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Abstract. We prove the stability of multilinear Jensen type functional equations in Banach
modules over a unital C∗ -algebra.

1. Introduction

Let E1 and E2 be Banach spaces with norms || · || and ‖·‖ , respectively. Consider
f : E1 → E2 to be a mapping such that f (tx) is continuous in t ∈ R for each fixed
x ∈ E1 . Assume that there exist constants ε � 0 and p ∈ [0, 1) such that

‖f (x + y) − f (x) − f (y)‖ � ε(||x||p + ||y||p)
for all x, y ∈ E1 . Th.M. Rassias [5] showed that there exists a unique R -linear mapping
T : E1 → E2 such that

‖f (x) − T(x)‖ � 2ε

2 − 2p
||x||p

for all x ∈ E1 .
In [4], the author showed the stability of multilinear functional equations in Banach

modules over a unital C∗ -algebra. In [3], the author proved the stability of multi-
quadratic mappings in Banach spaces.

Throughout this paper, let A be a unital C∗ -algebra with norm | · | , U (A) the
unitary group of A , A1 = {a ∈ A | |a| = 1} , and A+

1 the set of positive elements in
A1 . Let d be a positive integer and ABs a left A -module with norm || · || for each
s = 1, · · · , d . Let AD be a left Banach A -module with norm ‖ · ‖ .

The following is useful to prove the stability of linear functional equations.

LEMMA A [2, Theorem 1]. Let a ∈ A and |a| < 1− 2
m for some integer m greater

than 2 . Then there are m elements u1, · · · , um ∈ U (A) such that ma = u1 + · · ·+um .

The main purpose of this paper is to prove the stability of multilinear Jensen type
functional equations in Banach modules over a unital C∗ -algebra.
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2. Stability of multilinear Jensen type functional
equations in Banach modules over a C∗ -algebra

For a given mapping f :
∏d

s=1 ABs → AD and given a1, · · · , ad ∈ A , we set

Da1,··· ,ad f (x1, y1, · · · , xd, yd) :=
d∑

s=1

2f (x1, · · · , xs−1,
asxs + asys

2
, xs+1, · · · , xd)

−
d∑

s=1

asf (x1, · · · , xs−1, xs, xs+1, · · · , xd) −
d∑

s=1

aif (x1, · · · , xs−1, ys, xs+1, · · · , xd)

for all (x1, · · · , xd) , (y1, · · · , yd) ∈
∏d

s=1 ABs .

THEOREM 1. Let f :
∏d

s=1 ABs → AD be a mapping for which there exists a

function ϕ :
∏d

s=1 AB2
s → [0,∞) such that

ϕ̃(x1, y1, · · · , xd, yd) :=
∞∑
j=0

d∑
s=1

2s−1+jdϕ(
x1

2j+1
,

x1

2j+1
, · · · ,

xs−1

2j+1
,
xs−1

2j+1
,

xs

2j
,
ys

2j
,
xs+1

2j
,
xs+1

2j
, · · · ,

xd

2j
,
xd

2j
) < ∞

(2.i)
‖Du1,··· ,ud f (x1, y1, · · · , xd, yd)‖ � ϕ(x1, y1, · · · , xd, yd) (2.ii)

for all u1, · · · , ud ∈ U (A) and all (x1, · · · , xd) , (y1, · · · , yd) ∈ ∏d
s=1 ABs . Assume

that f (x1, · · · , xd) = 0 if xs = 0 for some s = 1, · · · , d . Then there exists a unique
A -multilinear mapping M :

∏d
s=1 ABs → AD such that

‖f (x1, · · · , xd) − M(x1, · · · , xd)‖ � ϕ̃(x1, 0, · · · , xd, 0) (2.iii)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs .

