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MULTILINEAR JENSEN TYPE MAPPINGS IN
BANACH MODULES OVER A C*-ALGEBRA

CHUN-GIL PARK, WON-GIL PARK AND SANG-HYUK LEE

(communicated by T. M. Rassias)

Abstract. We prove the stability of multilinear Jensen type functional equations in Banach
modules over a unital C* -algebra.

1. Introduction

Let E; and E; be Banach spaces with norms ||-|| and |||, respectively. Consider
f : Ey — E; to be a mapping such that f (zx) is continuous in 7 € R for each fixed
x € E; . Assume that there exist constants € > 0 and p € [0,1) such that

IF (x+y) =f () = f O < e(XP + 1IyII")

forall x,y € E;. Th.M. Rassias [5] showed that there exists a unique R -linear mapping

T : E; — E5 such that
2e
P
If () = T < 5= i

forall x € Ey .

In [4], the author showed the stability of multilinear functional equations in Banach
modules over a unital C*-algebra. In [3], the author proved the stability of multi-
quadratic mappings in Banach spaces.

Throughout this paper, let A be a unital C* -algebra with norm |- |, % (A) the
unitary group of A, Aj = {a € A | |a| = 1}, and A] the set of positive elements in
A;. Let d be a positive integer and 4%, a left A-module with norm || - || for each
s=1,---,d. Let 42 be aleft Banach A-module with norm || - ||.

The following is useful to prove the stability of linear functional equations.

LEMMA A [2, Theorem 1]. Let a € A and |a| < 1— 2 for some integer m greater
than 2. Then there are m elements uy,- -+ ,u, € % (A) suchthat ma = uy+- - -+ uy,.

The main purpose of this paper is to prove the stability of multilinear Jensen type
functional equations in Banach modules over a unital C* -algebra.
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2. Stability of multilinear Jensen type functional
equations in Banach modules over a C* -algebra

For a given mapping f : Hf_lA@ — A9 and given ay,--- ,as € A, we set

j: asXs + asYs
al, adf(-xbyh“' -xd7yd 2f X1yt Xs—1, ) s Xs+1, "0 ,Xd)

d d
7Zasf(xl7"' s Xs—1y Xy Xg1, " ° ,Xd) 7Zaif(-xla“' s Xs—15 Ysy Xs+1, " 7xd)
— s=1

forall (xi,- - ,x2), 1+, va) € [1_, 4%, .

THEOREM 1. Let f : Hf:l ABs — a9 be a mapping for which there exists a
Sunction @ : HleAﬂz — [0, 00) such that

co d
~ 1+d X] X1 Xs—1 Xs—1
(P(x17y1>"' -xd>yd ZZY J 2]+17F7.“’2j+17ﬁ>
j=0 s=1
KW Kl K% Sy
2727 2 2 272 (2.0)
HDul,-”,udf(xbyh"' >xd7yd)|| < (p(xl>y17"' >Xd7yd) (211)
SJorall uy, - jug € U(A) and all (x1,-+- ,xq), V1, ,ya) € H?ZIA@S. Assume
that f (x1,-- ,x4) = 0 if x, = 0 for some s = 1,--- ,d. Then there exists a unique
A -multilinear mapping M : Hf:l ABs — 4D such that
”f(xh'" 7xd) 7M(X1,~-~ Xd)” (x1a07"' axd70) (2111)
forall (xi, - ,x4) € H?:lA@s-
Proof. Putu; =---=uy=1¢€ %(A). Foreachfixed [,let y; = x1,--- ,y1—1 =
XI—1, V141 = Xi41, -+ ,¥a = Xg and y; = 0 in (211) Then we get
Xi
||2f(-x1a"' axl*1757xl+17"' 7xd) 7f(x17"' s XI—15 X1y Xi+1,5 " 7xd)||
S QX1 X1, X1, X1, %0, 0, X1, X1, - -+, Xay Xa)
forall (x,---,x4) € Hf:m«%)s- So one can obtain
_1,p/X1 X1—1 X1 Xy
||2Z lf(?> >T7-xl7"' ,)Cd) _27(37 >E>xl+l>"' >xd)H
X Xi—1 X1
21 ! (2 21 ) 217Taxla07xl+l7xl+l7"' 7xd7xd)
forall (xi,---,x4) € H:I:IA‘@S' Thus
X1 Xd
s xg) =2 (=, 22
[1f (1 xa) =2 (5 >
d
X1 X1 Xs—1 Xs—1
Z 7"'7 2 ) 2 a-xsa07xs+17xs+1a"' 7xda-xd)
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forall (x,---,x4) € Hf:m«%)s- Hence we get
; X1 Xd : X1 Xd
||2]df(§’ 75) 72(]+1)df(ﬁ7 aﬁ)”
d
S gt B B Eeol Bt X X Sl % %
; (2J“’2/“7 Tl gkl 9f? 27 27 ’2!’2/)
forall (x,---,x4) € Hf:lAﬂs- So
X n—1 d
n d s—1+j
Hf(xh" » X ) 2df(2n7"' >?)H<ZZZ 1
j=0 s=1
p(ZL X Mt Bt Mg X Xent g Ny
2]+1721+17 72]+1721+172]7 b ZJ b 2] b 72172] (21)
forall (xi,---,x4) € [[%, 4% .
Foreach s =1,--- ,d, let x; be an element in 4%, . For positive integers n and
m with n > m,
Xq Xd
omd R I 1. R
27 3k 34y =27 (3, ,2,1>\|
Xd )Cl 1 Xd

