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DIFFERENCE DERIVED FROM WEIGHTED HOLDER’S INEQUALITY
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Abstract. We give the maximum of the difference

1
n n

Dp(a,biw) = <Zwkap> (Zwka) - Zwkakbk
k=1 k=1

derived from a weighted Holder’s inequality for p,q > 1, p~' 4+ ¢! = 1 and for positive
n-tuples a := (ay,...,an), b:= (by,...,by) and a welght w:= (wi,...,wy) under certain
conditions. The discusswn in this note is simpler than our previous ones. It comes from the
arrangement of a given weight and a linearization of Dp(a,b;w) via Young’s inequality. As a
consequence, we give a, b and w which attain the maximum.

<=

1. Introduction

Throughout this note, let a := (ay,...,a,) and b := (by,...,b,) be n-tuples of
positive numbers, and w := (w1,...,w,) be a weight. Suppose that

0<m < <M; and 0<m < b < (k=1,...,n).

Then we give the maximum of the difference

P n n
Dy(a,b;w) E Wid, g webl | — E Wiarby
=1 =1

for p,q > 1 with p~! 4+ ¢~ ! = 1, derived from a weighted Holder’s inequality, i.e.,

D,(a,b;w) > 0.

In [1], an upper bound of D,(a,b;w) for w = (%, ..., 1) was given by using
Ozeki’s technique ([1], [2], [4], [5]). Moreover in [3] the estimation was shown to be
the best possible in a reasonable sense by the minimax theorem which is implicitly
discussed the maximum of D, (a,b;w).

In this note, we give the maximum of D,(a,b;w) by a simpler argument than
previous ones in [1] and [3]. This simplification is based on a linearization of D,(a, b;w)
via Young’s inequality, see Lemma 1 in the next section.

_Q=
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2. Maximum of the difference D, (a, b;w)

Without loss of generality we may assume M; = M, = 1. Conveniently we write
m; = o and my = 8 with o, 8 € (0,1). Then D,(a,b;w) is considered as a function
defined on the product of two n-dimensional cubes [c, 1]" and [B, 1]". It follows from
[3, Lemma 2.2] that D, (a, b;w) is convex in both a and b for a fixed weight w. Hence
its maximum is attained at an extreme point of the definition domain [ct, 1]* x [B, 1]".
So to compute the maximum, we only pay an attention to the extreme points (a,b),
that is, a,b such that ¢; = a, 1 and b; = B,1 for i,j € I, :== {1,2,...,n}. Denote
by J, and J, (C I,) the sets

Jo={i€lsa=1} and J,:={i€l;b;=1}.

Moreover we define a reformed weight w := (W, wa, w3, wy) for a given weight
w= (wy,wa,...,w,) by
wy =wi(a,b) := E wi, wy = wa(a,b) == g wi,
icJaNJp iGJaﬁJ;’
\/;3 = W3((1,b) = E Wi and 1:\74 = W4(a,b) = E wi.
i€Jenl, ieIsns

We put W the set of all reformed weights w for a weight w. Then it follows from
wi 20 (i€l,)and > ., w; =1 that

Wi, Wa, w3, ws =0 and w; + Wy + w3 +wy = 1.
Using the reformed weight, we can rewrite D, (a, b;w) as follows:
Dy(a, biw) = {1 + W0y + o (i3 + Wwa) }7 {0 + w3 + BY(a + wa) }
— (W1 + Bwy + ows + aBwy). (1)
Now we here introduce D(w, 7) for T > 0, as a linearization of D, (a, b;w) in a sense

~ 1, - - - - 1, - - ~ ~
D(w, T) = ;{Wl +wy + of (ws + W4)}Tp + 5{w1 + w3 + B9 (wy + W4)}T_q
— (W1 + Bwz + aws + affwy). (2)

Then, recalling Young’s inequality that hr ki < I%h + ék for h,k > 0, we have

Dy(a,b;w) < D(w,t) by (1) and (2). Further the following lemma ensures that D,
is given by using D(w, 7) as a substitute for D,(a,b;w):

LEMMA 1. The maximum D, of D,(a,b;w) for a,b,w is represented as follows :

D, <:— maxDp(a,b;w)) = max min D(W, ) = minmax D(w, 7).
a,bw ’M‘/'G’V‘[} >0 >0 ’M‘/'G’V‘[}
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Proof. The equality holds in h7k# < Lh+ Lk forall bk >0 if h=k. Sowe
see that
Dy(a,b;w) = minD(w, 7). (3)

