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A NEW SYSTEM OF SET-VALUED VARIATIONAL
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Abstract. The purpose of this paper is to introduce and study a new system of set-valued varia-
tional inclusions with H -monotone operators in Hilbert spaces. By using the resolvent operator
method associated with H -monotone operator due to Fang and Huang, we construct a new itera-
tive algorithm for solving this kind of system of set-valued variational inclusions. We also prove
the existence of solutions for the system of set-valued variational inclusions and the convergence
of iterative sequences generated by the algorithm.

1. Introduction

In recent years, a significant number of publications have appeared that define gen-
eralizations of the variational inequality problems and complementarity problems (see,
for example, [1-20] and the references therein). One of the most important generalization
of these new problem classes is the variational inclusion, which has wide applications in
mechanics and physics, optimization and control, nonlinear programming, economics
and transportation equilibrium, and engineering sciences, etc.

In [17, 18], Verma introduced and studied some systems of variational inequalities
and developed some iterative algorithms for approximating the solutions of system of
variational inequalities in Hilbert spaces. Recently, Kim and Kim [13] introduced a
new system of generalized nonlinear mixed variational inequalities and obtained some
existence and uniqueness results of solution for the system of generalized nonlinear
mixed variational inequalities in Hilbert spaces. Very recently, Cho et al. [3] introduced
and studied a new system of nonlinear variational inequalities in Hilbert spaces. They
proved some existence and uniqueness theorems of solutions for the system of nonlinear
variational inequalities and constructed an iterative algorithm for approximating the
solution of the system of nonlinear variational inequalities. Some related works, we
refer to [5, 10-12, 19].

On the other hand, monotonicity was extended and applied in recent years because
of its importance in the theory of variational inequalities, complementarity problems,
and variational inclusions. In a recent paper [4], Fang and Huang introduced a new class
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of monotone operators— H -monotone operators and defined the resolvent operator
associated with an H -monotone operator. The authors of [4] also established the
Lipschitz continuity of the resolvent operator and studied a new class of variational
inclusions in Hilbert spaces by using the resolvent operator method. Very recently, Fang
and Huang [6] introduced a new system of nonlinear variational inclusions involving
H -monotone operators in Hilbert spaces and proved some existence and uniqueness
theorems of solutions for the system of nonlinear variational inclusions.

Motivated and inspired by above works, in this paper, we introduce and study a
new system of set-valued variational inclusions with H -monotone operators in Hilbert
spaces. By using the resolvent operator method associated with H -monotone operator
due to Fang and Huang [4], we construct a new iterative algorithm for solving this
kind of system of set-valued variational inclusions. We also prove the existence of
solutions for the system of set-valued variational inclusions and the convergence of
iterative sequences generated by the algorithm. The present results improve and extend
many known results in the literature.

2. Preliminaries

Let ¢ be a real Hilbert space endowed with a norm || - || and an inner product
(-,-) , respectively, 27 denotes the family of all the nonempty subsets of .7#. In the
sequel, let us recall some concepts.

DEFINITION 2.1 Let T, H : 5 — 5 be two single-valued operators. T is said to
(i) monotone, if
(Tx —Ty,x—y) 20, Vx,y€ 7,
(i) strictly monotone, if T is monotone and
(Ix—Ty,x—y) =0

ifand only x = y;
(iii) strongly monotone, if there exists some constant r > 0 such that

(Tx —Ty,x—y) > r||)c—yH27 Vx,y € I,

(iv) strongly monotone. with respect to H if, there exists some constant ¥ > 0 such
that
(Tx —Ty,Hx —Hy) > vlx—yl’, Vxye

(v) Lipschitz continuous, if there exists some constant s > O such that

ITx = Tyl| < sllx = yll, Vx,ye 2.