_2def(2m’” 2m)_ n mdf(

(n—m)

2n m 2m » T Jn—m 2_m)H

1 x 1 x 1 x— 1 x5
md §— 1+d 1 1 s—1 s—1
<2 Z Zz ! 2}+12m 2}+12m’“.’ﬁ Zm’ﬁ 2m’
j=0 s=1
1 xg 1 xepr 1 x4 1x; 1 xd)
2]2"17 ’2] 2m’2} 2m’ ’2j2m’2j2m
. 1 X 1 X
_ Hmd s—14(j—m)d A Mo
2 Zzlz (p(z(j—m)+l om? Q(j—m)+1 pm’ )
j=m s=
1 Xs_1 1 Xs_1 1 x 1 xgp1
20=m)+1 2m ? 2(j—m)+1 2m ’ 2(j—m) pm’ "7 3(j—m) pm ’
1 Xs+1 1 xd 1 Xd)
2(/—m) om ’ ’2(] m) 2m 2(/ )2m
n—1 d
_ s—14jd 0 X1 X1 Xs—1 Xs—1 Xs
=y D> 2 Pt ot T e 30 O
j=m s=1
Xs+1 Xs+1 Xd 3&)
2j ) 2j ) ) 2]’ 2j )
which tends to zero as m — oo by (2i). So {2"f (3, ,3%)} is a Cauchy se-
quence for all (xj,---,x4) € Hf 1a%Bs. Since 42 is complete, the sequence
{27 (5%, - - ,2,1)} converges for all (xj,---,x;5) € HleA%s. We can define a
mapping M : HS:1A93s — 49 by
M(x1, - ,xg) = lim 2de( ,%) (2.2)
jﬂOO
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for all (xl, s ,xd) S Hle A B .
For each fixed [ = 1,--- ,d, by (2.i) and (2.2), we get

HDI,---,IM(xla-xh e 7x1713xl717xl7yl7xl+laxl+17 e 7xdaxd)H

. ; X1 X1 Xi—1 Xi—1 X1 Y Xi+1 Xi+1 Xd X4
:1 2jd D . by ey R e — . by e e AR by by
Aim 280D (G oy S g g g )
X1 Xi—1 Xi—1 X Y Xi+1 Xi+1 Xd Xd
<1 2Jd M - . e - . —— —— R - -
S A% ‘0(2,2, TR TR I T e TR e T
:0

d
forall (xi,---,x4) € [[[_; 4%, and all y; € ,%;. Hence
Dy aM(X1, X1, Xi— 1 Xi— 1, X0, Vi X1, Xig 15 -+ 5 Xg, Xa) = 0

forall (x1,---,x4) € Hle A% and all y; € 4%, which implies that

Xi+yi
2M (x1, .oy Xp—1, N v Xg) = M(X1, oo, X1, X0, X141 ey X))
+M(X1, ey XI—1, VI X141, ...,xd)
(2.3)

forall (x1,---,x4) € HleA%s and all y; € 4%, . Putting y; = 0 in (2.3), we get

X
2M(-x1?"' s Xl—1, E?xH»l?“' ,Xd) :M(Xh"' s XI—15 X1y Xi+1,5 " 7xd) (24)

for all (xi,---,x4) € H?:lfh%)r By (2.3) and (2.4), M is additive for each [ =
1,---,d. Moreover, by passing to the limit in (2.1) as n — oo, we get the inequality
(2.ii).
Now let L : Hle ABs — 4P be another multi-additive mapping satisfying
‘V(}C],"',Xd)—L()Cl," )H (.Xl, 7"',)(3(170)