>0

Indeed, it is attained at T = T such that
{Wl +wy + OCP(W3 + W4)}TS = {Wl + w3 + ﬂq(ﬁ;z + W4)}T;:«q. (4)

So we have maxg,» Dp(a, li’ w) = max~_ ming~oD(w, 7). N N
Next we see that w — D(w, 7) islinear (hence concave) on W and 7 — D(w, 7) is
convex on (0,00) . So the identity max~_g ming=o D(w, T) = ming- max~_i D(w, 1)

holds by the mini-max theorem [6, pp.75-76], [3, Theorem S]. [

In the below, we give some properties for 5(%, 7). Since W is a convex set with

four extreme points ¢; = (1,0,0,0),...,es = (0,0,0, 1), we see that
maxD(w,7) = max D(&, 7).
wew i€{1234}

In addition, each D(e;, 7) is calculated by (2) :

~ 1 1 _ ~ 1 1 3
D(e,7) = -7 + -1 1, D(&,7) = =7 4+ —Bi779 — B,
p q

p q
~ 1 1 ~ 1 1 (5)
D(e3,7) = —a’? + -1 9—a and D(es,7) = -1’ + Bl — af.
p q p q

Now let us state some elementary facts about these functions for 7 > 0.

LEMMA 2.

(i) D(w,T) = D(ey, T)w; + D(é, T)wy + D(e3, T)w3 + D(ey, 7).

(ii) Puttgy =1, , = ﬁll’, T3 = o7 and Ty = aiéﬁll’. Then all functions
D(er, ) (k = 1,2,3,4) are strictly decreasing on 0 < T < T, strictly
increasing on Ty < T and strictly convex on T > 0. Moreover we have
D(e, %) = 0 and limg_ D(¢, 7) = lim;_ o0 D(&, T) = 00.

There exist 6, € (a, 1) and 6,5 € (B, 1) such that

1—-o” b 1—p _ g

=~ = _pr-l{_pa M _pa [ _ P
s =% (o) m e (=) ©
by applying the mean-value theorem to functions # and 74 respectively. Related to the
notations 6, ., and 6, g, we have some properties for functions D(e;, 7) (1 < i,j < 4):

LEMMA 3. Let D;j(t) := D(é;,7)—D(¢;,7) (1 <i,j<4). Thenthefollowing
facts hold :

(i) Dya(1) is strictly decreasing and Dy ,(t) = 0 has a (unique) solution
1

7= 0,5(c (B7.1)).
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~ - _1
(it) Di(7) is strictly increasing and D 3(t) = 0 has a solution T = 6, 4 (€

(Lo ).
(iif) qu( ) is strictly increasing and Dy3(t) = 0 has a solution T = T.(€
(Q,”Bﬂﬂ) (B7,a 1)), 1
(iv) Dyu(7) is strictly increasing and Dy 4(t) = 0 has a solution T = ﬁll’ 6,4 (€
FER!
(B7,6,4))- 1
(v) Daa(t 4( ) is strictly decreasing and D5 4(t) = 0 has a solution T = a*éeq'fﬁ(e
_1
(9(1’)[37 o 1 )) *

Proof. We only prove (i) since (ii) — (v) are similarly shown. It follows from
Dia(7) = (1 — B9t 9 — (1 - B) that Di,(t) = —(1 — B9)779"! < 0. Moreover
1

5172(7) = 0 has a unique solution 7 = {ql(l_—f;)} = q’_’ p and the solution is included
in (B7,1) by (6). O

Now we express the maximum D, of D,(a,b;w) by using D(w, 7):

<=

LEMMA 4. The maximum value D), is given as follows :
D, =D(&,1.) = D(&,1.) = (1 —1)D(é, 7.) + tD(&3,7.) = D(W;, 7.)  (7)

forall t € [0,1] where w, := (0,1 —1¢,1,0), e; = (0,1,0,0), 3 = (0,0,1,0) and 7.
is defined by Lemma 3 (iii) .

Proof. First of all we show that for each 7 > 0
max D(W, 1) (_ max D(e;, )> = max{D(é,,7),D(e3, 1)}, (8)
wew i€{1,2,34}

or

5(51,1') < max{ﬁ(gg, ), (63, )} and D(€47 ) < max{ﬁ(?z, T),5(53, T)}
©)

- - 1 - ~ i

Note that D(ey, 7) < D(e2,7) for 6,5 < 7 and D(ey, ) < D(e3,t) for 0 <7< 6,

1

by Lemma 3 (i) and (ii) , respectively. Hence since 9” B < 6, , the first inequality
of (9) holds for all T > 0. Similarly it follows from Lemma 3 (iv) and (v) thatthe

second inequality holds for all T > 0 by 7 ’ 9 ] <od 9”

