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KANTOROVICH TYPE REVERSE
INEQUALITIES FOR OPERATOR NORM

JUN IcHI Ful, YUKI SEO AND MASARU TOMINAGA

(communicated by P. Hansen)

Abstract. In this paper, we shall extend Bourin’s theorem for unitarily invariant norm in the
framework of operator theory on a Hilbert space by applying the Mond-Pecari¢ method for
convex functions. Moreover we obtain the operator norm version. Among others, we show that
if A and Z are positive operators on a Hilbert space H such that 0 < ml < Z < MI for some

scalars 0 < m < M, then for each o > 0
1 2 2
I(AZ°A)7 | < r(ZAD) + Bm, M,p, ) AP forall p > 1

for some suitable constant fB(m,M,p, o), where || - || is the operator norm and r(-) is the
spectral radius.

1. Introduction

Let A and B be two n x n matrices. The spectral radii of AB and BA are equal.
If the product AB is normal, then we have

B[ < [[[BA]]

for every unitarily invariant norm.

In [3], Bourin showed the following reverse inequality for unitarily invariant norm
under a general setting:

THEOREM A. Let A, B and Z be n x n matrices. Suppose that AB is positive
semi-definite and Z is positive definite such that 0 < ml, < Z < M1,, for some scalars
0<m< M. Then M+

m
~—=—|I|BZA[||
2vMm

Sfor every unitarily invariant norm ||| - |||.

11ZAB||| <

We recall the celebrated Kantorovich inequality [8, 11]: If Z is positive definite

such that 0 < m1, < Z < M1, for some scalars 0 < m < M, then (Z~'x,x)(Zx,x) <

(M+m)*

2
i for every unit vector x € H. We call the constant (AZ;;? the Kantorovich

constant. We here cite Furuta’s textbook [6] as a pertinent reference to Kantorovich

Mathematics subject classification (2000): 47A30, 47A63.

Key words and phrases: Kantorovich inequality, operator inequality, spectral radius, operator norm,
Kantorovich constant.
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inequalities. It follows that the constant in Theorem A is just the square root of the
Kantorovich constant.

As an application, he showed the following reverse inequality of the well-known
inequality r(A) < ||A]|, where r(-) is the spectral radius and || - || is the operator norm.

THEOREM B. If A is positive semidefinite and Z is positive definite such that
0 < ml, <Z < M1, for some scalars 0 < m < M, then

M+ m
2vVMm

In this note, we shall extend Theorem B due to Bourin in the framework of operator
theory on a Hilbert space by applying the Mond-Pecari¢ method for convex functions
[10, 12]. Moreover we show the operator norm version of Theorem A. In particular, we
obtain the following difference version which is parallel to Theorem B: If A and Z are
positive operators on a Hilbert space H such that 0 < ml < Z < MI for some scalars
0 <m < M, then

|ZA||l < r(ZA).

(M — m)*

|ZAl| — r(ZA) < W

1Al

2. Preliminary

Let Z be a positive operator on a Hilbert space H and x a unit vector in H. By
Jensen’s inequality, we have the relation between the continuous power mean and the
continuous arithmetic one :

(Zx,x) < (ZPx,x)p  forall p> 1. (1)

By using the Mond-Pecari¢ method, we have the following reverse inequality of (1)
[13]:

LEMMA 1. If Z is a positive operator on H such that 0 < ml < Z < MI for
some scalars 0 < m < M, then for each o > 0

(pr,x)% < oZx,x) + B(m,M,p,a)  forall p>1 (2)

holds for every unit vector x € H, where

p—1 [ MP —mP e ) MP —mP
| ——— — <«
p \op(M—m) T T =m)
o(Mm? —mMP) o MP—mP
B(m,M,p, o) = Mr=me - pr (M)’
b ) b Mp B mp
1—a)M if 0< o< ,
( ) U pMP—1(M — m)
MP — mP
(1= ajm yooaz mP=1(M — m)
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Proof. Forthe sake of reader’s convenience, we give a proof. Put § = B(m, M, p, o)