7xd) € H;I:I A%y .
[M(xrs - xa) = Lxi, -+ xa) |

forall (xp,---

=M G 50 LG 50
<M, 50 —f G 50l

+ 2 (G 50 — LG 501
<2kd+1(2)'()2611€707._. 7)%70)

oo d
_ 23+(]+k X1 X1 . Xs—1 Xs—1 Xs 0
Z Z 2;+k+1 ) k1) P DjHk+L Djtk+1 itk )
Jj=0 s=1
X+l Xst1 Xd X

2j+k’2j+k>""ﬁ’ﬁ)
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oo d
. s+id X1 X1 Xs—1 Xs—1 Xs
—ZZz Mot o g e 50 O
Xst+l X1 Xd ﬁ)
2j ) 2] ) 72j7 2] )
which tends to zero as k — oo by (2.i). Thus M(xy,- - ,x4) = L(x1,- -+ ,x4) forall

(x1,++ ,xq) € Hle A%, . This proves the uniqueness of M .
By the assumption, for each fixed u; € % (A),

i X1 X1 Xi—1 Xj—1 Xp Xp Xj+1 X[+1 Xd Xd
2jd D U, e oy a9 T v T o~y e T s T * T~y
H L, Lu,l, ,lf(2172Ja 5 5 3 5 2/ 2] 2/ 2] 72]72])”
<GB B WL NN N N Mo XX
20 27 2 Ty T Y 2
forall (xi,---,x4) € Hle A%, , and so
: X1 X1 X1 X Xd Xd
2JdD... w1, Ty Ty s Ty ity iy A~ 0
1Dt f (55 55 ik 5 ) =

as j — oo forall (xy, - ,x4) € Hf;lAﬂs. So

Dy vt AM(X1, X1, -+ Xg, Xa)
X1 X1 Xd Xd

= hm 2di17M717,41-71’4“7]‘]“(5, E, ety —) =0

J—oo

forall , € % (A) and all (x;,--- ,x4) € [[, 4%, . Hence

Dyt iM(X1, X1, Xa,Xg) = 2M (X1, -+ Xp— 1, WiXp, Xpg1, - -+ 5 Xq)

—2uM (X1, Xi—1, X1, X141, -, Xa) =0
forall u; € % (A) and all (x1,--- ,x4) € Hf:IA%s. So
M(xy, - X1 WX, Xi 1, - Xa) = M (X1, -+ X1, X, X1, - 5 Xa)

forall u; € % (A) and all (x1,--- ,x4) € Hf;lAﬂs.
Now let a € A (a # 0) and K an integer greater than 4|a|. Then
1 2 1
al -2

1= plal < <
K Aa] 4 33

By Lemma A, there exist three elements u,v,w € % (A) such that 3¢ = u +v+w.
And

M(Xh"' y Xl—15 X1 XI4-15 * * ,Xd) :M(Xh"' 7)@,1,3' g-xl7xl+17"' a-xd)

1
:3M()C1,"' s Xi—1, 5

3xl>xl+l> T 7-xd)

forall (x,---,x4) € Hf:m«%)s- So

1 1
M(X],"' s XI—1y X X1, " 0 ,Xd) = gM(xla“' y Xl—15 X1 Xi4-15 * * * a-xd)

3
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forall (x,---,x4) € Hf:m«%)s- Thus

K
M()C],"'761)(],"',Xd):M(Xl,"',g's%X], 7-xd)
K
= gM(Xh . 73%xla“' ,Xd)
K
- ?M(xh Couxy X wxg, e, Xg)
K
= g(u“i”v“i”W)M(-xla y XLy e 7xd)
K
= g ‘3%M(x1,"' s Xyt 7-xd)

M(X17"' s XLyt a-xd)

Il
2

forall (xi,---,x4) € Hle A%, . Obviously,

M(x17"' 70xia"' a-xd) :OM(-xla"' s Xiy * 0t 7xd)
forall (x,---,x4) € Hf:m«%)s- Hence
M(xy, - xi—1,ax; + by, Xi11, -+, Xq)
=M(xy, - X—1,ax, X1, Xg) + M(xy, X1, by X, - Xa)
:CZM(Xl,"' s XI—15 X5 X[ 15 ° 7xd) +bM(X17"' s XI—1, Y1, X115 " ,.X'd)
forall a,b € A andall (x;,--- ,x4) € HleA%s andall y; € 4%, . So the unique multi-

additive mapping M : Hf: 1ABs — o9 is an A-multilinear mapping, as desired. []

