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Abstract. This is a continuation of an earlier work of Cheung-Pecari¢. By using the C -technique
developed by Cheung and Pecarié, some new and interesting Hardy-type inequalities involving
vector-valued functions are established. These generalize and imporve some known results by
Cheung, Cheung-Hanj$-Pecari¢, Izumi-Izumi, and Pachpatte.

1. Introduction

One of the classical and important inequalities of G.H. Hardy is the following
integral inequality [7, Theorem 330]:
If p>1,m#1, f(x) is non-negative measurable on (0, c0), and

Flx) = { Jof(ydr  form>1,

[ f(mar form <1, (A)

then - -
/ x"F(x)Pdx < (L)p / x"PF (x)Pdx (B)
0 im — 1] 0
unless f = 0, where the constant on the right is best possible.

Because of its fundamental importance in the discipline, over the years much
effort and time have been devoted to the improvement and generalizations of Hardy’s
inequality (B). These include, among others, the works by Cheung [1], Cheung-Hanjs-
Pecaric [3], Isumi-Isumi 8], Levinson [9], Love [10], Pachpatte [14], and Pachpatte-Love
[15]. Recently, Hanj§, Love and Pecarié¢ [6] adopted a function more general than F(x)
in (A) and established some new and interesting Hardy-type integral inequalities. In

Mathematics subject classification (2000): 26D10, 26D15.
Key words and phrases: Hardy-type inequality.

! Research is partially supported by the Resarch Grants Council of the Hong Kong SAR, China (Project No:
HKU7040/03P).

2 The second author was supported in part by NSF of Guangdong Province (No. 011471) and Guangdong Province
Education Bureau (No. 0176) of China.

© ey, Zagreb 199

Paper MIA-08-20



200 WING-SUM CHEUNG, QING-HUA MA AND JOSIP PECARIC

this paper, using the C-technique developed by Cheung and Pecari¢ (see, e.g. [1-4]),
by adopting also a function similar to that in [6] and using techniques parallel to those in
Cheung-Pecaric [5], we obtain some new Hardy-type inequalities which generalize and
imporve some existing results of Cheung [1], Cheung-Hanj$-Pecarié¢ [3], Isumi-Isumi
[8] and Pachpatte [14].

2. Main Results

We follow the notations used in [5], namely, R, = (0,00), X € R, a fixed
number, n > 1 an integer, and i,j are indices running from 1 to n. Also, as all
summations and products that will appear are taken over i,j from 1 to n, we shall drop
the limits and denote these simply by >, >, [], [, etc.

i

THEOREM 1. Let m > 1, p > 1, and q > 0. Let s(x), w(x) and z(x) be
absolutely continuous and positive a.e. on [0,X], with 7' (x) essentially bounded and
positive. If f (x) is nonnegative and integrable on [0, X],

F(x) := 1 /x S(I)Z/(t)f(t)dt for0<x <X,

s(x) (1)
and 1 ( ) /( ) /( ) 1
X s (x w (x
l+m 7(x) ((P+5I) S0 w(x)) = a>0 ae. , (1)
then
’ Z/(X) p ai(erq) [ X Z/(x) 1(x)f (x)Pdx
/O W) F )0 <[ P ] /0 W) W e, )
where
7l = 5558wl
X\ /(X (3)
s(x)z' (x) s(3)7(3) , x
AW) = =T ) = igffg)

Proof. (i) By arguments similar to those in the proof of (i) of Theorem 1 in [6],
F(x) is absolutely continuous. So the whole integrand in the left hand side of (2) is
bounded, and the integral on the left hand side of (2) is convergent.

(ii) Again by arguments similar to those in the proof of (ii) of Theorem 1 in [6], the
following integration by parts is valid:

x=X

X p+q Z/()C) _ p+q —m
/0 w(x)F(x) (l—m)Z(x)mdx— w(x)F(x)Pz(x)" }

AiwlﬂwwHWW+ww@+mHWWlﬁme

x=0
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hence

X Z/(x) p+q 1—m pt+q
(m—1) /o FEE w(x)FP™(x)dx + z(X) ~"w(X)F(X)

= / PO W )P 1+ w(@)(p + ) F (0~ F (x) | ax

X /x
- / z<x>1m{w’<x>F<x>"+q (@) (p + @) F (o~ %F(»c)
0
1 rs(x)Z (x) s(3)2(3) , x
s (et - 2050 )] s
R ) ) S0 20 ] e
= Vel fo ot lee
Z(x)l””wx s(x)Z' (x) _s(3)7(3), x pra—t | g,
e+ (ST @ - T () }d 2
We note that
Z<x)17mwx s(x)7’ (x) . _s(3)Z3), x ot
o0l W - T Qe

is integrable. In fact, by the proof of (i) of Theorem 1 in [6], % f (x) is integrable,

so the same is true for S(EZ)(Z;é) f(3) and A(x), while the other factors in the item
2

including z(x) are absolutely continuous.
Now, by additivity and using condition (1), (4) can be restated as

1—m
l * kvl rtq m X b pHq—1¢F
p /0 w(x)F(x)Pdx < A w(x)F(x) 1 (x)dx , (5)

where W(x) = ZZ(I)E;,Z w(x) and f(x) is defined as in (3).

