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Abstract. In this paper we shall prove some new inequalities for Cebyev functional and their
applications to determinantal inequalities for 7 -tuples of continuous functions and vectors from
unitary spaces.

1. Introduction

For two real n-tuples a = (a1, ...,a,), b = (by,...,b,) and p = (p1,...,p»)
with Y7 | p; = 1 the CebySev functional is:

T (a,b,p) = Zpiaibi - ZpiaiZPibi (1.1)
i—1 i=1 i—1

S. S. Dragomir [1] has proved:

LEMMA 1.1. Let @ = (ay,...,a,), b = (by,...,b,) be two real n-tuples and
p=(p1,....pn) with p; >0, i € {1,....n}, >0 pi = 1, in addition, we assume
that for any i,j € {1,...,n} with i < j and

m(bjfb,-)éajfaiéM(bj—bi) (12)
where m and M are real numbers. Then the following inequality
(m+M)T (a,b,p) > T (a,a,p) +mMT (b,b,p) (1.3)

is valid.

THEOREM 1.2.  Let assumptions of Lemma 1.1 be fulfilled and 0 < m < M.

Then
(T (a,b,p))’ > %T(a,a,p)T(!),b,p) (1.4)

holds. The constant 4 in (1.4) is best possible.
In this paper we shall give some related results to the above and other inequalities
from [1].
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2. Results

First, we shall give a new proof of Theorem 1.2.

Proof of Theorem 1.2. Multiplying (1.3) with T (b,b,p) we have
T(a,ap)T (b,b,p) < (m+M)T (ab,p) T (b,b,p) —mM (T (b,b,p))’
2
:%(T(a,z;,p—))2
m+M B — 2
- (BEr (@b~ Vi 76,55

< % (T (a,b,p))" O

THEOREM 2.1. Let assumptions of Theorem 1.2 be fulfilled, then the following
inequalities holds

0< (T (@a.p)* (T (5.5.p))" -7 (@b.p) < %Mf;) (@bp)  (21)
and
T(a,a,p) T(a,b,p)
OS T @hp) Tbp) S < (Vi - Vi) (22)

Proof. The first inequality from (2.1) and (2.2) is well known and it is a simple
consequence of Cauchy inequality. On the other side from (1.3) we have

0< (T(d,[z,ﬁ))% (T (B,E,ﬁ))% — T (a,b,p)

< (T@ap)! (7 (6.5.0)} = T @ap) = 31T (b5,p)
7(M7m)2 A 1 iy 1 M+ m ,,7%2
4(M+m)T(b’b’p) M+ m) <( (@.a.p)* - =5 (bvl%p)))
Mmoo
4(M+m)T(b’b’p)
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COROLLARY 2.2. Let assumptions of Theorem 1.2 be fulfilled, then the following
inequalities hold

(M —m)*

< WT (a,a,p) (2.3)

and
_ R 2
T(b,b,p)_T(a,b,p) < (\/A_/I—\/rﬁ) (2.4)
T(ab,p) T(aap) h mM ’
Proof. Applying the inequality (1.2) we have
1 1
7 (@ —ai) < (b —bi) < — (4 — ai) (2.5)
By Lemma 1.1 we have
(m+M)T (a,b,p) > T (b,b,p) + mM T (a,a,p) (2.6)

Proof of the inequalities (2.3) and (2.4) is similar the proof of Theorem 2.1 with
using the inequality (2.6). O

Similarly, by using Theorem 5 from [1] we can prove the following results related
to that given in Corollary 6 from [1]:

THEOREM 2.3. Let f,g : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) with g’ (x) # 0 for x € (a,b). Assume that

0<m= inf (f/(x)), sup (f/(x)><oo (2.7)

x€(ab) re(ap) \& (%)

Then inequalities (2.1) and (2.2) with a; = f (x;), b; = g(x;) are also valid.