THEOREM 2. Let f : Hle AB; — A9 be a mapping for which there exists a
Sunction @ : Hf:l A% — [0,00) satisfying (2.i) such that

||Du1,---,udf(-xl7yl>"' 7xd>}’d)H < (P(x17y1>"' 7-xd>yd)

forall ay,--- ,aq € AT U{i} andall (x1,--+ ,xq), (31, ,Ya) € Hf:lA%)s- Assume

that f(x1, - ,xq) = 0 if x;, = 0 for some s = 1,--- ,d. Assume that for each
fixed 1 = 1,---.d, f(x1, " ,X—1,AX}, X141, -+ ,Xq) IS continuous in A € R for
eachfixed (xy,--- ,xq) € Hf:l A%, and that {27 (3, -, 54)} converges uniformly

SJorall (x1,---,x4) € H;j:l ABs. Then there exists a unique A-multilinear mapping
M: HleA%s — 4D satisfying (2.iil).

Proof. Put ay = --- = a; = 1 € A]. By the same reasoning as the proof

of Theorem 1, there exists a unique multi-additive mapping M : Hf:l ABs, — A9
satisfying (2.iii).

For each fixed [ = 1,--- ,d, since f (x1, - ,Ax;, - ,X4) is continuous in A €
R for each fixed (x1,---,x4) € HleA%’S, the mapping M(xy, - ,Ax;, -+ ,x4)
is continuous in A € R for each fixed (xi,---,x;5) € HleA%s by the uniform

convergence. By the same reasoning as in the proof of [4, Theorem|, the multi-additive
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mapping M : Hle aBs — 42 is R-linear in the [-th variable. So the multi-additive
mapping M : Hle ABs — 42 is R-multilinear.
By the same reasoning as the proof of Theorem 1,

M(X],"' s XI—1, X, X[ 41, " * ,Xd) = aM(-xh“' y Xl—15 X1 X[4-15 * * a-xd) (25)

forall a € AT U{i} and (x1, -+ ,x4) € Hle 4B . So

a
M(x1, - X1, @xp, X1, - -+ 5 Xa) = M(x, -+ ,xl—17|a\mxl>xl+1>'“ ,Xd)
a
= ‘a|M(x17“' s XI—1, mxl7xl+l7"' 7xd)
(2.6)
‘a|‘ | (-xlv"' s XI—15 X1, X[ 15 ° 7xd)
:CZM(Xh"' s XI—15 X5 X[ 15" 7xd)

forall a € A"\ {0} and (x1, - ,xs) € [[, 2 %;.

For any element a € A, a = # +1i “_2;‘* , and # and ”_2;‘* are self-adjoint
- + * + * _ . _ * . _ * _ + *
elenients,furthirmore, a= (’:T”)*f(%) +i(5=) " —i(%55) ", where (“5-)",
()7, (5% )", and (45%)~ are positive elements (see [1, Lemma 38.8]). Using
the R -multilinearity and (2.6), one can easily show that

M(X],"' s XI—1, X, X[ 41, "+ ,Xd) :aM(XI,"' y XI—15 X1y Xi4-15 * * * a-xd)
forall a € A and all (x1,---,x4) € H;I:IA'@S' Hence
M(xi, - X1, ax 4 by, X, -+ 5 Xa)
:M('xla"' s XI—1, AX], X[41, * - ,.X'd) +M(x17“' 7x171,byl7XI+1,"' 7xd)
:aM(-xla"' s XI—1, X1, X1, - ,.X'd) +bM(X17"' s XI—1, Y1, XI+1, 7xd)
forall a,b € A, all (x1,--- ,x4) € Hf:IAQBS and y; € 4%,;. So the unique multi-

additive mapping M : Hf: 1ABs — 49 is an A -multilinear mapping, as desired. [

COROLLARY 1. Let 0 > 0 and let 1 : [0,00) — [0,00) be a function with
n(0) = 0 such that

n(ap) < n(e)n(B),

n(z) < (3"

Sforall a,f € [0,00). Assume that a mapping f - Hle ABs — 4D satisfies

d
|| Ui, u,jf('xlayla"' axdayd QZ |xYH +77 HyYH))
s=1
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ug € U (A), and all (x1,--- ,xq), 1, ,Ya) € H;I:IA'@S’ and that
d. Then there exists a unique

