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STABILITY OF AN INCOMPLETE
GAMMA-TYPE FUNCTIONAL EQUATION

YOUNG WHAN LEE AND BYUNG MUN CHOI

(communicated by T. M. Rassias)

Abstract. We investigate the Hyers-Ulam-Rassias stability of an incomplete gamma-type func-
tional equation

J(@rCer), -+ s Gnlxn), wi(v1), -+ s Win(ym))
= 9()(1,"' sXns Y1t 7yi71)f(x1:"' yXns Y1, 7yi71) +A‘(x1:"' s Xns Yyt 7)’m)

with arestricted domain. By this result we obtain the stability of the incomplete gamma functional
equation

Flx+1y) =xf (x,y) +e ()"
with a restricted domain.

1. Introduction

In 1940, S.M. Ulam [see 3, 6, 23] raised the following problem : Under what con-
ditions does there exist an additive mapping near an approximately additive mapping?
In 1941, this problem was solved by D.H. Hyers [5, 6]. Therefore we usually say that the
equation E1(g) = E>(g) has the Hyers-Ulam stability if for an approximate solution
f such as following type : | E\(f) — Ex(f) | < O there exists a function g such
that E1(g) = E»(g) and | f(x) — g(x) | < e. This stability problem has been further
generalized by Th.M. Rassias [15] in 1978, then it is said the Hyers-Ulam-Rassias sta-
bility. Later, many Rassias type theorem concerning the stability of different functional
equations were obtained by numerous authors (see, for instance [12-22]).

Now we consider the incomplete gamma function. The incomplete gamma function
is given by

F(x,y):/ e 't
y

where x is positive and y is nonnegative. P. Natalini and B. Palumbo [14] proved
some inequalities for the incomplete gamma function which follow from monotonicity
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properties. Itis well known that I'(x, 0) is a gamma function. Note that f (x+1) = xf (x)
(for all x > 0) is the gamma functional equation. S. -M. Jung [9, 10] obtained stability
theorems of the gamma functional equation. K.W. Jun, G.H. Kim and the author [3, 14]
also obtained stability theorems of the beta functional equation.

In this paper we define an incomplete gamma functional equation as follows : for
all x>0and y >0,

fr+Ly)=xf(x+y) +e7y" (1)
Note that the incomplete gamma function is a solution of the equation (1). Also we
define a incomplete gamma-type functional equation as follows:

f(¢1 (x1)7 to a¢n(x11)a Y (yl)a R Wm(ym))
= Q(XI, cey Xny Y1, "'aym)f('xla cey Xny Y1, "'aym) + A’(xla cey Xny Y1, "'aym)'

)

Throughout this paper, let ¢; : (0,00) — R be a strictly increasing function for each

i=12,---,n,let yj : S € R — R be a function for each j = 1,2,--- ,m, let 0,
A :(0,00)" x 8™ — R be functions and let ¢; be a given nonnegative real numbers for
each i = 1,2,--- ,n. The aim of the present note is to give the Hyers-Ulam-Rassias

stability theorems of the equation (1) and (2) with a restricted domain.

2. Hyers-Ulam-Rassias stability of the equation (2)

In the following theorem we investigate the Hyers-Ulam-Rassias stability of the
equation (2) with a restricted domain. Note that for some function ¢, ¢°(x) = x and

@"(x) = ("' (x)) forall x.

THEOREM 2.1. If a function g : (0,00)" x §™ — R satisfies the inequality

lg(1(x1), - @2 xa), wi(y1), -+ Win(Vm))
- 9()6'17"' yXny Y1, 0 aym)g(xla"' y Xy Y1y 00 7)’m)
72‘()6'17"' yXny Y1, aYm) |
<€()C1,"‘ s Xny Y1yttt >}’m) (3)
forall x; > ¢; witheach ¢; € (0,00), all y; € S and some function 6 : (0, 00)" x §" —
R with

o0

X X — 6((p{((x1)>"'7(p111€(xn)7W{((yl)w“vu/r]it(xm))
O] ; Ko 1 000](x1), —oes G0 ), WL (1), e W) |

forall x; >¢; (i=1,2,---,n)and y; €S (j=1,2,---,m), then there exists a
unique solution f : (0,00)" x s" — R such that

f(¢1 (xl)> ey ¢n(xn)> 41 (yl)> ey u/m(ym))
= O(X1,y ey Xy Y1y ooy Y ) (X1 eoes Xty Y1y ooy Vi) F A XLy ooy Xty Y1y oovs Vi)