Similar, consequences of Lemma 7 from [1] is:

THEOREM 2.4. Let @ = (ay, -+ ,a,), b = (b1, ,b,) and p = (p1,--- ,p»)
be real n-tuples with p; >0, i € {1,--- ,n}, >' pi=1, bi # A, (b;p) for each
ie{l,---,n} and
ai_An (é,p_)

< —
0<m\ bi*An (b’[i)

<M < o0 (2.8)

where A, (b;p) := z:"iilp:i. Then inequalities (2.1) and (2.2) are also valid.
i=1

B. Mond, J. Pe¢arié¢ and B. Tepes in [2] has proved:
LEMMA 2.5. Let f = (f1,-+ .fu), § = (81, ,&n) be two n-tuples of contin-

uous functions f1, - ,fu, 81, ,&n : [a,b] = R and p : [a,b] — (0,00) continuous
Sfunction. Assume also that for X = (x1,-++ ,Xs), a < x1 < -+- < x, < b we have
inequality

m detg (¥) < detf (¥) < M detg (¥) (2.9)
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where detf (x) = det[f; (x;)] and detg(x) = det[g; (x;)] are two determinants and
m, M are given positive real numbers. Then one has the following inequality

(m+M)[f.g=[f.f]+mMgg] (2.10)
where [f_, g] = det Uabp (x)fi (x) g (x)} .

LEMMA 2.6. If f (x), g(x), p(X) are the same as in Lemma 2.5, in addition,
we assume that 0 < m < M and det [g, (x )071)} # 0. Assume also that for a < x; <

- < X, < b one has inequality

0<m= inf aet [fi(/_l) (x)} ,  sup det [fi(j_w (x)]

e luh) det[ D )} xe(oh) deti[gl.("ﬂ) (x)} =M < oco. (2.11)

Then the inequality (2.10) is also valid.

LEMMA 2.7. Let xy,--- ,x, and y1, - - ,y, bevectors from unitary space X with
finite dimension dimX = n and ey, -+ ,e, be any orthonormal base in X. Assume
also that det [(xi,ejk)] and det [(yi,ejk)] forr<nand 1 <ji<jy<---<j.<n
satisfies inequality

mdet [(yi,ejk)] < det [(xi,ejk)] <M det [(xi,ejk)] (2.12)
Then the following inequality is valid
(m +M) det[(xiayj)} 2 F(xh o ,Xr) +mM F(yla to vyr) (213)

Now, we can give a new proof of the following result from [2]:

THEOREM 2.8. Let assumptions of Lemma 2.5 is fulfilled and 0 < m < M. Then

(m+ M)*

I g’ (2.14)

Ff]- 188 <

Proof. We are working as in the above proof of Theorem 1.2. From Lemma 2.5
multiplying (2.13) with [g, g] we have

Ff] (5.8 < (m+M)[f,g] g8 —mM g, g

2

- )t (2 ) Vi)

< (m+ M)
4mM

g’ o

Similarly to the proof of Theorem 2.1, using Lemma 2.5 instead of Lemma 1.1,
we can prove:
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THEOREM 2.9. Let f (x), g (), p(x) be the same as in Lemma 2.5 and we
assume that 0 < m < M. Than the following inequalities hold

1 1 —m 2
<l e - [dl < = fe.d 215
" i) I
0< T Trg < () (210
COROLLARY 2.10. If f (¥), g(x), p(X) are the same as in Lemma 2.5 and

0 < m < M. Than, the following inequalities holds

o<V el - VA < i V1 @D
and
B Y N T D (2.18)

S e sl omM
Proof. This proof is similar to the proof of Corollary 2.2. [

THEOREM 2.11. Iff (%), g (%), p (¥) are the same asin Lemma 2.5. In addition,
we assume that 0 < m < M and det gl(’ b )} # 0. Assume also that for a < x; <

- < X, < b one has inequality

veme p SETO] 0]

%@bdm[o l(ﬂ Emwdm[grﬁaﬂ'—ﬂl<@1 (2.19)

Then the following inequalities hold

<A el - A < M g (220)
S 4mrm) ©8 '
and o _
o LS el < (v - \/—) (2.21)
gl &g
THEOREM 2.12. Let X1, -+ ,Xr; Y1, " ,Yrs €1, - ,en be vectors from unitary
space X same as in Lemma 2.7 and 0 < m < M. Then the following inequalities hold
1 1 (M —m)*
0<F sy Ar (r PR 44 ? —det isVj <7F PR 4
(CCrry - 5x0))? (D (-5 9p))? — det[(xi, )] T (CITEEE )

(2.22)

and

r (xl’ e 7x,,) det [()Ci,yj)] —Sm 2
08 Gl Ty < (V= Vi) (2.23)
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