DEFINITION 2.2 A multi-valued operator M : % — 27 is said to be:
(i) monotone, if

(x—y,u—v) 20, Yu,ve A, x€Muy€e Mv,
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(if) maximal monotone, if M is monotone and (I + AM)() = ¢ forall A > 0,
where I denotes the identity mapping on .77 .

DEFINITION 2.3 ([4]) Let H : 5# —  be a single-valued operator and M :
A — 27 be a multi-valued operator. M is said to be H -monotone if M is monotone
and (H + AM)(s2) = 2 holds for very A > 0.

REMARK 2.1 If H = I, then the definition of 7-monotone operators is that of
maximal monotone operators. In fact, the class of H-monotone operators has close
relation with that of maximal monotone operators.

EXAMPLE2.1 ([4]) Let H : 5 — S be astrictly monotone single-valued operator
and M : ¥ — 27 an H -monotone operator. Then M is maximal monotone.

DEFINITION 2.4 Let H : 5# — 7 be a single-valued operator. H is said to be
coercive if

1m
llxll—oo  [|x]|

DEFINITION 2.5 Let A : 5 — S be a single-valued operator. A is said to be
bounded if A(B) is bounded for every bounded subset B of J# . A is said to be hemi-
continuous if for any fixed x,y,z € ., the function 7 — (A(x +1y),z) is continuous
at 0",

EXAMPLE 2.2 ([4]) Let M : s# — 27 be a maximal monotone operator and
H : ¥ — 5 be a bounded, coercive, hemi-continuous and monotone operator. Then
M is H -monotone.

The following example shows that a maximal monotone operator need not be
H -monotone for some H .

EXAMPLE 2.3 ([4]) Let 5# = R,M = I, and H(x) = x* forall x € . Then
it is easy to see that I is maximal monotone and the range of H + [ is [—1/4,400).
Therefore, I is not H-monotone.

LEMMA 2.1. ([4]) Let H : s — 3 be a strictly monotone operator and
M : # — 27 be an H-monotone operator. Then the operator (H + AM)~" is
single-valued.

By Lemma 2.1, we can define the resolvent operator ]Z. 5 as follows:

DEFINITION 2.6 ([4]) Let H : # — J be a strictly monotone operator and
M : 5 — 27¢ be an H -monotone operator. The resolvent operator J& , : J# —
is defined by: 7
Jiia(u) = (H+AM)"'(u), YucH.

REMARK 2.2 When H = I, Definition 2.6 reduces to the definition of the resolvent
operator of a maximal monotone operator ([20]).

LEMMA 2.2. ([4]) Let H : & — A be a strongly monotone operator with
constant ¥ and M : S — 27¢ be an H -monotone operator. Then the resolvent
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operator Jﬂﬁ 3 I — H is Lipschitz continuous with constant 1 / r, lLe.,
1
132 (1) = Jap, W] < Clu=vll, Vu,v e 2.

We define a Hausdorff pseudo-metric A : 27¢ x 27 — (—o0, +00) U {4+00} by

H(A,B) = inf [Ju — inf |[u —
(A, B) = max{sup inf [|u = vl[, sup inf flu = v[[}

for any given A, B € 277 . Note that if the domain of H is restricted to closed bounded
subsets, then H is the Hausdorff metric.

DEFINITION 2.7 A set-valued mapping A : 7 — 277 is said to be H -Lipschitz
continuous if there exists a constant 11 > 0 such that

A

H(A(u),A(v)) < nllu—v||
forall u,v € .

3. System of Variational Inclusions and Iterative Algorithm

In this section, we shall introduce a new system of set-valued variational inclusions
with H -monotone operators and construct a new iterative algorithm for solving this
kind of system of set-valued variational inclusions in Hilbert spaces. In what follows,
unless other specified, we always suppose that J# and 7% are two real Hilbert
spaces, K1 C 4 and K, C J% are two nonempty, closed and convex sets. Let
F:00x 36 — 4, G: 5 x 4 — 5, H : 74 — F4,H, . 75 — 4 be four
nonlinear operators, M : 74 — 274 be an H, -monotone operatorand N : J& — 276
be an H, -monotone operator. Let A : 7 — 274 and B : 54 — 27% . The system of
set-valued variational inclusions is formulated by finding (a,b) € J4 X 54, u € A(a),
and v € B(b) such that

{ 0 € Fla,v)+ M(a); 1)

0 € G(u,b) + N(b).

