forall j €I, with £; > 0;
2. yl(tpj—1)=—y(r) forall j €I, withz; =0
(see the notations of y’ , v, p; and I, in §2 or [6, Corollary 4]).

On the other hand, Kato, Saito and Tamura in [4, 8] introduced the v -direct sum
(X18X,®---BX,)y asfollows. Let X;,Xs, - - - , X, be Banach spacesand let y € ¥,,.
Then the product space X; X --- x X, with the norm

(| (1,22, - - ,x,,)HW = || ([}l ]2, - - - ,Han)waithxi e X;forl <i<n,

is a Banach space which is denoted by (X| X, & - - - @ X,,). They characterized the
strict convexity, uniform convexity of (X1 X, ®--- B X,)  using the convex function
W.

In this paper, we give the necessary and sufficient condition that (X; X, @ --- &
X,)y is smooth. Namely, we shall show that (X; & Xo @ --- & X,), is smooth if
and only if (C",| - ||y) is smooth and X; is smooth for all i. In §3, we consider the
dual space of C" with an absolute normalized norm. In §5,we calculate all norming
functionals of (X; BX,®- - -BX,,) - Itfollows from this that we give the characterization
of smoothness of (X; ® X, @ --- @ X,,), . Finally, in §6, we show a necessary and
sufficient condition that (X; ® X, @ - -- @ X,,),, is uniformly smooth.
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2. Preliminaries

Throughout of this paper, we denote by N, R and C the set of positive integers,
real numbers and complex numbers, respectively. Let X be a Banach space with norm
Il - || and let X* be the dual space of X. Let Sy = {x € X : ||x|| = 1} be the unit
sphere of X . A bounded linear functional o € X* is said to be a norming functional of
x € X with x # 0 if o € Sy~ and (a,x) = ||x|]| (see [1]). We denote by D(X, x) the
set of all norming functionals of x. The Hahn-Banach theorem yields that, for every
x € X with x # 0, there exists at least one norming functional of x. A Banach space
X is said to be smooth if for every x € X with x # 0, there exists a unique norming
functional of x. We know that X is smooth if and only if || -|| is Giteaux differentiable
atany x € X \ {0}, that s,

e 1

t—0 t
exists for every x,y € X with x # 0 (cf. [1]). Let f be a continuous convex function
from a convex subset C of a real Banach space X into R. As in [7], we denote by
Of (x) the subdifferential of f at x € C;

Of () ={a € X" :f(y) 2 f(x) + (a,y —x) fory € C}.
It is clear that Of (x) is a closed convex subset of X*. We know 9f (x) # 0 at every

X €C, where E‘ is the set of interior points of C. In particular, if C is the closed
interval [0, 1] of R, then the following equation holds:

(= oo, fz()], if 1=0,
of (1) =« [fL(0).fr(®)], if0<r<1,
[Fi(0),00),  if1=1,

where f/(¢) is the left derivative of f at ¢ and f(¢) is the right derivative of f at 7,
respectively.

In this paper, we use the following notations. For n € N with n > 2, we put
I, ={0,1,2,--- ;n—1}. We also put

Po = (0a070a"' 70) EAn
and
)
pj: (0707 707 170707"' 70) eAn

for j=1,2,...,n — 1. We define the directional derivative y/ (z;s) of y at r € A,
with respect to s € R"~! which satisfies t + As € A, for some A >0,

, i t+As)— (e
lM(I;S):)ng]il()t//( )L) v

Similarly, if # € A, and s € R"! satisfy t + As € A, for some A < 0, we define
v’ (t;s) by
. t+As) —w(?)
s) = 1 w( .
v-(5s) = lim,
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Itis clear that y! (1;5) = —y/ (1; —s) if there exists A > 0 such that 7+As and 1 —As
belong to A, .