1 4 D
and f(1) = (ar + b)? — ar for a = X =" and p = Mw—mM" ' hen we have

J1(@) = Jlat+ b)ll’ ' — a. Itfollows that the equation /() = 0 has exactly one solu-
2
=

Q,
)

tion #y = %( - Z. If m < 1y < M, then we have 8 = max,,<,<uf (t) = f (to)
21— 1 » . .
since f"(t) = 2 (;2 2 (at + b)?~* < 0 and the condition m < 7y < M is equivalent

to the condition % <a< %' If M < ty, then f(¢) is increasing
on [m,M] and hence we have 8 = max,<,;<uf () =f(fo) = (1 — )M for to = M.
Similarly, we have B = max,<,<uf () = f(to) = (1 — o)m for tg = m if 1o < m.

Hence it follows that

(at+b)ﬁ—at<B forall t € [m,M].

Since # is convex for p > 1, it follows that # < ar+ b for t € [m,M]. By the
spectral theorem, we have Z” < aZ + b and hence (Zx,x) < a(Zx,x) + b for every
unit vector x € H . Therefore we have

(ZPx, x)ll’ — o(Zx,x) < (a(Zx,x) + b)ll’ — aZx,x)
< = .
~ mlgl%XMf (t) B(m7 M>P7 a)

By Lemma 1, we have the following estimates of both the difference and the ratio
between the continuous power mean and the continuous arithmetic one:

LEMMA 2. If Z is a positive operator on H such that 0 < ml < Z < MI for
some scalars 0 < m < M, then for each p > 1

(ZPx, x)ll’ < K(m, M,p)ll’ (Zx, x) 4)
and

(Z0x,x)7 — (Zx,x) < —C(m", MP, 117) (5)

holdfor every unit vector x € H, where a generalized Kantorovich constant K (m, M, p)
[4, 5, 7] is defined as

MP — Mm? -1 M-\
RNV L (ST

(p—1)(M—m) p mMP — MmP
and C(m,M,p) [9, 14] is defined as

MP —mP o MmP — mMP
p(M — m) M-m

cln.p) = (p-1)
Proof. If we choose a such that f(m,M,p,a) = 0 in Lemma 1, then we have
o = K(m,M,p)Pl. If we put @ = 1 in Lemma 1, then we have B(m,M,p,1) =
—C(mP, MP, 117) )
We remark that K(m,M,2) coincides with the Kantorovich constant (AZL':;)Z if
p=2.
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3. Reverse inequality for operator norm

Firstly, we state our main theorem, which is a generalization of Theorem B.

THEOREM 1. If A and Z are positive operators on H suchthat 0 < ml < Z < M1
for some scalars 0 < m < M, then for each a > 0

I(AZPA)? | < o r(ZAD) + B(m,M,p, @)|A}  forall p>1,
where B(m,M,p, ) is defined by (3).
Proof. For every unit vector x € H , it follows that

((AZ"A)Px,x) < (AZ’Ax,x)7 by Holder-McCarthy inequality and 0 < & < 1

A AN
= — X
A T

Ax Ax

2
<l|lalZ——, —) + B(m, M, p, a)> |Ax||? by Lemma 1
< ( 14" flAx]|

— a(ZAx, Ax) | Ax||7 2 + B(m, M, p, &) || Ax]| 7

1 1
Al7rx Al
) xR A
A" px| AT 7x|

+ B(m, M, p, a)||Ax]|?

— 0 (A%ZA%

and

By combining two inequalities above, we have
((AZ°A)Px,x) < o [APZAT|| + B(m. M. p, o) | Ax]|?

= o r(APZAP) + B(m, M, p, o) | Ax||?

< o r(ZAD) + Blm, M. p, ) A
for every unit vector x € H and hence we have the desired inequality.