< 0
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SJorall x; >0 (i=1,2,---,n) and y; € S and
L g(xt, X, Y1y 5 m) = (1, X Vo Ym) [< O, X, V1,0 5 Vi)
forall x; >c¢; (i=1,2,---,n)andy; €S (j=1,2,---,m).
Proof. For the convenience let

X =(xt,- 1 x),

Y= (YIv' o 7ym)7

O(X) = (d1(x1), -+, Pulxa)),

DH(X) = (@f(x1), -+, O (xm)),

() = (wi(yi), - Walxa)),
k

b4 (Y) = (W{c(yl)> Tt U/rﬁ(xm))7
C= (C17"' 7cn)
and x > C means x; > ¢; foreach i = 1,2,--- ,n. Then the condition (3) implies
| g(P(X),¥(Y)) — (X, Y)g(X,Y) — A(X,Y) |[< e(X, Y) (4)

forall X > Cand Y € §". Let @y : (0,00)" x 8" — (0,00) and f; : (0,00)" XS§™ — R
be functions defined by

-1
e(D(X), WH(Y))
(X, Y) := SRS
“ Z 4o | 6(@I(X), Wi(Y)) |

for each positive integer /, for all X € (0,00)" and Y € §” and

-1

8(@"(X), ¥"(¥)) 72 A(@K(X), PH(Y))
[Tio | 6(@/(),¥i(Y)) | =5 T | O(@(X), (1)) |

for each positive integer I, for all X € (0,00)" and ¥ € S™, respectively. By (4) we
have

fl(X7Y):

[ fr1(X,Y) = fi(X,Y) |
1 1 (g i+l
[T | O(®@I(xX ),‘P’(Y))\‘ S0
= 0(@'(X), ¥'(Y))g(@'(X), ¥'(Y)) — A(®'(X),¥'(Y)) |
e(P'(X), W'(Y))
Lo | 6(@I(X), ¥i()) |
for each positive integer /, forall X > C and Y € §™.
Now we use induction on [ to prove

|fZ(X7 Y) —g(X,Y) ‘ < wn(X7Y)
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for all positive integer n, for all X > C and Y € §™. For the case [ = 1 the above
inequality is an immediate consequence of (4). Assume that it holds for some /. Then

| fi1(X,Y) =X, Y) | + [ f1(X, Y) — g(X, Y) |
wl+1(X7 Y)

[frn(XY) —g(X,Y) | <
<

forall X > C and Y € §”. We claim that {f;(X,Y)} is a Cauchy sequence. Indeed,
forn>m, x> C and Y € §" we have

n—1

oY) = X Y) | <30 | fa (X ¥) = (X, Y) |
n—1
e(PH(X), P*())
<
Z [Tio | 6(®/(X),Wi(Y)) |
=w,(X,Y) — 0,(X,Y) — 0

as m — 0o. Hence we can define a function f : (¢, 00) X - - X (¢, 00) X §™ — R by
FX,¥) = lim fi(X.Y)

forall x > C and Y € §”. Since fi(®(X),¥(Y)) = 0(X,Y)fia(X,Y) + A(X,Y), we
have

F(@X),¥(Y) = 0(X, V) (X,Y) + A(X,Y)
forall x > C and Y € §™ and

<lhm (DHl(X, Y)
=w(X,Y)
forall x> C and Y € §™.