Proof. Put u1 = · · · = ud = 1 ∈ U (A) . For each fixed l , let y1 = x1, · · · , yl−1 =
xl−1, yl+1 = xl+1, · · · , yd = xd and yl = 0 in (2.ii). Then we get

‖2f (x1, · · · , xl−1,
xl

2
, xl+1, · · · , xd) − f (x1, · · · , xl−1, xl, xl+1, · · · , xd)‖

� ϕ(x1, x1, · · · , xl−1, xl−1, xl, 0, xl+1, xl+1, · · · , xd, xd)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . So one can obtain

‖2l−1f (
x1

2
, · · · ,

xl−1

2
, xl, · · · , xd) − 2lf (

x1

2
, · · · ,

xl

2
, xl+1, · · · , xd)‖

� 2l−1ϕ(
x1

2
,
x1

2
, · · · ,

xl−1

2
,
xl−1

2
, xl, 0, xl+1, xl+1, · · · , xd, xd)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . Thus

‖f (x1, · · · , xd)−2df (
x1

2
, · · · ,

xd

2
)‖

�
d∑

s=1

2s−1ϕ(
x1

2
,
x1

2
, · · · ,

xs−1

2
,
xs−1

2
, xs, 0, xs+1, xs+1, · · · , xd, xd)
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for all (x1, · · · , xd) ∈
∏d

s=1 ABs . Hence we get

‖2jdf (
x1

2j
, · · · ,

xd

2j
) − 2(j+1)df (

x1

2j+1
, · · · ,

xd

2j+1
)‖

�
d∑

s=1

2s−1+jdϕ(
x1

2j+1
,

x1

2j+1
, · · · ,

xs−1

2j+1
,
xs−1

2j+1
,
xs

2j
, 0,

xs+1

2j
,
xs+1

2j
, · · · ,

xd

2j
,
xd

2j
)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . So

‖f (x1, · · · , xd) − 2ndf (
x1

2n
, · · · ,

xd

2n
)‖ �

n−1∑
j=0

d∑
s=1

2s−1+jd

ϕ(
x1

2j+1
,

x1

2j+1
, · · · ,

xs−1

2j+1
,
xs−1

2j+1
,
xi

2j
, 0,

xs+1

2j
,
xs+1

2j
, · · · ,

xd

2j
,
xd

2j
)
(2.1)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs .
For each s = 1, · · · , d , let xs be an element in ABs . For positive integers n and

m with n > m ,

‖2mdf (
x1

2m
, · · · ,

xd

2m
) − 2ndf (

x1

2n
, · · · ,

xd

2n
)‖

= 2md‖f (
x1

2m
, · · · ,

xd

2m
) − 2(n−m)df (

1
2n−m

x1

2m
, · · · ,

1
2n−m

xd

2m
)‖

� 2md
(n−m)−1∑

j=0

d∑
s=1

2s−1+jdϕ(
1

2j+1

x1

2m
,

1
2j+1

x1

2m
, · · · ,

1
2j+1

xs−1

2m
,

1
2j+1

xs−1

2m
,

1
2j

xs

2m
, 0,

1
2j

xs+1

2m
,

1
2j

xs+1

2m
, · · · ,

1
2j

xd

2m
,

1
2j

xd

2m
)

= 2md
n−1∑
j=m

d∑
s=1

2s−1+(j−m)dϕ(
1

2(j−m)+1

x1

2m
,

1
2(j−m)+1

x1

2m
, · · · ,

1
2(j−m)+1

xs−1

2m
,

1
2(j−m)+1

xs−1

2m
,

1
2(j−m)

xs

2m
, 0,

1
2(j−m)

xs+1

2m
,

1
2(j−m)

xs+1

2m
, · · · ,

1
2(j−m)

xd

2m
,

1
2(j−m)

xd

2m
)

=
n−1∑
j=m

d∑
s=1

2s−1+jdϕ(
x1

2j+1
,

x1

2j+1
, · · · ,

xs−1

2j+1
,
xs−1

2j+1
,
xs

2j
, 0,

xs+1

2j
,
xs+1

2j
, · · · ,

xd

2j
,
xd

2j
),

which tends to zero as m → ∞ by (2.i). So {2ndf ( x1
2n , · · · , xd

2n )} is a Cauchy se-

quence for all (x1, · · · , xd) ∈ ∏d
s=1 ABs . Since AD is complete, the sequence