Moreover we see from (8), Lemmas 2 (u) and 3 (uz) that max_g; D(w, ) is
a convex function of 7 > 0 and its minimum attains at T = 7, , i.e.,

min max D(w,1)=D(é,, 1.)=D(e3, 7.) (:(H)B(zz, 7,)+tD(e3, T,.)=D(W;, r*))
T> wew

by Lemma 2 (i) . The first inequality of (7) holds by Lemma 1. O
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From the above lemmas we have the following theorem:

THEOREM 5. Let o, 3 € (0,1) and p,q > 1 with £+ é = 1 be given, and
T = T, be a unique solution of the equation I%Tp + %[5‘11_‘1 -B= [—ljocprp + ér“’ —a
which appears in Lemma 3 (iii) . Then

max D (a, bi w) = (i, + 0P W3, )7 (Was + Bay ) — (BWas + s,

1 1 1 1
=-t+-piry-B=-T+-1."-« (10)
p q p q
where a = (ay,...,a,) and b = (by,...,b,) are n-tuples of positive numbers [a, 1]"
and [B, 1]" respectively, w = (w1, ..., w,) is a weight, and the constants wy, and ws.
are defined by
. 1 — o’ . 7! — B
Woy 1= W3x 1= ﬁ S (07 1). (11)

1—ortd? + 47 — Ba’ 1— ot + &7 — B4

The maximum is attained at (a,b) in the left side of (10) ifand only if a; = 1, o,
b; = 1, B and a reformed weight w generated by a given weight w is (0, Wp., W34, 0).

Proof. Since D, (a,b;w) is convex in both @ and b, its maximum is attained at an
extreme point (a, b) of the product [e, 1]" x [B, 1]", thatis, a; = a, 1 and b; = 8, 1 for
i,j€{1,2,...,n}. By Lemma4 we see that the maximum D, of D,(a, b;w) is given
by 5(W*, T,) where w, = (0, Wox, W3x,0) with wp, + w3, = 1, wo., w3, > 0. Since
this reformed weight w. satisfies (4) for 7~ = 7., we obtain (11). Here Lemma 3
(iii) implies that the constants w,, and w3, are includedin (0, 1). Taking any weight

w = w, which generates w, , we have D,(a,b;w,) = D(w,,T,) by (3). Moreover

by (1) we have D, (a,b,w,) = (W + 0PW3,)7 (W3s + BN20) T — (BiFns + 063, ).
So we obtain the first equality of (10). Further since D, = D(ez, 7,.) (= D(e3, 7)) by
Lemma 4, the second equality of (10) holds. O

EXAMPLE 6. Let 0 = f3 = %, p =¢q =2 and n =4 in Theorem 5. Then since
the equality D(ez, T.) = D(e3, T,.) implies 7, = 1, we have by (10)

1 1 1 1 1
= {Z+—qu*‘1[3<——a”r{:+—r*qa>_—.
p q P q 8

Moreover we have wy, = W3, = % € (0,1), so that
~ ~ Ll ~ 1 ~ ~ 1
(Wz* + O!pW3*)” (W34< + quz*)q — (BWQ* + OCW3*) = g
On the other hand, the maximum of D,(a, b;w) is given by (a;, b;) = (1, ) or (a, 1)

for i € I := {1,2,3,4}. We consider three cases |J,| = 1, 2 and 3 where |/,|
expresses the cardinal number of J,, :
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Let |J,| =1 (or |Jp| =|Is\Jz| =3 ). Then we may suppose that J, = {i;} and

Jp = {ia, i3, 14} for iy,ip,i3,is € Iy. Hence we have w; = % and w;,, wi,, w;, € [0, %}
with w;, +w;, +w;, = %, so that
Dp(a7b§w)

- 2
2\ 2 2 5
1 1 1 1 1 1 1 1 1 1 1
={Z. 1242 (2 Z.(Z 212V (2242 201) =2
{2 ) (2)} {2 (2) 3 } (2 232 > 8
Let |J,| =2 (or |Jp] = [I4\ Js| = 2). Then we may suppose that J, = {i;,ix}

and J, = {i3,is}. Hence we have w;,wi,, wi,,w;, € [0,3] with w; +w;, = 1 and
Wi, +wi, = 3, so that

D, (a,b;w)

2 >

B {(Wil +wiy) - 12 (wiy +wi) - <§> }
1

- (Wil +Wiz) -1 E + (Wiz +Wi4) :

Let |J,| = 3. Then similarly we have D, (a, b;w) = g . Therefore we have (10).

