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Abstract. The main objective of this paper is a study of some new generalizations of Hilbert’s and
Hardy-Hilbert’s type inequalities. We establish general form of multiple Hilbert-type inequality
and we also introduce multiple inequality of Hardy-Hilbert type. Further, the best possible
constants are obtained for some general cases.

1. Introduction

Hilbert’s andHardy-Hilbert’s type inequalities are some significantweight inequal-
ities which play an important role in analysis and it’s applications. First, let us recall
the well known Hilbert’s integral inequality (1) and its equivalent form which we call
Hardy-Hilbert’s inequality (2).

THEOREM A. The following inequalities hold and are equivalent∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy < π
(∫ ∞

0
f 2(x)dx ·

∫ ∞

0
g2(x)dx

) 1
2

, (1)

∫ ∞

0

(∫ ∞

0

f (x)
x + y

dxdy

)2

< π2
∫ ∞

0
f 2(x)dx, (2)

where π and π2 are the best constants.

Although classical, they are field of interest of numerous mathematicians and were
generalized in many different ways. For more details see [11].

Very recently, Brnetić and Pečarić ([8], [9]) gave some further generalizations of
Hilbert’s and Hardy-Hilbert’s inequalities. So we shall state their result that will take
our attention.
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THEOREM B. If n � 2 is an integer and
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n , then

∫ ∞

0
· · ·
∫ ∞

0

∏n
i=1 f i(xi)

(
∑n

i=1 xi)λ
dx1dx2...dxn

<
1

Γ(λ )

n∏
i=1

(
Γ(1 − piAi+1)Γ(λ − n + 1 + piAi+1)

) 1
pi ×

×
(∫ ∞

0
xn−1−λ+pi(Ai−Ai+1)f pi

i (x)dx

) 1
pi

for any λ > n − 2 and Ai ∈
(

n − λ − 1
pi−1

,
1

pi−1

)
, where Γ is the gamma-function

and the indices i in Ai are taken modulo n .

Further, Yang and Rassias obtained in [2] the following result

THEOREM C. If n � 2 is an integer and
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n , then

∫ ∞

0
· · ·
∫ ∞

0

∏n
i=1 f i(xi)

(
∑n

i=1 xi)λ
dx1dx2...dxn

<
1

Γ(λ )

n∏
i=1

Γ(
pi + λ − n

pi
)
(∫ ∞

0
xn−1−λ f pi

i (x)dx

) 1
pi

for any λ > n − min
1�i�n

{pi} , where Γ is gamma-function.

Above results include many interesting Hilbert-type inequalities as the special
cases which can be found in [8] and [2].

On the other hand, these multiple Hilbert-type inequalities are not comparable,
since it is impossible to obtain one result from another. Our aim is to obtain more
general result from which both results will follow as special cases. Also, we introduce
the general form of multiple Hardy-Hilbert inequality and obtain the best possible
constants in some general cases.

The techniques that will be used in the proofs are mainly based on classical real
analysis, especially on the well known Hölder’s inequality and on Fubini’s theorem.

2. Multiple Hilbert’s and Hardy-Hilbert’s inequalities

This section is dedicated to the most general form of multiple Hilbert’s and Hardy-
Hilbert’s inequalities. Since we use Fubini’s theorem, all the measures should be
σ− finite. Further, throughout this paper, we assume that all the functions are non-
negative and not identically equal to zero. Also we suppose that all the integrals in the
paper converges, so we shall omit such types of conditions. Under these assumptions
we present our general result.
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THEOREM 1. Let n � 2 be an integer and
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n ,

n∏
i,j=1

φij(xj) = 1 . Then the following inequalities hold and are equivalent

∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

�
n∏

i=1

(∫
Ω

Fi(xi)f pi
i (xi)φpi

ii (xi)dμi(xi)
) 1

pi

(3)

and ∫
Ω

h(xn)
(∫

Ω
· · ·
∫
Ω

K(x1, ..., xn)
n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1)
)q

dμn(xn)

�
n−1∏
i=1

(∫
Ω

Fi(xi)f pi
i (xi)φpi

ii (xi)dμi(xi)
) q

pi

, (4)

where

Fi(xi) =
∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

j=1,j�=i

φpi
ij (xj)dμj(xj),

h(xn) = φ−q
nn (xn)F1−q

n (xn) and
1
q

=
n−1∑
i=1

1
pi

.