{2ndf ( x1
2n , · · · , xd

2n )} converges for all (x1, · · · , xd) ∈ ∏d
s=1 ABs . We can define a

mapping M :
∏d

s=1 ABs → AD by

M(x1, · · · , xd) = lim
j→∞

2jdf (
x1

2j
, · · · ,

xd

2j
) (2.2)
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for all (x1, · · · , xd) ∈
∏d

s=1 ABs .
For each fixed l = 1, · · · , d , by (2.i) and (2.2), we get

‖D1,··· ,1M(x1, x1, · · · , xl−1, xl−1, xl, yl, xl+1, xl+1, · · · , xd, xd)‖
= lim

j→∞
2jd‖D1,··· ,1f (

x1

2j
,
x1

2j
, · · · ,

xl−1

2j
,
xl−1

2j
,
xl

2j
,
yl

2j
,
xl+1

2j
,
xl+1

2j
, · · · ,

xd

2j
,
xd

2j
)‖

� lim
j→∞

2jdϕ(
x1

2j
,
x1

2j
, · · · ,

xl−1

2j
,
xl−1

2j
,
xl

2j
,
yl

2j
,
xl+1

2j
,
xl+1

2j
, · · · ,

xd

2j
,
xd

2j
)

= 0

for all (x1, · · · , xd) ∈
∏d

s=1 ABs and all yl ∈ ABl . Hence

D1,··· ,1M(x1, x1, · · · , xl−1, xl−1, xl, yl, xl+1, xl+1, · · · , xd, xd) = 0

for all (x1, · · · , xd) ∈
∏d

s=1 ABs and all yl ∈ ABl , which implies that

2M(x1, ..., xl−1,
xl+yl

2
, xl+1, ..., xd) = M(x1, ..., xl−1, xl, xl+1, ..., xd)

+ M(x1, ..., xl−1, yl, xl+1, ..., xd)
(2.3)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs and all yl ∈ ABl . Putting yl = 0 in (2.3), we get

2M(x1, · · · , xl−1,
xl

2
, xi+1, · · · , xd) = M(x1, · · · , xl−1, xl, xl+1, · · · , xd) (2.4)

for all (x1, · · · , xd) ∈ ∏d
s=1 ABs . By (2.3) and (2.4), M is additive for each l =

1, · · · , d . Moreover, by passing to the limit in (2.1) as n → ∞ , we get the inequality
(2.iii).

Now let L :
∏d

s=1 ABs → AD be another multi-additive mapping satisfying

‖f (x1, · · · , xd) − L(x1, · · · , xd)‖ � ϕ̃(x1, 0, · · · , xd, 0)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs .

‖M(x1, · · · , xd) − L(x1, · · · , xd)‖
=2kd‖M(

x1

2k
, · · · ,

xd

2k
) − L(

x1

2k
, · · · ,

xd

2k
)‖

�2kd‖M(
x1

2k
, · · · ,

xd

2k
) − f (

x1

2k
, · · · ,

xd

2k
)‖

+ 2kd‖f (
x1

2k
, · · · ,

xd

2k
) − L(

x1

2k
, · · · ,

xd

2k
)‖

�2kd+1ϕ̃(
x1

2k
, 0, · · · ,

xd

2k
, 0)

=
∞∑
j=0

d∑
s=1

2s+(j+k)dϕ(
x1

2j+k+1
,

x1

2j+k+1
, · · · ,

xs−1

2j+k+1
,

xs−1

2j+k+1
,

xs

2j+k
, 0,

xs+1

2j+k
,
xs+1

2j+k
, · · · ,

xd

2j+k
,

xd

2j+k
)
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=
∞∑
j=k

d∑
s=1

2s+jdϕ(
x1

2j+1
,

x1

2j+1
, · · · ,

xs−1

2j+1
,
xs−1

2j+1
,
xs

2j
, 0,

xs+1

2j
,
xs+1

2j
, · · · ,

xd

2j
,
xd

2j
),

which tends to zero as k → ∞ by (2.i). Thus M(x1, · · · , xd) = L(x1, · · · , xd) for all
(x1, · · · , xd) ∈

∏d
s=1 ABs . This proves the uniqueness of M .

