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ON THE BEST CONSTANT IN HILBERT’S INEQUALITY
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Abstract. The main objective of this paper is a study of some new generalizations of Hilbert’s
type inequalities. More precisely, we obtain, in some general cases, that the constants involved
in the right-hand sides of such inequalities are the best possible.

1. Introduction

The Hardy-Hilbert’s type inequalities are of some significant weight inequalities
which play an important role in analysis and it’s applications. So, at the beginning let
us recall the famous Hilbert’s theorems for double series: Let {a,} and {b,} be two

1 1
non-negative sequences and — 4+ — = 1, p > 1. Then the following inequalities hold
P 4

q

sz+n\ Zam anq (1)

m=1 n=1 m=1 n=1

and

Tl

zzmi";’;1< " (Sar > )

m=0 n=0 m=0
where the constant factor —— ,contained in (1) and (2), is the best possible. Although
sin Z

classical, they are field of interest of numerous mathematicians and were generalized in
many different ways. For more details see [14].

Very recently, Brneti¢ and Pecari¢ ([12], [13]) gave some further generalizations
of Hardy-Hilbert’s inequality. So we shall state their result that will take our attention.
They considered special case n = 2 ([13]), and obtained the following result in both
equivalent forms
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© ﬂEI’EN Zagreb 317

Paper MIA-08-29



318 MARIO KRNI¢, GAO MINGZHE, JOSIP PECARIC AND GAO XUEMEI

1
THEOREM A. If A > 0, — =1, p> 1, then the following inequalities hold

fx
/ / o
<L(/oox1—)t+p(A1 AP (¢ )dx) ’ </ e A+q(A2—A1)gq(x)dx>ﬁ’ 3
0 0

[e%e) oo r
/ y()L—l)(p—l)+p(A1—A2>(/ f(x) /ldx) dy
0 0o (x+y)

<U’(/ xl’”l’(AlAﬁfP(x)dx) (4)
0
1 1I-A 1
where L = (B(1—Axp,A—1+Ayp))? (B(1—A1q, A—1+Aq))4, A € ~ 2/
1—

Al
Ay € (—, —) and B is a beta function. If 0 < p < 1 then the reverse inequalities

4
1 1-A 1-4 1
in(3)and(4)arevalidforany Ay € | —,—— | and A, € | ——, — | . Theinequality
q p

q p
(4) holds also if p < 0.

In this paper we shall obtain some generalizations of Theorem A and also consider
the constants involved in the right-hand sides of mentioned inequalities. The main
purpose of this paper is to show that, in some cases, the constants are the best possible.
Techniques that will be used in the proofs are mainly based on classical real analysis.

Further, we shall also use, in discrete case, some general results on Hilbert’s inequality
from [19].

and are equivalent

and

21—

2. The best constants

In this section we shall obtain that the constants L and L” involved in the right-
hand sides of the inequalities (3) and (4) are the best possible for some choices of the
parameters A; and A;.

Let’s suppose that the parameters A; and A, satisfy condition pA;+gA; =2—A4.
We shall prove that for such choice of parameters A; and A;, the constant L in the
inequality (3) is the best possible.

THEOREM 1. [fthe parameters A, and A, satisfy condition pA; + qA; =2 — A,
then the constant L in Theorem A is the best possible.

1
Proof. For this purpose, with 0 < & < 1, set f(x) = x~ " in (¢, E> ,fx)=0

1
elsewhere, and g(y) = y " in (g, E> , &(y) = 0 elsewhere. Then the left-hand side

F y—aA ypA2 —pAy
/ X dxdy*/ dx/ u

of the inequality (3) is

-
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Further,
1
I=2In (E)L_Rl —Rz,

where

d u—PA2 1 — ghtadi—pA
R, = / x/ du</ / Wy = —— &
(1+u) (1 —pAs)?
1 o0 A _ gh—aAitpA
Rz:/ ﬂ/ ”’”du</ / whgy = L ET
e X JL (176]14)

so we obtain the inequality
1 1— EAJrqu—pAz 1— Sl—querAz
I>2In|{—-)L—- — .
(8) (1 —pAg)? (1 —qA1)?