Some examples of problem (3.1) are as follows.
(I) If M(x) = 0¢(x) and N(y) = 0¢(y) forall x € 54 and y € J4, where
@ : I — RU{+o0} and ¢ : 4 — RU {+o0} are two proper, convex and lower
semi-continuous functionals, and d¢ and 0¢ denote the subdifferential operators of

¢ and ¢, respectively, then problem (3.2) reduces to the following problem: find
(a,b) € 74 x A5, u € A(a), and v € B(b) such that

{ (F(a,v),x—a) + o(x) —¢(a) >0, Vx € 74,
(G(u,b),y=b) +9(y) —¢(b) 20,  Vye 1,

which is called a system of set-valued mixed variational inequalities. Some special
cases of problem (3.2) can be found in [19].

(1) If M(x) = d¢p(x) and N(y) = 0¢(y) forall x € 54 and y € 7%, where
@ : 4 — RU{+oc} and ¢ : 5% — RU {+oo} are two proper, convex and lower

(3.2)
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semi-continuous functionals, and d¢ and 0¢ denote the subdifferential operators of
¢ and ¢, respectively, then problem (3.2) reduces to the following problem: find
(a,b) € S x 4 such that

{ (F(a,b),x —a) + @(x) — ¢(a)
(Gla,b),y —b) + ¢(y) — ¢(b)

which is called system of nonlinear variational inequalities considered by Cho, Fang,
Huang and Hwang [3]. Some special cases of problem (3.3) were studied by Kim and
Kim [13], and Verma [17].

() If M(x) = 00k, (x) and N(y) = 9k, (y) forall x € K; and y € K,, where
A C s, and B C % are two nonempty, closed and convex subsets, and Ok, and Jk,
denote the indicator functions of K; and K;, respectively, then problem (3.2) reduces
to the following system of variational inequalities: find (a,b) € K; x K, such that

>0, Vxe A4,
(3.3)
>0, Vye 5,

{ (F(a,b),x—a) 20, VxeK, (3.4)

(Gla,b),y—b) 20, Vye K,
which is just the problem in [11] with both F and G are single-valued.
(IV) If A4 = A = A, K = K, = K, Flx,y) = pT(y) + x — y and
G(x,y) = yT(x)+y—x forall x,y € 5 ,where T : K — S ia a nonlinear mapping,

p > 0 and y > 0 are two constants, then problem (3.4) reduces to the following
system of variational inequalities: find (a,b) € K x K such that

{ (pT(b) +a—b,x — a)
(yT(a)+b—a,x—b)

0, VxeKk,
(3.5)
0, VxeKk,

VoWV

which is the system of nonlinear variational inequalities considered by Verma [18].
(V) If A and B are both identity mappings, then problem (3.1) reduces to the
following problem: find (a,b) € J4 x 5% such that

0 € F(a,b) + M(a),
{ 0 € G(a,b) + N(b),

which is called the system of variational inclusions considered by Fang and Huang [6].
In order to construct our algorithm, we give a characterization of solution of
problem (3.1) as follows:

LEMMA 3.1. Let H| : 74 — 74 and H, : 56 — 5 be two strictly monotone
operators, M : 7] — € be Hy-monotone, and N : 766 — 6 be H,-monotone.
Then (a,b,u,v) is a solution of problem (3.1) if and only if (a,b,u,v) satisfies the

relation -
a = Jfi,[Hi(a) — pF(a,v))
b = Ty [Ha(b) — AG(u,b)],
where p > 0 and A > 0 are two constants.