If pi > 0 , i ∈ {1, 2, . . . , n} and pk < 0 , k �= i , then the reverse inequality in (3) is
valid. Also, if pi > 0 , i ∈ {1, 2, . . . , n − 1} and pk < 0 , k �= i , then the reverse
inequality in (4) is valid. Further, the inequality (4) holds also when pn > 0 and
pk < 0 , k �= n .

Proof. First we prove the inequality (3). By applying Hölder’s inequality we have∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

=
∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

i=1

(
f i(xi)

n∏
j=1

φij(xj)
)
dμ1(x1)...dμn(xn)

�
n∏

i=1

(∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)f pi
i (xi)

n∏
j=1

φpi
ij (xj)dμ1(x1)...dμn(xn)

) 1
pi

and we obtain the inequality (3).
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Now we prove the inequality (4). We denote

I(xn) =
∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1).

By putting
f n(xn) = h(xn) · (I(xn))q−1

in the inequality (3) we obtain∫
Ω

h(xn)(I(xn))qdμn(xn) �
n−1∏
i=1

(∫
Ω

Fi(xi)f pi
i (xi)φpi

ii (xi)dμi(xi)
) 1

pi ×

×
(∫

Ω
hpn(xn)(I(xn))pn(q−1)Fn(xn)φpn

nn (xn)dμn(xn)
)1− 1

q

. (5)

Now we put
h(xn) = φ−q

nn (xn)F1−q
n (xn),

in the inequality (5). Then, by using
1
q

=
n−1∑
i=1

1
pi

and denoting by I the integral of the

left-hand side of the inequality (5), we can easily obtain

I �
n−1∏
i=1

(∫
Ω

Fi(xi)f pi
i (xi)φpi

ii (xi)dμi(xi)
) 1

pi × I1− 1
q ,

which gives the inequality (4). Analogously, we obtain the reverse inequalities, by
using the reverse Hölder’s inequality.

It remains to prove that the inequalities (3) and (4) are equivalent. We only have
to check that the inequality (3) follows from the inequality (4). For this purpose let’s
suppose that the inequality (4) is valid. We start with the following identity∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

=
∫
Ω
φnn

−1(xn)Fn
− 1

pn (xn)

(∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1)

)
×

× Fn
1

pn (xn)f n(xn)φnn(xn)dμn(xn).

Now, by applying Hölder’s inequality with conjugate parameters q and pn , we have∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

�
(∫

Ω
h(xn)

(∫
Ω
· · ·
∫
Ω

K(x1, ..., xn)
n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1)
)q

dμn(xn)

) 1
q

×

×
(∫

Ω
Fn(xn)f pn

n (xn)φpn
nn (xn)dμn(xn)

) 1
pn

,
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and it is obvious that the result follows by using the inequality (4). We obtain the
equivalence of the reverse inequalities in a similar way, by using the reverse Hölder’s
inequality. �

REMARK 1. Equality in the previous theorem is possible if and only if it is equality
in Hölder’s inequality. It means that the functions

(
f i(xi)

n∏
j=1

φij(xj)
)pi

are proportional. Hence, we obtain that the equality in Theorem 1 holds if and only if

f i(xi) = Ciφii(xi)
pi

1−pi , i = 1, 2, . . .n , where Ci are arbitrary constants. It is possible
only if the functions

∏n
j=1,j�=i φjj

pj
1−pj (xj)∏n

j=1,j�=i φij
pj(xj)

, i = 1, 2, . . . , n

are adequate constants and∫
Ω

Fi(xi)φ
pi

1−pi
ii (xi)dμi(xi) < ∞, i = 1, 2, . . .n.

Otherwise, the inequalities in Theorem 1 are strict.
Let’s mention that the special case of Theorem 1, for n = 2 , was proved in [14].

3. Applications to homogeneous functions

In this section we apply our general results to the homogeneous function

K(x1, ..., xn) =
1

(
∑n

i=1 xi)λ
,

of degree −λ , in n variables, and for some special choice of the functions φij ,
1 � i, j � n . Further, let μ1 = ... = μn be the Lebesgue measure and Ω = (0,∞) .