3. Variational expression of the maximum D,

We first recall an upper bound Dy in our previous note [1, p.46]. For convenience,
we put, for fixed p,q > 1 with I%Jr é =1and a,B €(0,1),

K= {ptl—a;) }% {qtl—ﬁ;’) }é '

Moreover we need that the equation

(1—a)(1—Kti)=(1-B)(1—KT 7)(=c) (12)

has a unique solution 7 = 7y, by which the upper bound Dy of D,(a,b;wy) for the
weight wy = (1 L) was given by

nlcon

-« 1-8 1 1
Dy = — 1 — 1. 13
L R -7 C(l—aPJrl—ﬁq ) (13)
In this section, we show the correspondence of the maximum D, and Do. The
following lemma is technically essential:
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LEMMA 7. Let 1y be as in above. Then the unique solution T, in Lemma 3 (iii)

is expressed as
1
_ — Ba Pq
- p(l OC).I B - P‘i'
l—ar  g(1-B)
Proof. For convenience, we put
1
1 - 1—p Z
- p(l—a) pr "
IL—or  q(1-p)
1 _1
Since 1 — %5 = K1j and 1 — 15 = K7, " by (12), it follows from (13) that
1-p
1 —pa

l-a 1-p c c 1—o

_1
- 1 - - K7, " —1+c.
I~ 1-p1  T—w 1-p T i T e

1
Dy K‘L'Oq +

1
Here, using ¢ = (1 — a)(1 — K7 ), we have
l-a & 1-B -1 L
Dy = mKToq + ?&KTO P—(1-a)Kt —a
1 —-o 1 - -1
BKTP*OC
l—or 1— 4

%” {pil_a;) }_é {qzl_ﬁl;) }é Tj+$ {ptl_a;) }IL’ {qzl_ﬁ;) }_IL) T‘;%_a

1 1 -
=o't + -1 —a=D(es, ) (by(5))
P q

ap

1
Kt +

1
Similarly, using ¢ = (1 — B)(1 — K71, "), we obtain
1 1 ~
Dy=-t"+ -B97.79— B = D(es, 7).
PR (e2,m)
Namely we have Dy3(ty) = D(éa, ;) — D(¢3,7;) = 0. Since the solution 7 = 7, of
D;3(t;) = 0 is unique by Lemma 3 (iii) , we have 7, = 7y. O

THEOREM 8.  The maximum D, (of D,(a,b,;w) ) coincides with the upper
bound Dy.

Proof. Let 14 be as in the proof of Lemma 7. Then Dy = D(e;, ;) for i = 2,3
and 7y = 7, are proved in Lemma 7. On the other hand we have D, = D(e;, 7,) for
i=2,3 byLemma4andso D, =Dy. [

Incidentally, the proof of Theorem 8 says that Lemmas 4 and 7 play a role to
combine Theorem 5 with the previous result.
Now to calculate D, given by (7) directly, we have the following:

COROLLARY 9.  The maximum value D, is a unique solution of the equation

L0 BB a0 - @ Bl =1 (> 0) (14
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Proof. Let £ = 7 and n = 7. 7. It follows from D(é3,7.) = D(é3,7.) = D,
that

1, 1 1 1
4+ -pm—pf=—-0"E+-n—0o=D,
P-4 p q

So we have
&= 1ot (=BIDyHB—ap} and n= o {(1-a)Dy o —a?B).

Since é# nflf =1, we see that D), is a solution of (14). Next let f () be the function
defined by the left side of (14). Then f(z) is strictly increasing and ran f(r) =
(f (0), 00) . Moreover we have

(0 <) {p(B — aB?)}7 {glo — a”B)}
<I§~p<ﬁ—aﬁq>+$-q<a—apﬁ>
=B — o)+ (1 —p9)
1 1 q _ P l 1 P —_ R4
<(;+5B>“ “”(q*p“)“ A)
=1-o’p?

by Young’s inequality, so that f (0) = m{p(ﬁ - aﬁ‘f)}ll’ {g9(a— apﬁ)}é €(0,1).
Hence (14) has a unique solution r = D,. O
One of the authors introduced the following constant in [1, Theorem 3.2]:

ey ey
C(M’V’Y)_E{V(I—V)} -y

for u>1,v>1with 4+ 1 =1and 0 <y < 1. Incidentally we consider the
maximum of D,(a, b;w) in the following restriction for a and b:

12(112"'20,,206 and 1>b1>>bn>ﬁ (0<(X7B<1)
Then it is given by

max Dy (a, b;w) = max {C(p,q: B),C(q,p; )} .

a,b,w
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