By the assumption, for each fixed ul ∈ U (A) ,

2jd‖D1,··· ,1,ul,1,··· ,1f (
x1

2j
,
x1

2j
, · · · ,

xl−1

2j
,
xl−1

2j
,
xl

2j
,
xl

2j
,
xl+1

2j
,
xl+1

2j
, · · · ,

xd

2j
,
xd

2j
)‖

� 2jdϕ(
x1

2j
,
x1

2j
, · · · ,

xl−1

2j
,
xl−1

2j
,
xl

2j
,
xl

2j
,
xl+1

2j
,
xl+1

2j
, · · · ,

xd

2j
,
xd

2j
)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs , and so

2jd‖D1,··· ,1,ul,1,··· ,1f (
x1

2j
,
x1

2j
, · · · ,

xl

2j
,
xl

2j
, · · · ,

xd

2j
,
xd

2j
)‖ → 0

as j → ∞ for all (x1, · · · , xd) ∈
∏d

s=1 ABs . So

D1,··· ,1,ul,1,··· ,1M(x1, x1, · · · , xd, xd)

= lim
j→∞

2jdD1,··· ,1,ui,1,··· ,1f (
x1

2j
,
x1

2j
, · · · ,

xd

2j
,
xd

2j
) = 0

for all ul ∈ U (A) and all (x1, · · · , xd) ∈
∏d

s=1 ABs . Hence

D1,··· ,1,ul,1,··· ,1M(x1, x1, · · · , xd, xd) = 2M(x1, · · · , xl−1, ulxl, xl+1, · · · , xd)
− 2ulM(x1, · · · , xl−1, xl, xl+1, · · · , xd) = 0

for all ul ∈ U (A) and all (x1, · · · , xd) ∈
∏d

s=1 ABs . So

M(x1, · · · , xl−1, ulxl, xl+1, · · · , xd) = ulM(x1, · · · , xl−1, xl, xl+1, · · · , xd)

for all ul ∈ U (A) and all (x1, · · · , xd) ∈
∏d

s=1 ABs .
Now let a ∈ A (a �= 0) and K an integer greater than 4|a| . Then

| a
K
| =

1
K
|a| <

|a|
4|a| =

1
4

< 1 − 2
3

=
1
3
.

By Lemma A, there exist three elements u, v, w ∈ U (A) such that 3 a
K = u + v + w .

And

M(x1, · · · , xl−1, xl, xl+1, · · · , xd) =M(x1, · · · , xl−1, 3 · 1
3
xl, xl+1, · · · , xd)

=3M(x1, · · · , xl−1,
1
3
xl, xl+1, · · · , xd)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . So

M(x1, · · · , xl−1,
1
3
xl, xl+1, · · · , xd) =

1
3
M(x1, · · · , xl−1, xl, xl+1, · · · , xd)
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for all (x1, · · · , xd) ∈
∏d

s=1 ABs . Thus

M(x1, · · · , axl, · · · , xd) = M(x1, · · · ,
K
3
· 3 a

K
xl, · · · , xd)

=
K
3

M(x1, · · · , 3
a
K

xl, · · · , xd)

=
K
3

M(x1, · · · , uxl + vxl + wxl, · · · , xd)

=
K
3

(u + v + w)M(x1, · · · , xl, · · · , xd)

=
K
3
· 3 a

K
M(x1, · · · , xl, · · · , xd)

= aM(x1, · · · , xl, · · · , xd)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . Obviously,

M(x1, · · · , 0xi, · · · , xd) = 0M(x1, · · · , xi, · · · , xd)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs . Hence

M(x1, · · · , xl−1, axl + byl, xl+1, · · · , xd)
= M(x1, · · · , xl−1, axl, xl+1, · · · , xd) + M(x1, · · · , xl−1, byl, xl+1, · · · , xd)
= aM(x1, · · · , xl−1, xl, xl+1, · · · , xd) + bM(x1, · · · , xl−1, yl, xl+1, · · · , xd)

for all a, b ∈ A and all (x1, · · · , xd) ∈
∏d

s=1 ABs and all yl ∈ ABl . So the uniquemulti-
additive mapping M :