(3.6)



542 WEN-YONG YAN, YA-PING FANG AND NAN-JING HUANG

Proof. The fact directly follows from Definition 2.6.

The relation (3.6) allows us to suggest the following iterative algorithm.
Algorithm 3.1

Step 1. Choose (ag,bg) € 1 x 7 and choose ug € A(ag) and vy € B(by).

Step 2. Let
{ Apt+1 = Jﬁjp[Hl (an) - pF(am Vn)L (3 7)
bus1 = Ty [Ha(bn) — AG(un, by)].
Step 3. Choose u,;1 € A(ayy1) and v, 41 € B(b,41) such that
{ tn 1 = ]| < (14 (14 n)"")Hi(A(ani1),Alan)), (38)
Va1 = vall < (L+ (14 1) )Ha(B(bn11), B(bn)),

where H;(-,-) is the Hausdorff pseudo-metric on 274 for i = 1,2.
Step 4. If ayy1s buy1s Uni1, and v,y satisfy (3.7) to sufficient accuracy, stop;
otherwise, set n := n + 1 and return to Step 2.

4. Existence and Convergence

In this section, we will prove the existence of solutions for problem (3.1) and
the convergence of iterative sequences generated by Algorithm 3.1. For the following
theorem, define C(.#) to be the collection of all closed subsets of J# .

THEOREM 4.1. Let H; : 51 — F be a strongly monotone and Lipschitz contin-
uous operator with constants y; and Ty, respectively, H, : 56 — 54 be a strongly
monotone and Lipschitz continuous operator with constants Y, and T, respectively,
M : 364 — 274 be H\ -monotone, and N : 365 — 27% be H, -monotone. Suppose that
A : S — C(J8) is H, -Lipschitz continuous and B : 5 — C(6) is H, -Lipschitz
continuous with constants 1y and 1y, respectively. Let F : 761 X 56, — F be a non-
linear operator such that for any given (a,b) € 4 x 5, F(-,b) is strongly monotone
with respect to H, and Lipschitz continuous with constants r; and sy, respectively,
and F(a,-) is Lipschitz continuous with constant 0. Let G : J4 X 5 — 5 be
a nonlinear operator such that for any given (x,y) € 4 x 4, G(x,-) is strongly
monotone with respect to Hy and Lipschitz continuous with constant r, and s, and
G(-,y) is Lipschitz continuous with constant &. If there exist constants p > 0 and

A > 0 such that
Vo\/ TP = 2pr1 + P25t + AEmn < niye,
Y\ T — 2Ar + A2%83 + pOmy, < N,

then problem (3.1) admits a solution (a,b,u,v) and sequences {a,}, {bn}, {u},
and {v,} converge to a, b, u, and v, respectively, where {a,}, {b,}, {u,}, and
{v} is the sequences generated by Algorithm 3.1.

(4.1)
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Proof. Tt follows from (3.7) and Lemma 2.2 that

lans1 — anl| = HJAI;,Ip[Hl(an) — PF(an, vn)] _]pr[Hl (@n—1) = PF(an—1,va1)]|

< o1 (an) = H(an 1) = (P (e, 9) = Flanr. 1)
< %HHI (an) = Hlan—1) = P(F(an, va) = F(an—1, )]

+ %”F((Zn,l, anl) - F(anfla Vn)H
(4.2)
and

[bns1 = bl = HJH2 [H2(bn) — AG(un, bn)] — ]Hz [Hz(bu—1) = AG(tp—1, bu—1)]|

< %”HZ(bn) - HZ(bnfl) - A(G(umbn) - G(unfhbnfl))‘l
1
< E”HZ(bn) - HZ(bnfl) - A(G(umbn) - G(unabnfl))”