Also, let φij(xj) = x
Aij
j . Then, the condition

n∏
i,j=1

φij(xj) = 1 (6)

leads to
n∏

i=1

n∏
j=1

x
Aij
j =

n∏
j=1

x

∑n
i=1

Aij

j = 1.
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We set
n∑

i=1

Aij = 0 , j = 1, 2, . . . , n , so that the condition (6) is satisfied. We also

define αi :=
n∑

j=1

Aij , i = 1, 2, . . . , n. For our homogeneous function K(x1, ..., xn) =

1

(
∑n

i=1 xi)λ
, we have

Fi(xi) =
∫ ∞

0
· · ·
∫ ∞

0

∏n
j=1,j�=i x

piAij
j

(
∑n

k=1 xk)λ
dx1...dxi−1dxi+1...dxn.

Then, by using the substitution uk =
xk

xi
, k = 1, ..., n , k �= i , we have

Fi(xi) = xn−1−λ+piαi−piAii
i ×

×
∫ ∞

0
· · ·
∫ ∞

0

∏n
j=1,j�=i u

piAij
j

(1 +
∑n

k=1,k �=i uk)λ
du1...dui−1dui+1...dun

=
1

Γ(λ )
xn−1−λ+piαi−piAii
i Γ(λ − n + 1 − piαi + piAii)

n∏
j=1,j�=i

Γ(piAij + 1),

where we used the well known formula for gamma function (see, for instance, [2],
Lemma 5.1.): ∫ ∞

0
· · ·
∫ ∞

0

∏k−1
i=1 uai−1

i du1...duk−1

(1 +
∑k−1

i=1 ui)
∑k

i=1
ai

=
∏k

i=1 Γ(ai)

Γ(
∑k

i=1 ai)
.

Also, we have

h(xn) =
1

Γ(λ )1−q
x(1−q)(n−1−λ )−qαn
n

(
Γ(λ−n+1−pnαn+pnAnn)

n−1∏
j=1

Γ(pnAnj+1)
)1−q

,

Then, by using Theorem 1, we obtain the following result

THEOREM 2. Let n � 2 be an integer,
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n ,

1
q

=
n−1∑
i=1

1
pi

and
n∑

i=1

Aij = 0 . Then the following inequalities hold and are equivalent

∫ ∞

0
· · ·
∫ ∞

0

∏n
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn

< K
n∏

i=1

(∫ ∞

0
xi

n−1−λ+piαi f pi
i (xi)dxi

) 1
pi

(7)
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and ∫ ∞

0
x(1−q)(n−1−λ )−qαn
n

(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn−1

)q

dxn

< Kq
n−1∏
i=1

(∫ ∞

0
xn−1−λ+piαi f pi

i (xi)dxi

) q
pi

, (8)

where

K =
1

Γ(λ )

n∏
i=1

Γ(λ − n + 1 − piαi + piAii)
1
pi

n∏
i,j=1,i�=j

Γ(piAij + 1)
1
pi ,

Aij > − 1
pi

, i �= j and Aii − αi >
n − λ − 1

pi
.

If pi > 0 , i ∈ {1, 2, . . . , n} , and pk < 0 , k �= i , then the reverse inequality in

(7) is valid for Aij > − 1
pi

, j �= i , Aii − αi >
n − λ − 1

pi
, Akj < − 1

pk
, k �= j and

Akk − αk <
n − λ − 1

pk
.

Also, if pi > 0 , i ∈ {1, 2, . . . , n − 1} , and pk < 0 , k �= i , then the reverse

inequality in (8) is valid for Aij > − 1
pi

, j �= i , Aii − αi >
n − λ − 1

pi
, Akj < − 1

pk
,

k �= j and Akk − αk <
n − λ − 1

pk
.

Further, the inequality (8) holds also when pn > 0 and pk < 0 , k �= n , for Anj >

− 1
pn

, j �= n , Ann −αn >
n − λ − 1

pn
, Akj < − 1

pk
, k �= j and Akk −αk <

n − λ − 1
pk

.

REMARK 2. Note that the inequalities in Theorem2 are strict (under the assumption
that the functions f i are not identically equal to zero). That follows from Remark 1.