3. Dual spaces of C" with an absolute norm

In this section, we consider the dual space of C* with an absolute normalized norm.
Let y € W,. Let ||-||;, be the dualnorm of ||-||,. Thatis, forany (xi,x2,---,x,) € C",

*

v

H(x17-x2>"' 7-xn)

= Sup{|<(x1a-x27"' a'xn)7(y17y2a"' 7yﬂ)>| : H(yhyza"' ’y")Hy/ = 1}

n
= sup ijyj . H(yl7y2>"' ’yn)Hl[IZI
j=1

Then || - [|}, € AN, and the corresponding convex function is given by
(s, Sam1)
o (1 - == tnfl)(l -85 — = Snfl) +us1+ s hi—1Sh—1
= sup
(1, sta—1) €Dy Ilj(th o 7tn—l)
for (si,--,s,—1) € A,. Note that |[ - [[;, =] - [y .

PROPOSITION 3.1. ([2] (Generalized Holder inequality)) Let v € ¥,. Then we
have

(e ) | < el 1]y
forany x,y € C".
It is easy to see that y** = y. Next we shall caluculate the convex function y*
of y €¥,.

EXAMPLE 3.2. For 1 < p < oo, the {,-norm || - ||, on C" is an absolute
normalized norm and the associated function ,, is defined by

I—ET’__lsil’—&—sp+-~-+sp Ur if 1 <p < o0,
WP(ShSZa"' 7Sn71) — (( i=1 n—)l 1 n—l) ] p
max(l — >0 8,81, 5 Sa—1) if p=o0c.

Then we have vy, = y,, where Il) + é =1.
In particular, we consider the absolute norm of C? as in [9].
EXAMPLE 3.3. Let 1/2 < a < 1. We define || - || € AN, by
1Ger; x2) o = max{ || (1, x2) o, 0tl| (1, x2) |1}
for (x1,x2) € C? and the corresponding convex function is given by wy(s) = max{1 —

t,t,a}. Then we have

va(s) = émax{(l —20)s+a,2o0—)s+1—a}.
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Next we consider the y -direct sum of Banach spaces. Let X;,Xp,---,X, be
Banach spaces and let @ € W¥,,. Then the product space X; X X; X --- X X, with the
norm

[ Ger oz, [, = [ (Ball el Tl D[],

is a Banach space which is denoted by (X; X, & --- @ Xn)l,,.

PROPOSITION 3.4. Let y € W,. Then the dual of (X1 © Xo @ -+ @ Xp)y is
isomorphicto (X; & X5 @ - ® X))y~

Proof. Let f = (f1,f2,- ,fn) € (X{ B X5 & --- @ X))y+. The bounded linear
functional (f,-) on (Xi ®Xo® - ® X,)y is defined by

(fox) = filw), x = (x,20, x5) € (X1 B Xa @ B X,y
i=1

Then ||(f,) || = ||[f ||y=. Indeed, using the generalized Holder inequality, we have

n

(x0T < DIl
i=1
< [T I s Wl DIy« IRl Thealls s Tl DT = 11 1l
Hence |[(f,-) || < ||f||y*. Also, forany & > 0, there are y;,ys,- - ,y» € X such that
[Ifill < (1 + €)fi(y:;) and |[y;]| = 1 forall i. Hence we have

Wl = QAL D]
< L+ L202), Salu)

= (1 +s)sup{ Zafi(yi) coy €C, ||(on, 0, a)|ly = 1}
i=1

= (I+¢) sup{ Zfi(aiyi) 1oy € C, [[(ouyr, y2, - 0ya)lly = 1}
i=1

< (L+ll(f 9 ]

Thus ||f ||y = |[{f,-) ||- On the other hand, it is easy to see that every bounded linear
functional must be of the form (f,-) . This completes the proof. [

4. Smoothness of absolute norms on (X; & X),,

In this section, we consider the smoothness of (X; & Xz),, . The reason for this is
that the results for (X; & X»), illustrate the mechanisms involved in the induction to
follow.

Fix w € ¥,. For each 7 € (0,1], we denote by () the left derivative of
at ¢. Similarly for each ¢ € [0, 1), we denote by yj(7) the right derivative of y at 7.
Mitani, Saito and Suzuki in [6] characterized the smoothness of (C?, || - ||,,) as follows.