∏d
s=1 ABs → AD is an A -multilinear mapping, as desired. �

THEOREM 2. Let f :
∏d

s=1 ABs → AD be a mapping for which there exists a

function ϕ :
∏d

s=1 AB2
s → [0,∞) satisfying (2.i) such that

‖Da1,··· ,ad f (x1, y1, · · · , xd, yd)‖ � ϕ(x1, y1, · · · , xd, yd)

for all a1, · · · , ad ∈ A+
1 ∪{i} and all (x1, · · · , xd) , (y1, · · · , yd) ∈

∏d
s=1 ABs . Assume

that f (x1, · · · , xd) = 0 if xs = 0 for some s = 1, · · · , d . Assume that for each
fixed l = 1, · · · , d , f (x1, · · · , xl−1, λxl, xl+1, · · · , xd) is continuous in λ ∈ R for
each fixed (x1, · · · , xd) ∈

∏d
s=1 ABs , and that {2jdf ( x1

2j , · · · , xd
2j )} converges uniformly

for all (x1, · · · , xd) ∈ ∏d
s=1 ABs . Then there exists a unique A -multilinear mapping

M :
∏d

s=1 ABs → AD satisfying (2.iii).

Proof. Put a1 = · · · = ad = 1 ∈ A+
1 . By the same reasoning as the proof

of Theorem 1, there exists a unique multi-additive mapping M :
∏d

s=1 ABs → AD
satisfying (2.iii).

For each fixed l = 1, · · · , d , since f (x1, · · · , λxl, · · · , xd) is continuous in λ ∈
R for each fixed (x1, · · · , xd) ∈ ∏d

s=1 ABs , the mapping M(x1, · · · , λxl, · · · , xd)
is continuous in λ ∈ R for each fixed (x1, · · · , xd) ∈ ∏d

s=1 ABs by the uniform
convergence. By the same reasoning as in the proof of [4, Theorem], the multi-additive
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mapping M :
∏d

s=1 ABs → AD is R -linear in the l -th variable. So the multi-additive
mapping M :

∏d
s=1 ABs → AD is R -multilinear.

By the same reasoning as the proof of Theorem 1,

M(x1, · · · , xl−1, axl, xl+1, · · · , xd) = aM(x1, · · · , xl−1, xl, xl+1, · · · , xd) (2.5)

for all a ∈ A+
1 ∪ {i} and (x1, · · · , xd) ∈

∏d
s=1 ABs . So

M(x1, · · · , xl−1, axl, xl+1, · · · , xd) = M(x1, · · · , xl−1, |a| a
|a|xl, xl+1, · · · , xd)

= |a|M(x1, · · · , xl−1,
a
|a|xl, xl+1, · · · , xd)

(2.6)

= |a| a
|a|M(x1, · · · , xl−1, xl, xl+1, · · · , xd)

= aM(x1, · · · , xl−1, xl, xl+1, · · · , xd)

for all a ∈ A+ \ {0} and (x1, · · · , xd) ∈
∏d

s=1 ABs .

For any element a ∈ A , a = a+a∗
2 + i a−a∗

2i , and a+a∗
2 and a−a∗

2i are self-adjoint

elements, furthermore, a = ( a+a∗
2 )+−( a+a∗

2 )−+i( a−a∗
2i )+−i( a−a∗

2i )− , where ( a+a∗
2 )+ ,

( a+a∗
2 )− , ( a−a∗

2i )+ , and ( a−a∗
2i )− are positive elements (see [1, Lemma 38.8]). Using

the R -multilinearity and (2.6), one can easily show that

M(x1, · · · , xl−1, axl, xl+1, · · · , xd) = aM(x1, · · · , xl−1, xl, xl+1, · · · , xd)

for all a ∈ A and all (x1, · · · , xd) ∈
∏d

s=1 ABs . Hence

M(x1, · · · , xl−1, axl + byl, xl+1, · · · , xd)
= M(x1, · · · , xl−1, axl, xl+1, · · · , xd) + M(x1, · · · , xl−1, byl, xl+1, · · · , xd)
= aM(x1, · · · , xl−1, xl, xl+1, · · · , xd) + bM(x1, · · · , xl−1, yl, xl+1, · · · , xd)

for all a, b ∈ A , all (x1, · · · , xd) ∈ ∏d
s=1 ABs and yl ∈ ABl . So the unique multi-

additive mapping M :
∏d

s=1 ABs → AD is an A -multilinear mapping, as desired. �

COROLLARY 1. Let θ � 0 and let η : [0,∞) → [0,∞) be a function with
η(0) = 0 such that