494

forall uy,---,
S, ,xq) = 0 if x, = 0 for some s = 1,---,

A -multilinear mapping M : Hle AB; — oD such that
If Cers -+ 5 xa) —M(xlw" »Xa) |

o Xs—1
9222 12 H21+1H) 4 2n( 5571 o)
AV

s=1 j=0
Xs Xs+1 Xd
(5l + 2 0O 4+ 200 521)

forall (.X], e ,)Cd) € H;lzl A‘%S'

Proof. 1t follows from Theorem 1. Indeed, for all

(xla"' axd)a(yla"' 7yd) € HA%M

s=1
we have

a(x1>YI7"‘ -xd7yd)

d oo
s— Xs—1 Xs
= 0> 2 e nllgl+ -+ 2 g D + i)

+n(\|y5\|) 2n(1%H D)+ +2n(151)

eiiz‘ S Yn(P) + -+ 2 G P01 + bl
(Yl + 2 nGyn(bsell) + -+ 2 n (D)
=ei<2d O SERICEIE S+ 2 (=D + (ks

s=1

+n(\|ys\|)+2n(|\ Xept|]) 4 -+ 21(||xal])

0 X X5
= mzz SeniZID + -+ 2= D+l
(sl + 2 (bl 1) + - 42 m((bsal])) < o0

Now

d X
i—1
)

a(-xl>07"' >xd>0) :62225 1+Jd( (H2]+1H) +2n(”2]+1
1 j=0

510+ 205D+ +2 0015 1)

§

) € Hf A%, . So one can obtain the inequality (2.iv). O

forall (x1,---x4
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COROLLARY 2. Let 0 >0, d < p, and let u : [0,00)*? — [0,00) be a function
such that

M(Aahlﬁh e ,Aad,xﬁd) = AP “(ahﬁh e aad7Bd)
SJorall Aoy, By, -, 0y, Ba € [0,00). Assume that a mapping f : HleA@S — A9
satisfies

|| up,- udf(xbyh'" 7xd7yd)H < 9[1(”)61”,”}11”,“' 7de”>‘|yd”)
Sforall uy, - jugs € %(A), and all (x1, -+ ,xq), (Y1, ,Ya) € Hf:IA%’S, and that
fx1,-,xq) = 0 if x;, = 0 for some s = 1,--- ,d. Then there exists a unique
A -multilinear mapping M : Hle AB; — oD such that

”f(xh'" ’xd)fM(xl"" ’xd)”

re &

-xs 1
<21’72d

Xs—1
(H I, H [ == I ==

s=1 (2.v)

HxSH70v HXS+1H7 HxS+1Ha"' 7de‘|a deH)

Sforall (xi, - ,x4) € H?:lA@s-
Proof. 1t follows from Theorem 1. Indeed, for all
d

()C],"' 7-xd)7(yl7"' >yd) S HA%M
we have s=1

(p(-xbyh"' xd7yd)

s xs 1 xs 1
033 2 VUL GYIL - GYIES L YIS
s=1 j=0
1.. 1.. lj 1..
(V1] (5 )J\Ixs\l ( Vllssrll, GY sl -+ GV balls (G bxall)
d
s— AN X1, X1 -xs 1 Xs 1
-6 2 1ZZJd(E)’pM(I\jH,H;\Iw-- == 11 == 1 s ] s ] sl
c— j=0
HXS+1H7"'7de|‘>‘|xd”)
d
2r0 xs 1 -xs 1
:ﬂv 1 (H—H [E3 H ==L == sl sl sl
[xsall, -+ s [lxall, [|xal ) < oo
Now 4
~ 270 . -xs 1 -xs 1
0, - ,x45,0) = 25!
1.0, x0:0) =5 32 (I e PSS

HXSH>O7HXS+1H7HXS+1H>"' 7deH7deH)

forall (x1,---x4) € Hle 4% . So one can obtain the inequality (2.v). O
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COROLLARY 3. Let 0
AD satisfies

||Du1,---,udf(-xl7yl7 e

SJorall uy, - juqg € % (A), and all (x1,--- ,xq),
fxt, o ,xq) = 0 if x, = 0 for some s = 1,---

> 0 and d < p. Assume that a mapping f : HleA%s —

a0, ya)ll <87 (bl IP + [[3]17)

- va) € 1%, 4%, and that

,d. Then there exists a unique

A -multilinear mapping M : Hle AB; — oD such that

Hf(xh... ,Xd) *M(Xh"

Sforall (xi, - ,x4) € Hf;lAﬂs.

Proof. Tt follows either from Corollary 1 for 1(z)
“’(ahﬁla T (Xdaﬁd) = alp + ﬁlp
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