Now we extend the function f to (0,00)" x §”. We define a function f :
(0,00)" x 8" — R such thatif x > C and Y € §",

f(X’ Y) :f(X7 Y)
andif 0 <x < ¢; forsome i =1,2,--- ;nand Y € §"
f(@4(X), ¥4(Y)) 7% AP X), ¥(Y))
[T [ 0(@(X), ¥(Y) | = Ty | 0(@(X), ¥i(Y)) |

fXY) =

where k is the smallest natural number satisfying the inequality ®*(X) > C, that is
OF(x) > ¢; forall i =1,2,--- ,n.
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In the latter case, we have

FO00, (1) K A@(0),W(Y))
®(X),¥(Y)) = ‘ ‘ - : _ :
S0 = 1 Gtaix) wi(r))| ;ngwwwwm

F(@4(X),'P4(Y)) —  A@(x
|

T e@ix) W) | S TE
= 0(X,Y)f (X,Y) + A(X,Y).

Thus for every X € (0,00)" and Y € S™ we have
FOX),¥P(Y) =0X,Y)f(X,Y)+A(X,Y).
If h:(0,00)" x S — R is a function which satisfies
MPX),¥(Y)) =0(X, V)h(X,Y) + A(X,Y).
forall X € (0,00)" and Y € §" and
[ (X, Y) —g(X, V) | < o(X, )
forall x > C and Y € S, then

1

[F X)X Y) | =1 £ (X)) — W@ W) | g
1

[T~ 6(@/(X),¥/(Y))

(£ (@'(X), ¥ (1Y)~ g(@'(X), ¥'(Y)) |

=| £ (@'(X), ¥'(¥))~h(®'(X), ¥ (1)) |

1

< = _ _
[Tioo | 0(P(X), ¥i(Y)) |

+ ] g(@'(X),P(Y)) — h(®'(X), ¥ () |)
20(9'(X),¥'(Y))

T IS | 6@ (X), W(Y)) |

=2[0(X,Y) — w,(X,Y)] — 0

as | — oo. This implies the uniqueness of /. [

3. Applications

As an application of Theorem 2.1 we can derive the Hyers-Ulam stability of the
incomplete gamma functional equation as follows;
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COROLLARY 3.1. If afunction g : (0,00) x [0,00) — R satisfies the inequality
|glx+1,y) —xg(x,y) —e 'y | <6

for some & > 0, forall x > ¢ > 0 and y > 0, then there exists a unique solution
f :(0,00) x [0,00) — R of the equation (1) with

0
£ (y) —gley) | < =

forall x > candy > 0.

Proof. We apply Theorem 2.1 with ¢;(x) = x+ 1, y1(y) =y, 0(x,y) = x,
A(x,y) = e*y" and €(x,y) = § in the two variables. Then

. i e(91 (), wi ()
o(x,y) ; o | 0(01(x), W () |

> 0
= X ;
izo [i—o(x+1)
ed
< -
x
for all

x>candy>0. O

The function f(x,y) = L "e'rdt is a solution of an incomplete gamma-type
functional equation '

fr+1y) = —+1f(xy) -y +e
We can obtain the Hyers-Ulam stability of this equation as follows;

COROLLARY 3.2. Let & > 0. Suppose that a function g : (0,00) x [0,1] — R
satisfies the inequality

|g(x+1,y) + (x+ 1)g(x,y) + &y —e | <8

forall x > ¢ >0 and y € [0,1]. Then there exists a unique function f : (0,00) X
[0,1] — R such that

fFE41LY) +x+1f (y) +ey T —e=0
Sorall x € (0,00) and y € [0, 1] and
[f(x,y) —g(x,y) [ < 8(e—1)
forall x € (c,0) and y € [0, 1].

Proof. We apply Theorem 2.1 with ¢; (x) = x+1, y1(y) =y, 0(x,y) = —(x+1),
A(x,y) = e — &y and €(x,y) = & in the two variables. For all x € (c,00) and
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yE[O,l]s
0 5
o(x,y) = Z 1000, vl ()|
%0 5
_kzgn ox+j+1)
_ 5, 8 + ° "
Tl TG 12 G D2+ 3)

< O(e—1).
Thus we lead to the conclusion. [

The function f(x,y) = f) ‘(Int)*dt is a solution of a incomplete gamma-type
functional equation

[+ Ly) + (x4 Df (x,y) + (x + De = y(Iny)™*".
We obtain the Hyers-Ulam stability of this equation by Theorem 2.1 with two variables.