From (5), we have

! / Py < o OX (W00 =P PPt h) - (W07 ()R (x) ) dx
([ sowirna) ([ womiarina

by Holder’s inequality, and Theorem 1 follows. O
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THEOREM 2. For any i = 1,...,n, let w,s;,z; : [0,X] — Ry be absolutely
continuous with 7} essentially bounded and positive a.e., and k; > 1, p; > q; > 0,
ri =20, o > 0 be real numbers such that y_ q; = 1 and

1

L zi(x)

1
>—>0 ae..
ki—lzl’-(x) > a.e

o

1+

g /six)  wx)

( + ) si(x) w'<x>]

Ifforany i = 1,...,n, f; is integrable and nonnegative and

_ L [Ts@)h)
Fi(x) == o) /g o) fi(t)dr, 0<x<X,

then
/0 w(x)H [(;;(E:;l)ql i )p'“’}dx
) ( lj_[ Cj_pj) zz: < [ai?lz: i ;i))} ' /oX W) j(gc);ll Fi(x) T fi(x0) % dx,
where
Fe o E®)
filx) = z jc)s,-(x) |A; ()]
st = 270~ 230 (5)

X Zi(x) pitri 5 o (pi + 17) v wa 7 (x) ,x,;—’,'.irq)_ﬁ Y\dx
w2 r @ as < (SR [ 2w e )

forall i =1,...,n. On the other hand, for any C; > 0, by the arithmetic-geometric
inequality [7, 11-13], we have

o L[ ] o T [ o)

&) [T [ 200 pi 5]
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Therefore, from (6) we obtain

< ( 11 cjf”f) 3 a:Cll /O ) w(x) ;(i)) Fi(x) @ dx
)

Z(q,Cﬁ’ ) [0‘1(171 )} ’ /OX w(x) Zg(xl_ Fi(x) f3(x) % dx .

ki—1 zi(x)ki
(ki —1) (x) -
COROLLARY 1. Forany i =1,...,n,let s; : [0,X] — R, be absolutely continu-
ous and positive a.e., and p; > q; > 0, m; > q; be real numbers such that > q; = 1
and , : l
pi %) > —>0 ae
m; —qi si(x) 0
Ifforany i =1,...,n, f; is integrable and nonnegative and
~ 1 * i\t
Fi(x) = /s()-(t)dt, 0<x<X,
s,-(x) x t
2
then .
5 72,;71,‘ (N_ p,—)
X Lui Fi(x)P")dx
I ' @)
. 7
Pi pi X . .
—pj G| PG Jai M U
<(1:[Cj J) Z%‘Ciq [m—w} /0 x o aifi(x) @ dx
where |
() = — s (0 Fi (1) — s:(2VF (2
£ ) = o s — s (3)]
Proof. This follows from Theorem 2 by setting w(x) =1, z(x) = x, k = 2
and r; =0 forall i. 0

REMARK 1. If we rename f;(x) as g;(x)f;(x)#~% and s;(x) as fi(x)%, (7)
becomes

/ T [Tt e
DR o

which is exactly Theorem 2.9 in [1], where

le z
i (Xz / O<X<X
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Furthermore, if we restrict to oz = 3; = 1 for all i, (8) reduces to Theorem 3 in [3].
Note that inequality (8) also generalizes a result of Isumi-Isumi [8, Theorem 2], which
only deals with the situation where n = 1.

Now, we choose specific constants C;, g; etc. to derive two interesting Hardy-type
inequalities from Theorem 2 in the following Corollaries.

COROLLARY 2. Under the same conditions as in Theorem 2,

X 7 (x) \9 pitri * z(x) () E o) 7
/0 w(x)U [(Zi(x)ki) Fi(x) ]dxéCZ/o w(x)Zi(x)kl_Fl(x) f() dx

where

0(pj + 1) 1%
C— { 5\Pj } :
H { q;(ki — 1)
F; and f; are defined as in Theorem 2.

Proof. 1t follows immediately from Theorem 2 by setting

— 4 OC,'( i+rz) -1
Ci=gqi " |: :|
qi(ki — 1)
forall i=1,...,n. O
COROLLARY 3. Forany i = 1,...,n, let w,s;,z; : [0,X] — Ry be absolutely

continuous with 7 essentially bounded and positive a.e. and k; > 1, p; > %, ri =0
be real numbers such that

1+

1 X) six)  wi(x) 1
ki—lzx)[(pl z) l(x) w(x)}>a,>0 a.e.

Ifforany i =1,...,n, f; is integrable and nonnegative and

Fi(x) = — /XS’() Dear, 0<x<x,

s Jy a0

then

[T [(E50) ro

<(IT¢ p])zc"p’[al(f’f " /OXW(x)ZfiEC);)kiFi<x>""f( yridx

J

for any constants C; > 0, where F; and f; are defined as in Theorem 2.

Proof. This follows immediately from Theorem 2 by setting ¢; = % forall i.
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REMARK 2. If we choose C; = 1 forall i, (9) becomes

ST [ s,

In particular, setting z;(x) = x, k; = m, w = 1,and r; = 0, thisreduces to an inequality
obtained by Pachpatte in [13, Theorem 6]. Observe, though, that our assumption here
are considerably milder. In [14] it was required that p; > 1 for all i, while here all we
need is p; > % forall i.

REMARK 3. In Theorems 1, 2 and Corollaries 1, 2 and 3, if the hypotheses on w,
si» z; and z; hold locally on [0, c0), the assertions are still true with X replaced by oo
(but in this case the improper integrals concerned may not always be convergent).
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