PROPOSITION 4.1. ([6]) Fix w € 5. Then (C?,| - ||y) is smooth if and only if w
is differentiable at any t € (0,1), wj(0) = —1 and y[(1) = 1.
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We first consider all norming functional of (X; & X»).

THEOREM 4.2. Let y € W,. Let (x1,x2) € (X1 ® X2)y with ||(x1,x2)||y = 1.
Then we have

D((X1 ® Xa)y, (x1,%2)) (2)

(a1,a2) € D(C?, ([l ], |xal]))
= (alfl,azfz) t fi € Sxx foriwith x; =0
fi € D(X;,x;) foriwith x; 0

Proof. We put B as the right hand side of (2). We first show that D((X 1@
XZ)UH ()Cl,)Cz)) C B. Fix (fl,fz) S D((Xl @Xz)w, (xl,)Cz)). From

1 )y = ((Fr.f2), (1, x2)) = [[(x1, x2) [y = 1,

we have
1 = fi(x) +f2(x2)

< Al + 2]

= (Ul D, Al ezl 1))

< N1y [ et 2D

112 |G x2) [y = 1.
So we obtain
fiCx) = [Ifill[ il 3)

foreach i =1,2, and

A 0210, (el T2l ) = [ Clleall 2D, = 1. 4)

We take any h; € D(X;, x;) for i with x; # 0, and any h; € Sx» for i with x; = 0. We
also put g; € Sy» as
i, foriwithf; #0
8 = '
h;, for i with f; = 0.

Then we obtain (f1,f2) = (|[f1llg1[If2llg2)- By (4). we have (|If1]],[If2]]) € D(C?,
(|lx1]], [|x2|])). We also have g; € D(X;,x;) foreach i with x; # 0. Indeed, by (3), we
have

fi

gi(x:) = W(Xi) = [|xil|
for i with x; # 0 and f; # 0. For i with x; = 0, it is clear that g; € Sxy. Thus we
have (f1,f2) € B and so D((X; ® Xa)y, (x1,x2)) C B.

We next show that D((X; & X»)y,x) D B. We put (aifi,axf2) € B where
(a1, a2) € D(C*, (||xt]|, [|x2l])) » fi € Sxx for i with x; = 0 and f; € D(X;,x;) for i



SMOOTHNESS OF  -DIRECT SUMS OF BANACH SPACES 153
with x; # 0. Note that f;(x;) = 0 = ||x;|| for i with x; = 0. Since
((arf1, aof2), (x1,%2)) = arfi(x1) + aafa(x2)

= ailjx] + azx2|
= ((a1,a), (|x1]], [1x21]))

= [[(Ukall lke2lD], = G, 22)lly =1

and

[(arf1, axf2)ly= = [|(allf1ll, aal|f2]])]]y
= [[(a1,@)ly* =1,

weobtain (aif1,asf2) € D((X18X2)y, (x1,x2)). Thus we have D((X1©X2)y, (x1,%2))
D B. This completes the proof. [J

From Theorem 4.2, we obtain the following

THEOREM 4.3. Let y € ;. Then (X, & X»)y is smooth if and only if X; is
smooth for each i and (C?,|| - ||y) is smooth.

Proof. Let (X; @ X3)y be smooth. By embedding X; and X, into (X; © Xz)y,
X1, X, are smooth. In the same way, (C2, || -||,/) is smooth. Conversely, we suppose
that (C2,|| - ||) is smooth and X; is smooth for each i. Fix (x1,x) € (X; & Xa)y
with ||(x1,x2)|]y = 1, and

(a1,a2) € D(C?, ([[xi |, [|x2]]))- (5)
Then
D(C?, (|l [1x]1) =1 (6)
and
#D(X,-,x,-) =1 (7)

for i with x; # 0. Assume that x; = 0. Then we have a; = 0. Indeed, since

(0, a2), ([Pl [lxe2]1)) = ((ar, @2), (all, eall)) = (1l fleal DIy = 1

and
(0, a2)[ly= < [[(ar1,a2)[ly+ =1,

we obtain (0,az) € D(C?, (||x1]], ||x2]])). By (5) and (6), we have a; = 0. In general,
for i with x; = 0, we have a; = 0. Using Theorem 4.2, (6) and (7), we obtain