REMARK 3. It is very interesting to elaborate why multiple Hilbert-type inequality
(7) generalizes both inequalities given in Theorem B and Theorem C.

If we put Aii = (n − λ )
pi − 1

p2
i

and Aij = (λ − n)
1

pipj
, i �= j , then the condition

n∑
i=1

Aij = 0 is satisfied (also
n∑

j=1

Aij = 0 ), and we obtain the result of Theorem C as a

special case of our result.
On the other hand, if we put Aii = Ai , Aii+1 = −Ai+1 , Aij = 0 , where |i− j| > 1

and the indices are taken modulo n , then we obtain the result of Theorem B as a special

case (obviously, the condition
n∑

i=1

Aij = 0 is satisfied).

REMARK 4. If we put n = 2 and A11 = A1 , A22 = A2 , A12 = −A2 and

A21 = −A1 in Theorem 2 we obtain the result proved in [9]. If λ > 0 ,
1
p

+
1
q

= 1 ,
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p > 1 , then the following inequalities hold and are equivalent∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy

< K

(∫ ∞

0
x1−λ+q(A1−A2)f q(x)dx

) 1
q
(∫ ∞

0
x1−λ+p(A2−A1)gp(x)dx

) 1
p

, (9)

and ∫ ∞

0
y(λ−1)(q−1)+q(A1−A2)

(∫ ∞

0

f (x)
(x + y)λ

dx

)q

dy

< Kq

(∫ ∞

0
x1−λ+q(A1−A2)f q(x)dx

)
(10)

where K = B(1− qA2, λ − 1+ qA2)
1
q (B(1− pA1, λ − 1+ pA1)

1
p , A1 ∈

(
1 − λ

p
,
1
p

)
,

A2 ∈
(

1 − λ
q

,
1
q

)
and B is the beta function.

Now we consider some special choices of the parameters Aij to obtain the best
possible constants. More precisely, let the parameters Aij satisfy constraint

λ − n + 1 − piαi + piAii = pkAki + 1, k �= i, i = 1, 2, . . .n. (11)

It is easy to see that the constant K from the Theorem 2 may be written in the form

K∗ =
1

Γ(λ )

n∏
i=1

Γ(Ãi + 1), (12)

where Ãi = pnAni , 1 � i � n − 1 and Ãn = p1A1n. Further, the inequalities (7) and
(8) take form ∫ ∞

0
· · ·
∫ ∞

0

∏n
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn

< K∗
n∏

i=1

(∫ ∞

0
x−1−piÃi f pi

i (xi)dxi

) 1
pi

, (13)

and ∫ ∞

0
x(q−1)(1+pnÃn)
n

(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn−1

)q

dxn

< (K∗)q
n−1∏
i=1

(∫ ∞

0
x−1−piÃi f pi

i (xi)dxi

) q
pi

. (14)

In the following theorem we show that, if the parameters Aij satisfy condition (11),
then one obtains the best possible constant.

THEOREM 3. If the parameters Aij , 1 � i, j � n satisfy condition (11) and
n∑

i=1

Aij = 0 , j = 1, 2, . . . , n , then the constants K and Kq from Theorem 2 are the best

possible.
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Proof. Let us define the functions

f̃ i(xi) =

{
0 x ∈ (0, 1)

xi
Ãi− ε

pi x ∈ [1,∞),

where 0 < ε < min
1�i�n

{pi + piÃi} . If we put these functions into the inequality (7) i.e

(13), then the right-hand side of the inequality becomes
K∗

ε
, since

ε
n∏

i=1

(∫ ∞

0
x−1−piÃi f̃ i

pi
(x)dx

) 1
pi

= 1. (15)

Further, let J denote the left-hand side of the inequality (13) multiplied by ε , for above

choice of the functions f̃ i . By using the substitution ui =
xi

xn
, i = 1, 2, . . . , n − 1 in

J , we find

J = ε
∫ ∞

1
xn

−1−ε

(∫ ∞

1
xn

· · ·
∫ ∞

1
xn

∏n−1
i=1 ui

Ãi− ε
pi

(1 +
∑n−1

i=1 ui)λ
du1 . . . dun−1

)
dxn. (16)