Now, let us suppose that there exist a smaller constant 0 < C < L such that the
inequality (3) is valid. Then the right-hand side of the inequality (3) is equal to

2In <5) C. It follows that
1— A+qA1—pA; 1— A—gqA1+pAs 1
i . <2(C— L2 (E)

(1 —pAs)? (1—qA1)?

and we obtain contradiction by letting € \, 0.
It remains to prove that L is also the best possible value in the reverse inequality. By
using the same notation as before, we have

I<21n(l>L
€

Now, let us suppose that there exist a greater constant D > L such that the reverse
inequality in (3) is valid. Then the right-hand side of that inequality is equal to

2In (é) D. It follows that
21n <l> L>2In <l) D,
€ €

what is a contradiction, since D > L. That completes the proof. [

and

REMARK 1. It is easy to see that for the parameters A; and A, from the previous
theorem, the constant L becomes L = B(1 —A;p, A — 1 +Azp) = B(1 —Ajg, A — 1+

Aiq) . Further, if we put A, —A; = a, where

-2
— 1< a< ——+1,then from
q
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2—A—pa 2—-A a
the condition pA, +gA; = 2— A we obtain A} = A and A, = 4
rq rq
and the constant L is given by
A=2 A=2
L*_B< P, +qoc). (5)
p q

REMARK 2. If pA; + gA; = 2 — A, then the constant involved in the right-hand
side of the inequality (4) is also the best possible since the inequalities (3) and (4) are
equivalent.

3. The main results

In this section we shall generalize Theorem A in the following way. Let u :
(0,00) — R and v : (0,00) — R be non-negative differentiable functions such that the
functions xu(x) and yv(y) are strictly increasing and lim xu(x) = lim yv(y) = oo.

X—00 y—00

Since xu(x) and yv(y) are strictly increasing, it follows that the functions u(x) + xu’(x)
and v(y) + yv/'(y) are non-negative.

Now, we generalize Theorem A by using the substitution x = ru(r) and y = sv(s).
Hence, the constants involved in the right-hand sides of inequalities will be the best
possible in some cases (see Theorem 2).

THEOREM 2. Let ! + L 1, with p > 1, and f (x), g(y) be non-negative

P 4
Sfunctions. Then the following inequalities hold and are equivalent

/ / (rux +yv2y>>*dwy

<L /00O (xu(x))l_)LﬂD(A'_AZ) (u(x) + xu’(x)) 1pf"’(x)dx) ! X

x / " (vly))! At (V) + ' (7)) lng<y)dy> ")
0

and

oy D= pld—as) () o RAC)) ’
/0 (w()) (v +»/'() (/0 (xu(x)—&—yv(y))/l) dy
< / ) TP () o (x) T P (), (7)

-2 1 1—-4 1
forany Ay € | ——,— |, Ay € <—, — |, where the constant L is defined in
q p

p
Theorem A. If 0 < p < 1 then the reverse inequalities in (6) and (7) are valid for any
1 1-2 Al
A€ (— —), A € (— —) The inequality (7) holds also if p < 0.
q9 (4 p p
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Further, if the parameters A, and A, satisfy condition pA; + gA, = 2 — A then the
constants involved in the right-hand sides of the inequalities (6) and (7) and their’s
reverses are the best possible.

We also give the result in discrete case. If we use the general result from [19], we
obtain

1 1
THEOREM 3. Let — + — =1, with p > 1, and {a,}, {b,} be non-negative real
q

p
sequences. Then the following inequalities hold and are equivalent

m=1 n=1 + I’lV( )))L
SL (Z (m“(m))l_Mp(A'_AZ) (u(m) + mu’(m))lﬂ7 am”> X
m=1
(Z mv(an)) A1 (o) ) ,,) ®)
and
- nw(n (A=1)(p—1)+p(A1—A2) v(n +nv’ n S am ’
< LPZ (mu(m))lf/lJrP(AlfAz) (u(m) +mu/(m))l—P a?, (9)
1-A 1 A 1
forany A, € (max{T 0} 5) and A, € (max{T O} p) , where the

constant L is defined in Theorem 5. Further, if the parameters A, and A; satisfy
condition pA; + qA; = 2 — A then the constants L and [P are the best possible.

Proof. By using the general result from [19] we obtain the inequality

ZZ amby (ZQ am > (Z Qq(n)bnq> ,

m=1 n=1 + nv m=1 n=1

v (n)  (mu(m))
7 )
i (mu(m)+nv(n))” - (nv(n
qAz
- qZ i (n) ()
m)+nv(n))* (mu(m))sh
and nv(n) are strlctly 1ncreas1ng, one easily obtains that
Q,(m) < (mu(m))' P44 () f-mud (m) ' ™" B(1—pAa, A—1+pAy), and
Q,(n) < (nv(n)) =+ (y(n) 4/ (n))' 7Y B(1—gA1, A—14¢A,), hence we ob-
tain (8).

where Q,(m) = (u(m)+mu’(m))l_p

and Q,(n) =

(v(n)+nv'( . Now, since the functions mu(m)