REMARK 1. If A and Z are positive operators, then it follows that
r(ZAP) < |(AZPA)F| forall p> 1. (6)
As a matter of fact, by Araki’s inequality [1, 2], we have
r(ZAY) = r(ATZAT) = |APZAT | < |[(AZ'A)7 |

for all p > 1. Therefore, Theorem 1 can be considered as a reverse inequality to the
inequality (6).
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The following theorem is a variant of Theorem 1 with 2-variables.

THEOREM 2. If A and Z are positive operators on H suchthat 0 < ml < Z < M1
for some scalars 0 < m < M, then for each a > 0

I(AZPA)i || < o r(ZTAT) + B(m7,M7,q, )|All7i  forallp>1and g > 1,
where B(m,M,p, o) is defined by (3).
Proof. For every unit vector x € H, we have

((AZ'A)ix,x) < (AZ°Ax,x)7 byO< i<l

1

A A q
= ((ziy =2 25 ) ax|d
JAX]]” TTAx]

rp Ax  Ax po_p 2
< (o (2845 ) + Bt i g ) sl
( 14" flAx]|
The rest of the proof is proved in a similar way as the proof of Theorem 1.

THEOREM 3. Let Z be a positive operator on H such that 0 < ml < Z < MI
for some scalars 0 < m < M. Then for each p > 1

I(AZPA)? || < K(m, M, p)7 r(ZA7) (7)

holds for every positive operator A on H.
In addition, (7) is equivalent to (4) in Lemma 2.

Proof. By using (4) of Lemma 2 instead of Lemma 1 in the proof of Theorem 1,
we obtain (7). Conversely, for every unit vector x € H, if we put A = x @ x in (7),
then we have (4) of Lemma 2.

We have the following corollary as a special case of (7) in Theorem 3, which is an
operator version of Theorem B:

COROLLARY 1. If A and Z are positive operators on H such that 0 < ml <
Z < MI for some scalars 0 < m < M, then

M+ m
2VMm

Proof. 1f we put p = 2 in Theorem 3, then we have

|ZA||l < r(ZA).

[(AZ2A)%|| < K(m,M,2)? r(ZA).

1
Since [|(AZ2A)¢ ]| = [[(ZA)* (ZA)|)* = [ZA] and K(m,M,2)% = (220" =

4Mm
M+m . . .
i e have the desired inequality.
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THEOREM 4. Let Z be a positive operator on H such that 0 < ml < Z < MI
for some scalars 0 < m < M. Then for each p > 1

1
[(AZ°A)? || < r(zAP) = ot P, ) A][7 (®)
p
holds for every positive operator A on H.
In addition, (8) is equivalentto (5) in Lemma 2.

Proof. By using (5) of Lemma 2 instead of Lemma 1 in the proof of Theorem 1,
we obtain (8). Conversely, for every unit vector x € H, if we put A = x ® x in (8),
then we have (5) of Lemma 2.

We have the following corollary as a special case of (8) in Theorem 4.

COROLLARY 2. If A and Z are positive operators on H such that 0 < ml <
Z < MI for some scalars 0 < m < M, then

(M —m)?

[ZA| = r(ZA) < 4(M T m)

1]l ©)
Proof. If we put p = 2 in Theorem 4, then we have (9) since C(m* M?,3) =
(M—m)*

4(M+m) *

The following corollary is an operator norm version of Theorem A.

COROLLARY 3. If A and B are two operators such that AB > 0 is positive
and Z is a positive operator on H such that 0 < ml < Z < MI for some scalars

0<m<M, then
M+ m
|ZAB|| < ——==||BZA]||.

2vMm
Proof. By Corollary 1 it follows that
M+ m M+ m M+ m
r(ZAB) = r(BZA) <
2v/Mm ( ) 2vMm ( ) 2v/Mm

REMARK 2. It follows that Corollary 3 implies Corollary 1. In fact, if we replace
A by A> and B by A3 in Corollary 3 respectively, then we have
M+m M+m M+m
2vV/Mm 2vVMm 2vVMm
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1ZAB|| <

||BZA]|.

1ZA]l < lA2zAz| = r(A2ZA?) =

r(ZA).
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