It is easy to see that the following inequality holds

J � ε
∫ ∞

1
xn

−1−ε

(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 ui

Ãi− ε
pi

(1 +
∑n−1

i=1 ui)λ
du1 . . . dun−1

)
dxn

− ε
∫ ∞

1
xn

−1
n−1∑
j=1

Ij(xn)dxn, (17)

where for j = 1, 2, . . . , n − 1 , Ij(xn) is defined by

Ij(xn) :=
∫

Dj

∏n−1
i=1 ui

Ãi− ε
pi

(1 +
∑n−1

i=1 ui)λ
du1 . . . dun−1,

satisfying Dj = {(u1, u2, . . . , un−1); 0 < uj � 1
xn

, 0 < uk < ∞, k �= j}. Without loss

of generality, we only need to estimate the integral I1(xn) . For n=2 we have

I1(xn) =
∫ 1

xn

0

u1
Ã1− ε

p1

(1 + u1)λ
du1 �

∫ 1
xn

0
u1

Ã1− ε
p1 du1 =

(
1 − ε

p1
+ Ã1

)−1

xn
ε
p1

−Ã1−1,

and for n > 2 we find

I1(xn) �
(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=2 ui

Ãi− ε
pi

(1 +
∑n−1

i=2 ui)λ
du2 . . . dun−1

)
·
∫ 1

xn

0
u1

Ã1− ε
p1 du1

�
(

1− ε
p1

+Ã1

)−1

xn
ε
p1

−Ã1−1
∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=2 ui

Ãi− ε
pi

(1+
∑n−1

i=2 ui)
λ−1+ ε

p1
−Ã1−ε

du2 . . . dun−1

=
(

1 − ε
p1

+ Ã1

)−1

xn
ε
p1

−Ã1−1 1

Γ(λ − 1 + ε
p1
− Ã1 − ε)

n∏
i=2

Γ(Ãi − ε
pi

+ 1).
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Hence, we have Ij(xn) � xn
ε
pi
−Ãi−1Oj(1) , for ε → 0+ , j = 1, 2, . . . , n − 1, and

consequently ∫ ∞

1
xn

−1
n−1∑
j=1

Ij(xn)dxn � O(1). (18)

Since for ε → 0+ we have∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 ui

Ãi− ε
pi

(1 +
∑n−1

i=1 ui)λ
du1 . . . dun−1 =

1
Γ(λ )

n∏
i=1

Γ(Ãi + 1) + o(1)

we conclude, by using (17) and (18), that

J � 1
Γ(λ )

n∏
i=1

Γ(Ãi + 1) when ε → 0+. (19)

Now let us suppose that the constant factor K∗ = 1
Γ(λ )

∏n
i=1 Γ(Ãi + 1) is not the best

possible. Then, there exists a positive constant C , smaller than K∗ such that the
inequality (13) is still valid if we replace K∗ by C . In particular, for the above choice
of the functions f̃ i we obtain, by using (15) and (19), that K∗ � C when ε → 0+.
This contradiction shows that the constant factor K∗ in (13) is the best possible.

We also prove that K∗ is the best possible in the reverse inequality in (13). By
using the same notation as before, we obtain from (16), the following inequality

J � ε
∫ ∞

1
xn

−1−ε

(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 ui

Ãi− ε
pi

(1 +
∑n−1

i=1 ui)λ−ε
du1 . . . dun−1

)
dxn

=
1

Γ(λ − ε)

n∏
i=1

Γ(Ãi − ε
pi

+ 1). (20)

Now, let us suppose that there exists the constant D , greater than K∗ , such that the
reverse inequality in (13) is still valid if we replace K∗ by D . In particular, for above
choice of functions f̃ i we obtain, by using (15) and (20), that K∗ � D when ε → 0+.
This contradiction shows that the constant factor K∗ is the best possible.