η(αβ) � η(α)η(β),

η(
1
2
) < (

1
2
)2d

for all α, β ∈ [0,∞) . Assume that a mapping f :
∏d

s=1 ABs → AD satisfies

‖Du1,··· ,ud f (x1, y1, · · · , xd, yd)‖ � θ
d∑

s=1

(η(||xs||) + η(||ys||))
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for all u1, · · · , ud ∈ U (A) , and all (x1, · · · , xd), (y1, · · · , yd) ∈ ∏d
s=1 ABs , and that

f (x1, · · · , xd) = 0 if xs = 0 for some s = 1, · · · , d . Then there exists a unique
A -multilinear mapping M :

∏d
s=1 ABs → AD such that

‖f (x1, · · · , xd) − M(x1, · · · , xd)‖

� θ
d∑

s=1

∞∑
j=0

2s−1+jd(2 η(|| x1

2j+1
||) + · · · + 2 η(||xs−1

2j+1
||)

(2.iv)

+ η(||xs

2j
||) + 2 η(||xs+1

2j
||) + · · · + 2 η(||xd

2j
||))

for all (x1, · · · , xd) ∈
∏d

s=1 ABs .

Proof. It follows from Theorem 1. Indeed, for all

(x1, · · · , xd), (y1, · · · , yd) ∈
d∏

s=1

ABs,

we have

ϕ̃(x1, y1, · · · , xd, yd)

= θ
d∑

s=1

∞∑
j=0

2s−1+jd(2 η(|| x1

2j+1
||) + · · · + 2 η(||xs−1

2j+1
||) + η(||xs

2j
||)

+ η(||ys

2j
||) + 2 η(||xs+1

2j
||) + · · · + 2 η(||xd

2j
||))

� θ
d∑

s=1

∞∑
j=0

2s−1+jd(2 η(
1
2
)jη(||x1

2
||) + · · · + 2 η(

1
2
)jη(||xs−1

2
||) + η(

1
2
)jη(||xs||)

+ η(
1
2
)jη(||ys||) + 2 η(

1
2
)jη(||xs+1||) + · · · + 2 η(

1
2
)jη(||xd||))

= θ
∞∑
j=0

(2dη(
1
2
))j

d∑
s=1

2s−1(2 η(||x1

2
||) + · · · + 2 η(||xs−1

2
||) + η(||xs||)

+ η(||ys||) + 2 η(||xs+1||) + · · · + 2 η(||xd||))

=
θ

1 − 2dη( 1
2 )

d∑
s=1

2s−1(2 η(||x1

2
||) + · · · + 2 η(||xs−1

2
||) + η(||xs||)

+ η(||ys||) + 2 η(||xs+1||) + · · · + 2 η(||xd||)) < ∞.

Now

ϕ̃(x1, 0, · · · , xd, 0) =θ
d∑

s=1

∞∑
j=0

2s−1+jd(2 η(|| x1

2j+1
||) + · · · + 2 η(||xs−1

2j+1
||)

+ η(||xs

2j
||) + 2 η(||xs+1

2j
||) + · · · + 2 η(||xd

2j
||))

for all (x1, · · · xd) ∈
∏d

s=1 ABs . So one can obtain the inequality (2.iv). �
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COROLLARY 2. Let θ � 0 , d < p , and let μ : [0,∞)2d → [0,∞) be a function
such that