A
+ %”G(umbn—l) - G(un—bbn—l)H-

By assumptions, we have

[H\ (an) — Hi(an—1) — p(F(an, va) = F(@n—1,v0))|?
= ||H1(an) 7H1((1n,1)||2 - 2p<F(amVn) - F(anflavn)7H1(an) - Hl(anfl»
+pz”F(amvn) 7F(an,17vn)||2

< (T% —2pr + pzs%)Han - an—IH2
(4.4)

and

|Ha(bn) — Ha(bu—1) — A(G(un, bn) — G(”n>bn—l))H2
= HH2(b ) H2( )H2 2A< (Un, bn) — G(”‘n7bn—l)7H2(bn) _HZ(bn—l)>
+ A HG(um n) - G(um bnfl)H

< (B — 277y + A23) 1By — bu ||
(4.5)
Furthermore, it follows from (3.8) and the Lipschitz continuity of F, G, A, and B
that

||F(a,,,1,vn,1) - F(anflavn)H g 9||Vn - Vn71|| g 9(1 +n71)n2an - bnfl”a (46)
and

G (ttn, bu—1) — G(un—1,bp—1)|| < &l — un—1]| < E(1 +n_l)n1Han —ay—1. (4.7)
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It follows from (4.2) — (4.7) that
lans1—anll < v '/ T =2pr1 0t |an—an—1 ||+, (140~ ") || ba—bai |,

|bnr1—=bal| < Yz_l 7%72/1"2+/1253”bn7bnflH+A5n172_1(1+”71)”‘ln*anflH-

(4.3)
Now (4.8) implies that
s — anll & lbwss — bal
< (yr‘\/r% “opn o Ay (1 +n1>) o — i
(4.9)

+ (V[l\/fi —2Ary + A%S3 + pOmyy (14 n”)) [bw = b1 |

< ka(llan — an—1|| + ||bw — bu—1]l)

where
ky = max{y,;"! \ T =20 + P25t + AEmy, (1+n7h),
)/271\/’[% —2Ar + A% + anzyfl(l +n )
Let

k=max{y, '\/17} = 20r + p?s} + AEmy; v '\ — 2Ar + A5 + pOmay '}

Then k, — k as n — co. By (4.1), we know that 0 < k < 1 and so (4.9) implies
that {a,} and {b,} are both Cauchy sequences. Thus, there exist a € S and b € %
such that a,, — a and b, — b as n — 0.

Now we prove that u, — u € A(a) and v, — v € B(b). In fact, from (4.6) and
(4.7), we know that {u,} and {v,} are also Cauchy sequences. Therefore, there exist
u € 4 and v € 74 such that u, — u and v, — v as n — oo. Further,

d(u,A(a)) = inf{|lu—1|| : t € A(a)}
< lu = unl| + d(un, A(a))
< lu = wall + A1 (A(an), A(a))
< |l = wall + millan — all — 0.
Hence, since A(a) is closed, we have u € A(a). Similarly, v € B(b).
By continuity, a, b, u, v satisfy the following relation
a = I [Hi(a) — pF(a )],
b = I35 [Ha(b) — AG(u,b)].

By Lemma 4.1, (a, b, u,v) is a solution of problem (3.1). This completes the proof.

REMARK 4.1 From Theorem 4.1, we can get some existence results of solutions
for problems (3.2) — (3.5).
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REMARK 4.2 From Definition 2.1, we know that

ry < 81T, 2K .

REMARK 4.3 If p = A > 0 such that

_ plnv —vién]

_ Vilhe —viEmP — (17 — Em)y (R — )
s3y2 — Exndy?

s}yE — E2nlyl

)

\/(S%sz =Emy) (e — ) <rnr-ném, pEm<r, Emn <siv

VY[ — om? — (s3y2 — 0*m3v)vi(3 — v3)
3y — 02ndys

_n [y — 15 6m2)
sV — 0373

)

\/(5%712 —0203v3)(13 —¥v3) <yt — 0m,  pOMm <11, OMmps < sa11,

then condition (4.1) holds.
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