<
<
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It remains to prove that the constant L is the best possible if pA; +gA; =2 — 4.
Let a, = (mu(m)) ™7 (u(m) + mu'(m)) and b, = (nv(n)) """ 4 (v(n) +nv'(n)).
Since the function xu(x) is strictly decreasing in (0, 00) we have

=ZWMW%MWWW+WWWMP

m=1

<o+ [ ) ) = 1) + 5.

where the function ¢, is defined by @;(x) = (xu(x)) ™' "¢ (u(x) + xu’(x)). Hence we

_ _ - 1
obtain Z (mua(m)) A PATA) (4 () 4 mu’(m))l Payh = i O(1), and similarly

oo

37 () AT (v(m) v () = 1 +0(1).

n=1
Now, let us suppose that there exist a smaller constant 0 < C < L such that the
inequality (8) is valid. By putting a,, and b, in (8) we obtain

o0 o0 1
2; Hv( 3% << (C+o(1)). (10)
On the other hand we have
mgl ; + nv( )))L
(xze(x e (yv(y))*l’/h*% d(xu(x))d(yv .
S e ) )

So, the right-hand side is equal to

[ ([ e o

xu(x)

Now, since

oo t*PAzfg S t*PAzfg #(X) .
/ ——dt > / ———di — / PR

xu(x)
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after computing, we obtain

. = a,b, 1

> > = (L+0o(1)). (11)

m=1 n=1 (mu(m) + nv(n))}L €

Clearly, when ¢ is small enough, the inequality (10) is in contradiction with (11) and
the proof is completed. [

As we already saw, if the parameters A and A, satisfy condition pA, +gA; =2— A,
then the constants involved in the right-hand side of our inequalities are the best possible.

and obtain some extensions

Now, we observe the discrete case when A| = A, =

pPq
A—=24+p A-2+g

of Hilbert’s theorem for double series. Then L = B ( , > , and we
p q
A=2 A=2
define B* :—B< —&-p’ —l—q)'
D q

COROLLARY 1. Let {a,} and {b,} be two non-negative sequences of real numbers
and 2 — min{p, q} < A < 2. Then the following inequalities hold and are equivalent

ZZ +nv< )

m=1 n=1

and

3 () VY )+ (n 3 G '
,;( ) o) + /) (Z <mu<m>+nv<n>>x>

oo

< B (mu(m)' ™ (u(m) + mud (m))' ™" a,

m=1

where the constants B* and (B*)! are the best possible.

REMARK 3. Note thatfor A = 1, B* becomes - and we obtain generalization
sin Z

of the inequality (1).

In the Theorems 3 and 4 we didn’t consider the constant factors of the functions
xu(x), yv(y), u(x)+xu'(x) and v(y) +y'(y). Now, let the constants factors of xu(x),
w(y), u(x) +xu'(x) and v(y) + yv'(y) are in turn A, B, C and D. Then they can be
written in form

xu(x) = Au(x), yv(y) = Bv(y), u(x) +xu'(x) = Ci'(x) and v(y) +yv'(y) = DV'(y).
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ST e

and obtain the following important result in the discrete case

We define

_I—

THEOREM 4. Let — + — =1, with p > 1, and {a,}, {bn} be non-negative real
P q
sequences. Then the following inequalities hold and are equivalent

>y

m=1 n=1 + VlV( ))/1

1
(Z l —A+p(A1—Ay) (ﬁ/(m))l_Pamp>’ %
m=1

1

q
1 —A+q(A2—Ay) (";/(n))lfq bnq>

X
N
o

and ,
nz:; YA=DE=D A=) (57 () (mz_:l (mu(m)imnv(n))’l>
< u”L”Z )" —Atp(Ai—42) (ﬁ'(m))l_pam”, (14)
m=1
forany Ay € <max{%,0} , é) and A; € (max{i,O} 7117) .

Further, if the parameters A, and A, satisfy condition pA; + gA; = 2 — A then
the constants involved in the right-hand sides of the inequalities (13) and (14) are the
best possible.

REMARK 4. The integral analogue of Theorem 5 can be obtained in the same way,

where the sums are replaced with the integrals and the non-negative real sequences with
the non-negative real functions (see Theorem 3)

Now, we use Theorem 5 to obtain the generalization of the inequality (2), from the
Introduction. For that purpose let’s define two functions by

) = {407 F 0w = {E 0 )

. 2 —
where a, b and ¢ are greater then zero. So if we put A; = A, = ——, where

prq
2 —min{p,q} < A < 2, the inequality (13) becomes
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1 1
(G ) Gl )

m=0

1 1
where u* = (azf’lf” ) g (bzf’lf‘]) ? . This is obviously a generalization of the inequal-
ity (2). We can also obtain more general inequalities without the constraint A; = A;,
but here they are omitted. It follows from (16) that the result of the paper [7] is yielded
immediately. Actually, the various results in the papers [6]-[11] might be yielded from
the inequalities (8) and (16).