μ(λα1, λβ1, · · · , λαd, λβd) = λ p μ(α1, β1, · · · ,αd , βd)

for all λ ,α1, β1, · · · ,αd, βd ∈ [0,∞) . Assume that a mapping f :
∏d

s=1 ABs → AD
satisfies

‖Du1,··· ,ud f (x1, y1, · · · , xd, yd)‖ � θμ(||x1||, ||y1||, · · · , ||xd||, ||yd||)
for all u1, · · · , ud ∈ U (A) , and all (x1, · · · , xd), (y1, · · · , yd) ∈ ∏d

s=1 ABs , and that
f (x1, · · · , xd) = 0 if xs = 0 for some s = 1, · · · , d . Then there exists a unique
A -multilinear mapping M :

∏d
s=1 ABs → AD such that

‖f (x1, · · · , xd)−M(x1, · · · , xd)‖

� 2pθ
2p − 2d

d∑
s=1

2s−1μ(||x1

2
||, ||x1

2
||, · · · , ||xs−1

2
||, ||xs−1

2
||,

(2.v)
||xs||, 0, ||xs+1||, ||xs+1||, · · · , ||xd||, ||xd||)

for all (x1, · · · , xd) ∈
∏d

s=1 ABs .

Proof. It follows from Theorem 1. Indeed, for all

(x1, · · · , xd), (y1, · · · , yd) ∈
d∏

s=1

ABs,

we have

ϕ̃(x1, y1, · · · , xd, yd)

= θ
d∑

s=1

∞∑
j=0

2s−1+jdμ((
1
2
)j||x1

2
||, (1

2
)j||x1

2
||, · · · , (

1
2
)j||xs−1

2
||, (1

2
)j||xs−1

2
||,

(
1
2
)j||xs||, (1

2
)j||xs||, (1

2
)j||xs+1||, (1

2
)j||xs+1||, · · · , (

1
2
)j||xd||, (1

2
)j||xd||)

= θ
d∑

s=1

2s−1
∞∑
j=0

2jd(
1
2
)jpμ(||x1

2
||, ||x1

2
||, · · · , ||xs−1

2
||, ||xs−1

2
||, ||xs||, ||ys||, ||xs+1||,

||xs+1||, · · · , ||xd||, ||xd||)

=
2pθ

2p − 2d

d∑
s=1

2s−1μ(||x1

2
||, ||x1

2
||, · · · , ||xs−1

2
||, ||xs−1

2
||, ||xs||, ||ys||, ||xs+1||,

||xs+1||, · · · , ||xd||, ||xd||) < ∞.

Now

ϕ̃(x1, 0, · · · , xd, 0) =
2pθ

2p − 2d

d∑
s=1

2s−1μ(||x1

2
||, ||x1

2
||, · · · , ||xs−1

2
||, ||xs−1

2
||,

||xs||, 0, ||xs+1||, ||xs+1||, · · · , ||xd||, ||xd||)
for all (x1, · · · xd) ∈

∏d
s=1 ABs . So one can obtain the inequality (2.v). �
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COROLLARY 3. Let θ � 0 and d < p . Assume that a mapping f :
∏d

s=1 ABs →
AD satisfies

‖Du1,··· ,ud f (x1, y1, · · · , xd, yd)‖ � θ
d∑

s=1

(||xs||p + ||ys||p)

for all u1, · · · , ud ∈ U (A) , and all (x1, · · · , xd), (y1, · · · , yd) ∈ ∏d
s=1 ABs , and that

f (x1, · · · , xd) = 0 if xs = 0 for some s = 1, · · · , d . Then there exists a unique
A -multilinear mapping M :

∏d
s=1 ABs → AD such that

‖f (x1, · · · , xd) − M(x1, · · · , xd)‖ � 2pθ
2p − 2d

d∑
s=1

2s−1(2||x1

2
||p + · · · + 2||xs−1

2
||p

+ ||xs||p + 2||xs+1||p + · · · + 2||xd||p)
for all (x1, · · · , xd) ∈

∏d
s=1 ABs .

Proof. It follows either from Corollary 1 for η(t) = tp , or from Corollary 2 for
μ(α1, β1, · · · ,αd, βd) = α1

p + β1
p + · · · + αd

p + βd
p . �
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