Further, since the equivalence keeps the best possible constant, the proof is com-
plete. �

Now, if we put Ãi =
λ
ri

− 1 , where i = 1, 2, . . . , n and
n∑

i=1

1
ri

= 1 , in the

inequalities (13) and (14), we obtain the following

COROLLARY 1. Let n � 2 be an integer, λ > 0 ,
n∑

i=1

1
pi

= 1 , pi > 1 ,
n∑

i=1

1
ri

= 1 ,

ri > 1 , i = 1, ..., n and
1
q

=
n−1∑
i=1

1
pi

. Then the following inequalities hold and are
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equivalent ∫ ∞

0
· · ·
∫ ∞

0

∏n
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn

<
1

Γ(λ )

n∏
i=1

Γ
(
λ
ri

)(∫ ∞

0
xi

pi(1− λ
ri

)−1f pi
i (xi)dxi

) 1
pi

, (21)

and ∫ ∞

0
x

q
rn
λ−1

n

(∫ ∞

0
· · ·
∫ ∞

0

∏n−1
i=1 f i(xi)

(
∑n

j=1 xj)λ
dx1...dxn−1

)q

dxn

<

[
1

Γ(λ )

n∏
i=1

Γ
(
λ
ri

)]q n−1∏
i=1

(∫ ∞

0
xi

pi(1− λ
ri

)−1f pi
i (xi)dxi

) q
pi

. (22)

If pi > 0 , i ∈ {1, 2, . . . , n} , and pk < 0 , k �= i , then the reverse inequality in (21)
is valid. Also, if pi > 0 , i ∈ {1, 2, . . . , n − 1} , and pk < 0 , k �= i , then the reverse
inequality in (22) is valid. Further, the inequality (22) holds also when pn > 0 and
pk < 0 , k �= n . Also, the constant factors involved in the right-hand sides of the
inequalities (21) and (22) and their’s reverses are the best possible.

REMARK 5. It is interesting to consider the case n = 2 for the choice of the
parameters Aij as in Remark 2. The constraint (11) leads to the condition pA1 + qA2 =
2 − λ , and in that case the constant factors in the inequalities (9) and (10) are the best
possible. That result was proved in [15].

4. Further results

Now we present some special cases of multiple Hardy’s inequalities. If we put

K(x1, x2, . . . , xn) =
{

g(xn), x1, x2, . . . , xn−1 � xn

0, otherwise

in Theorem 1, where Ω = [a, b] , a < b , we obtain following result

THEOREM 4. Let n � 2 be an integer,
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n ,
1
q

=

n−1∑
i=1

1
pi

and
n∏

i,j=1

φij(xj) = 1 . Then the following inequalities hold and are equivalent

∫
[a,b]×[a,xn ]n−1

g(xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

<

n−1∏
i=1

(∫
[a,b]

(∫
[xi,b]×[a,xn ]n−2

g(xn)
n∏

j=1,j�=i

φpi
ij (xj)dμj(xj)

)
f pi
i (xi)φpi

ii (xi)dμi(xi)
) 1

pi ×
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×
(∫

[a,b]

(∫
[a,xn]n−1

n−1∏
j=1

φpn
nj (xj)dμj(xj)

)
g(xn)f pn

n (xn)φpn
nn (xn)dμn(xn)

) 1
pn

(23)

and ∫
[a,b]

h(xn)gq(xn)
(∫

[a,xn]n−1

n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1)
)q

dμn(xn)

<
n−1∏
i=1

(∫
[a,b]

(∫
[xi,b]×[a,xn ]n−2

g(xn)
n∏

j=1,j�=i

φpi
ij (xj)dμj(xj)

)
f pi
i (xi)φpi

ii (xi)dμi(xi)
) q

pi

,

(24)
where

h(xn) = φ−q
nn (xn)g1−q(xn)

⎡⎣∫
[a,xn]n−1

n−1∏
j=1

φnj
pn(xj)dμj(xj)

⎤⎦1−q

.

If pi > 0 , i ∈ {1, 2, . . . , n} , and pk < 0 , k �= i , then the reverse inequality in (23)
is valid. Also, if pi > 0 , i ∈ {1, 2, . . . , n − 1} , and pk < 0 , k �= i , then the reverse
inequality in (24) is valid. Further, the inequality (24) holds also when pn > 0 and
pk < 0 , k �= n .

We also obtain the result dual to Theorem 3 by putting

K(x1, x2, . . . , xn) =
{

g(xn), x1, x2, . . . , xn−1 � xn

0, otherwise

in Theorem 1.