#D((Xl @Xz)u/, (xl,)Cz)) = 1.
Thus (X, & X»)y is smooth. [
Combining Theorem 4.3 and Proposition 4.1, we obtain the following

THEOREM 4.4. Let y € ¥,. Then (X1 & X»)y is smooth if and only if X; is
smooth for each i, vy is differentiable at any t € (0,1), y((0) = —1 and y[(1) = 1.
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5. Smoothness of absolute normson (X; X, & -+ & X,)y

Mitani, Saito and Suzuki in [6] calculated all norming functionals of (C”, || - ||)
as follows. We put I, = {0,1,2,--- ,n— 1}.

PROPOSITION 5.1. Let y € ¥, be fixed. Let x = (xo,X1,X2, "+ ,Xn—1) € C"
with ||x||y = 1. Put
[ = |xj\
o bl
for jel,, and
1= (t17t2? o atnfl) 6 Air

Put p; = argx; € [0,2m) for j € I,, where arg0 = 0. Then

D(C",x)
acoy(r),

co(w(t) + (a,po—1t) y/(t)+<a,pj—t> >0,

ci(w() + (a,p1 — 1) forj €I,

= e(y(t) + (a,p2—1)) el =1
: forje I, witht; =0,
Cn— )+ (a,pp—1—1 G = e i
I(W() (P >) forje I, witht; >0
From this result, they characterized the smoothness of (C", || - ||).

PROPOSITION 5.2. Let y € ¥,. Then (C",|| - ||y) is smooth if and only if for
each t = (t1,t, - ,ta—1) € Ay, the following equalities hold:
1.yl (tipj—1t) =y (t;pj — 1) forall j €I, with t; > 0;
2. yli(t;pj—1t) = —y(t) forall j €I, with t; = 0.

In this section, we shall characterize the smoothness of (X; & X, ® --- ® Xn)l,,.

We first consider the set D((X1 BXo® DXy, x) of all norming functional at x in
XiBXo® - DXn)y-

THEOREM 5.3. Let w € ;. Let x = (x1,x2,- - ,X%y) € (X1 @ X2 D - ® Xy)y
with ||x||y = 1. Then

D(Xi ®X2® - ®Xy)y,x) (8)
(a17a27"'7an) ED((C",(Hle,H)CZH,“-,H)C,,H))
= (a]flaa2f2a v 'aanfn) : fi S SX'E“fOViWilh x;, =0
fi € D(X;,x;) for i with x; # 0

Proof. We put B as the right hand side of (8). We first show that D((X; & X, &
® Xp)y,X) C B.Fix f = (fi,f2,- fu) €ED((X1 @ X2 ® -+ ® Xp)y,x). From
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[If ||y = (f,x) =1, we have

1 = Zfi(xi) < ZW:HHXIH
i=1 i=1

CAVL AL == Ul D, el Tl == 5 Hxall))
AV V2L = s HWalD = el el ] == Tl DLy
[ g [l [y = 1.

So we obtain f;(x;) = ||fil|||x:|| foreach i, and

(Wl 2l - Tfall) € DS (el Hall - [lall)).

We take an h; € D(X;,x;), for i with x; # 0, and take an h; € Sx» for i with x; = 0.
We also put g; as

N

uf_u for i with f; # 0
&= '
b, foriwithf; = 0.

Then we obtain f = (fl>f27"' 7fn) = (Hfl”gl>“f2”g2> >Hfﬂ‘|gn) For i with
x; # 0 and f; # 0, we have

i(x) = Ji x;i) = ||x;
gi(xi) HfH(t) |||

and hence g; € D(X,-,x,-). For i with x; = 0, it is clear that g; € X;". Thus we have
fE€Bandso D((X; ®Xo® -+ ®X,)y,x) CB.