4. Some applications in the discrete case

There are lots of applications of the inequalities from the previous section. In this
section we shall enumerate only the discrete cases for which u(x) and v(y) are power
function, logarithm function, inverse trigonometric function and the exponent function.
We make such specifications in Theorems 4 and 5. We observe only the cases for
which the parameters A; and A, satisfy constraint pA, + gA; = 2 — A. So, we put
o =A, —A;, where

max{u,O}l<0¢<lmax{u,0}7 (17)
p q p q

and the constant factor will be given by (5). In all the cases that follows the constant
factors will be the best possible.

Power function

Let u(x) = x* and v(y) = y* where a and b are greater than —1. Then
xu(x) = x**t! and yv(y) = y**1. In according to (12), it is easy to duce that u =

b+ 1)71% (a+ 1)_5 . Hence, by Theorem 5, we have the following result

1 1
COROLLARY 2. Let —+ — =1, with p > 1, and o be real parameter defined by

p
(17). Then the following inequalities hold and are equivalent

>y

m=1 n=1

1
P oo
IJ-L* (Zm )(a+1)+a(l—p)— up(xamp) (Z n(l—)L)(b+l)+b(l—q)+bqabnq>

n=1

ma+1 + nb+l)/1

1
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and

(e e) o0 p
Zn(iﬂrl)(lfl)(pfl)«rbfpba (Z Am )A )

prt ot (ma+l + nb+1

< “p L* Zm )(a+1)+a(1—p)— apocamp7
m=1
where the constants involved in the right-hand sides of the inequalities are the best
possible.

REMARK 5. In particular, if o« = 0, then L* = B*.

Logarithm function

Let xu(x) = In(1 + x) and yv(y) = In(1 +y). Then (xu(x)) = 1<1F and
X

1
(w(y)) = e It is known from (12) that u = 1 and according to Theorem 4 we

have

1 1
COROLLARY 3. Let —+ — =1, with p > 1, and o be real parameter defined by

P 9
(17). Then the following inequalities hold and are equivalent

>y ~

m=1 n=1 lnl—l—m +11’1( ))}L

I 1

= (i (In(14+m)) =477 (1+m)~'a, ) (i (1“(”"))1‘”"“(1+")"_1b”q>
n=1

m=1
and
o0 fe's) p
Dp—1)— a

(ln(n—&—l))(l D(p—1) Pa(1+n)—1 m

o mz:‘: (In(1+m) + In(1 +n))*

<L (n(1 +m) T+ mpP
m=1

where the constant factors L* and (L*)? are the best possible.

Inverse trigonometric function

We enumerate here only the cases for which u(x) and v(y) are inverse tangens
function. Let u(x) = arctgx and v(y) = arctgy. Define two functions by

1—=p
W, (x) = (xarctgx)!~*—P¢ (arctgx + ﬁ)

and

I—q
_ 1—A+qo y
w, = (yarct arctgy + .
,(v) = (varctgy) ( &+ +y2>
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By Theorem 4 we have

1 1
COROLLARY 4. Let —+ — =1, with p > 1, and o be real parameter defined by

p
(17). Then the following inequalities hold and are equivalent

Z Z b (Z w,(m)ay > (Z a)q(n)b,,q>

I — (marctgm + narctgn 1

and

[ee] 0o P
Z narctgn) )L Dip=1)=p (arctgn+ ) (Z A )/1>
n=1

el (marctgm + narctgn

< (LYY pr m)ay?’,

m=1

where the constant factors L* and (L*)P are the best possible.

Exponent function

Let u(x) = a* and v(y) = ¢® where a > 1. Then xu(x) = xa* and yv(y) = ya*
and according to Theorem 4 we have the following result

1 1
COROLLARY 5. Let —+ — =1, with p > 1, and o be real parameter defined by

p
(17). Then the following inequalities hold and are equivalent
1

oo
S (S o )
ma na

m=1 n=1 m=1

1
[e%e] q
X (Z (na")' =™ (&" + na"Ina)' " b,ﬂ)
n=1

and

oo

0o p
(l’la")(lfm(l’*l)*lwt (an + na" lna) (Z am ))L>

n=1 m=1 (mam +na"

oo
< (LYY Z (mam)lf/lfpa (a" + ma" Ina)' " a,?,
m=1
where the constant factors Lx and (L*)’ are the best possible.

In a such way, a great deal of important inequalities might be established. Here
they are omitted.
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