THEOREM 5. Let n � 2 be an integer,
n∑

i=1

1
pi

= 1 , pi > 1 , i = 1, ..., n ,
1
q

=

n−1∑
i=1

1
pi

and
n∏

i,j=1

φij(xj) = 1 . Then the following inequalities hold and are equivalent

∫
[a,b]×[xn ,b]n−1

g(xn)
n∏

i=1

f i(xi)dμ1(x1)...dμn(xn)

<

n−1∏
i=1

(∫
[a,b]

(∫
[a,xi]×[xn,b]n−2

g(xn)
n∏

j=1,j�=i

φpi
ij (xj)dμj(xj)

)
f pi
i (xi)φpi

ii (xi)dμi(xi)
) 1

pi ×

×
(∫

[a,b]

(∫
[xn,b]n−1

n−1∏
j=1

φpn
nj (xj)dμj(xj)

)
g(xn)f pn

n (xn)φpn
nn (xn)dμn(xn)

) 1
pn

(25)

and ∫
[a,b]

h(xn)gq(xn)
(∫

[xn,b]n−1

n−1∏
i=1

f i(xi)dμ1(x1)...dμn−1(xn−1)
)q

dμn(xn)
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<
n−1∏
i=1

(∫
[a,b]

(∫
[a,xi]×[xn,b]n−2

g(xn)
n∏

j=1,j�=i

φpi
ij (xj)dμj(xj)

)
f pi
i (xi)φpi

ii (xi)dμi(xi)
) q

pi

(26)
where

h(xn) = φ−q
nn (xn)g1−q(xn)

⎡⎣∫
[xn,b]n−1

n−1∏
j=1

φnj
pn(xj)dμj(xj)

⎤⎦1−q

.

If pi > 0 , i ∈ {1, 2, . . . , n} , and pk < 0 , k �= i , then the reverse inequality in (25)
is valid. Also, if pi > 0 , i ∈ {1, 2, . . . , n − 1} , and pk < 0 , k �= i , then the reverse
inequality in (26) is valid. Further, the inequality (26) holds also when pn > 0 and
pk < 0 , k �= n .

REMARK 6. Note that the special cases of Theorems 3 and 4, for n = 2 , were
proved in [14].

REMARK 7. The inequalities in this paper are related to general weighted Hardy-
type inequalities as described in the book [16] and the references given there. The
general problems in this connection are fairly completely solved in the one-dimensional
case but this is far from being true in the multidimensional case. Hence the results in this
paper could be helpful to begin to understand how such weight characterizations of mul-
tidimensional Hardy type inequalities could look like in the general multidimensional
case.

RE F ER EN C ES

[1] M. ABRAMOWITZ AND I. A. STEGUN, Handbook of mathematical function with formulae, graphs and
mathematical tables, National Bureau of Standards, Applied Math. Series 55, 4th printing, Washington
1965.

[2] Y. BICHENG AND T. M. RASSIAS, On the way of Weight Coefficients and Research for the Hilbert-type
inequalities, Math.Inequal. & Appl., 6, 4 (2003), 625–658.

[3] Y. BICHENG AND G. MINGZHE, On a Best Value of Hardy-Hilbert’s Inequality, Advances in Math. 26 2
(1997), 159–164.

[4] Y. BICHENG, On Hilbert’s Integral Inequality, J.Math.Anal.Appl. 220 (1998), 778–785.
[5] Y. BICHENG, On a General Hardy-Hilbert’s Integral Inequality with a Best Value, Chinese Annals of

Math. 21A 4 (2000), 401–408.
[6] Y. BICHENG, On Hardy-Hilbert’s Integral Inequality, J.Math.Anal.Appl. 261 (2001), 295–306.
[7] Y. BICHENG, On a Multiple Hardy-Hilbert’s Integral Inequality, Chinese Annals of Math. 24A 6 (2003).
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[16] A. KUFNER AND L.-E. PERSSON, Weighted Inequalities of Hardy type, World Scientific, Publishing Co.
Singapore/New Jersey/London/Hong Kong, 2003.

[17] H. LEPING, Y. JIANGMING AND G. MINGZHE, An Extension of Hilbert’s Integral Inequality, J.Shaoguan
Univ. (Natural Science), 23, 3 (2002), 25–30.

[18] G. MINGZHE AND Y. BICHENG, On the Extended Hilbert’s Inequality, Proc.Amer.Math.Soc, 126, 3
(1998), 751–759.
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