We next show that D((X1 DX, D -@X,,)q,,x) D B. Fix (aif1,axf2, ,anfn) €
B, where (aj, az, -+ ,a,) € D(C", (||xi]], [|[x2|l, -+, [[xall), fi € S for i with x; =
0 and f; € D(X;,x;) for i with x; # 0. Note thatif x; = 0, we have f;(x;) = 0 = ||| .
Since

n n

(@fvasfs - anfn), (omx)) = S afiln) =3 af

i=1 i=1
= (@ a) (Wl el D)
= [(bulls ells - DD ],
= [lrlly- =1
and
asfi,afzsadllys = la@llfillallfally - anllfalDlly-
= [l(an,a @)y =1,

we obtain (aif1,axf2, - ,anfn) € D((X1 DX DD X,,),,,,x). Thus we have
D((X1 DX, B D Xn)l,,,x) D B. This completes the proof. [

From Theorem 5.3, we obtain the following
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THEOREM 5.4. Let y € ¥,,. Then (X1 ®Xo ® --- ® X,,)y is smooth if and only

if (C*, |- |ly) is smooth and X; is smooth for all i.

Proof. (=) is clear. Suppose that (C",|| - ||,) is smooth and X; is smooth
forall i. Fix x = (xi,x2, -+ ,X1) € (X1 X2 ®--- ® X,)y with ||x]|, = L. Let
(a,az, -+ ,ay) € D(C", (|[x1][,||x2|],- -+, [[x4]|)). Then we have a; = 0 for i with
x; = 0, because

(Cl], e aai71a07ai+1 co aan) S D(Cna (H-xIHa HXZH, T H-an))
and *D(C", (|[x1]],|x2|],- -+, [[%]])) = 1. So, using Theorem 5.3, we have *D((X; ®

Xo® - ®Xy)y,x) =1. Thus (X; 8 X2 & - B X,)y issmooth. [

6. Uniform smoothnesson (X; & Xo @ - - - ® X,y

In this section, we shall characterize the uniform smoothness of (X; & X, & --- &
Xn)y

DEFINITION 6.1. The modulus of smoothness px(7) of a Banach space X is
defined by

px(7) = sup{(lle =yl + [+ y[)/2 = 15 %,y € X, [lxl| = L[|yl = =}
Then X is said to be uniformly smooth if lim;_, px(7)/7=0.

Itis well known that for every Banach space X, X is uniformly convex if and only
if X* is uniformly smooth.

In [10], Saito-Kato-Takahashi characterized the strict convexity of absolute norms
on C" by the corresponding convex function. Recall that a function y on A, is called
strictly convex if for all s,z € A, (s # 1) wehave y ((s+1)/2) < (y(s) + w(r)) /2.

PROPOSITION 6.2. ([10]) Let w € ¥,,. Then (C", || - ||y) is strictly convex if and
only if y is strictly convex on A,.

Then Saito-Kato [8] and Kato-Saito-Tamura [4] characterized the uniform convexity
of (X1 DXo® - B Xy)y-

PROPOSITION 6.3. ([8,4]) Let v € ¥, and let X1,X,,--- ,X, be Banach spaces.
Then (X1 ® X, @ --- & X,,)y is uniformly convex if and only if X,,Xo,--- , X, are
uniformly convex and  is strictly convex on A,.

We know that if dimX < oo, X is smooth (resp. strictly convex) if and only
if X* is strictly convex (resp. smooth). So (C”,|| - ||y) is smooth (resp. strictly
convex) if and only if (C”, || - ||y=) is strictly convex (resp. smooth). It is clear that
(X1 ®Xo @ -+ @ Xy)y is uniformly smooth if and only if (X7 ® X5 @ -+ B X)y= is
uniformly convex. Since uniform smoothness is the dual notion of uniform convexity,
we have by Propositions 6.2 and 6.3.

THEOREM 6.4. Let v € ¥, and let Xi,Xs, -+ ,X, be Banach spaces. Then
(X1 ®X:D---®X,)y is uniformly smooth if and only if (C", || - ||y) is smooth and X;
is uniformly smooth for all i.
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