COROLLARY 3.3. Let § > 0. Suppose that a function g : (0,00) X [1,¢] — R
satisfies the inequality

| g+ 1,y) + (x+ 1)g(x,y) + (x + e — y(Iny)*™' [ < &

forall x > ¢ >0 and y € [1,e]. Then there exists a unique function f : (0,00) X
[1,e] — R such that

O+ 1,y) + o+ Df (6y) + (x + e — y(Iny)™* =0
SJorall x € (0,00) and y € [1,e] and
[f () =8l y) [ < d(e—1)
forall x>c¢>0andye€[l,e.

Proof. We apply Theorem 2.1 with ¢; (x) = x+1, y1(y) =y, 0(x,y) = —(x+1),
A(x,y) = —(x+ 1)e + y(Iny)**! and €(x,y) = . Forall x € (c,00) and y € [1,¢],

o0 0
oy =) ol 9(q>f(x) w) |

k=0
72 ij+J+1)
=68(e—1).

Thus we lead to the conclusion. [
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Note that the functional equation

g@+Ly+D:wx+”&iy+Uﬂ&w

for all x,y > 0 is called "the beta functional equation”. Since

oo J (x+i)(y+1)
> 11 Gry+2)aty+2i4D) =%

Jj=0 i=0

and

iiflu+y+2m¢+y+m+}

G+ )0 +1) -

for each x,y > 0, we must investigate the stability of the same beta functional equation

_ Gy +y+ 1)
xy

gx+1Ly+1)! -1

g(x,y)

for all x,y > 0. Itis well known that the beta function

1
B(x,y) :/0 A = e

is a solution of the beta functional equation.

COROLLARY 3.4. If a mapping g : (0,00) x (0,00) — (0,00) satisfies the in-
equality
Gy +y+1)
Xy
forall x > ny and y > ny, then there exists a unique function f : (0,00) x (0,00) —
(0,00) such that f is a solution of the beta functional equation and satisfies the
inequality

|gx+1,y+ 1)~ gloy) <8

xy
@+wu+y+n5

| gn,y) ™ = flxy) ' <
forall x > n; and 'y > ny.
Proof. We apply Theorem 2.1 with ¢;(x) =x+ 1, ¢(y) =y+1, A(x,y) =0

and O(x,y) = CZalICIaRRb any x,y > 0 we have

xy

ook o<>1
ZHGW()%()) Zz—‘

k=0 j=0

xw'

By Theorem 2.1, there exists a unique function F : (0,00) X (0,00) — (0,00)
such that
(x+y)x+y+1)

Fix+1,y+1)=
Xy

F(x,y)
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for all x,y > 0, and

Xy
26
x+y)x+y+1)

|80, y) ™ = Flx,y) | < (
forall x > n; and y > ny. Let F(x,y) = f (x,y)"! forall x,y > 0. Then we complete
the proof of Corollary. [

Consider the Schroder functional equation with two variables

f(¢l(x)7¢2(y)) = kf(x’)))~

For example, f (x,y) = ¢t is a solution of a Schréder functional equation

flx+1y+1)=ef(xy).

As an application of Theorem 2.1, we can derive the following corollary, concerning
the Hyers-Ulam stability of the Schroder functional equation.

COROLLARY 3.5. Let k > 1, § > 0 and ¢, ¢ : (0,00) — (0,00) be strictly
increasing functions. If a function g : (0,00) x (0,00) — R satisfies the inequality

| 8(¢1(x), $2(y)) — kg(x,y) | < 6

forall x > ny and y > n,, then there exists a unique function f : (0,00) x (0,00) — R
such that

F(01(x), () — &f (x,y) =0
forall x,y >0 and

| g(x,y) —f(x,y) | < o)

forall x > n; and y > ny.
Proof. By Theorem 2.1 with A(x,y) =0, 6(x,y) =k, and €(x,y) = &, we have

=1 )
wiey) =8 oy =1
i=0

forall x,y >0. O
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