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ON SHAFER-FINK INEQUALITIES

LING ZHU

(communicated by A. M. Fink)

Abstract. In this paper, a new upper bound for inverse sine is established.We would point out
that the numbers, 3 and 7, 6 and 7'[(\/5 + %) , in Shafer-Fink inequalities, are optimal.

1. Introduction

Mitrinovié [1,p.247] gives us a result which belongs to R. E. Shafer:

THEOREM 1. If x > 0, then

6(v1+x—+1—x) - 3x
b4 VTHx+VT—x 24V1 =22

Fink [2] shows a upper bound for inverse sine,and obtains the following theorem:

arc sinx >

()

THEOREM 2. If 0 < x < 1,then

3x X

—  Larcsinx L ——.
2+V1—x2 2+V1—x2

Furthermore, 3 and 7 are the best constants in (2).

)

In this paper, we further improve the upper bound of inverse sine and obtain two
results.

THEOREM 3. If 0 < x < 1,then

6(vI+tx—vI—x) a(VZ+ HTTx— VT —7%) 3
4+ VTHx+V1—x 44+ VT+x+vVI—x

Furthermore, 6 and m(\/2 + 1) are the best constants in (3).

< arcsinx <
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ﬂ(\/§+%)(\/l+x—\/l—x) < x

In view of the fact yRY ey e ST

for x € [0, 1] ,combining (2)
and (3) gives
THEOREM 4. If 0 < x < 1,then
3x <6@T¢§—VT?® 3
24V -2 A+ VIFx+VI—x
Vit HWVITE-VIZH _ m
4+ VI+x+vVI—-x 2412

Furthermore, 3 and 7, 6 and n(v/2 + 1) are the best constants in (4).

arc sinx

T
<

Now,we build a function with a parameter. According to the monotony of this
function with respect to 0, Theorem 2 and Theorem 3 will be proved in the same way.

2. One Lemma

LEMMA 1. Let 0 € [0,%),then f(0) = % strictly decreases as 0
increases on [0, 7).

Proof of Lemma 1. Since
£1(0) = (mr—20)(1+2sin@) —2cosO(2 +sin6)  ¢(0)

cos2 0 cos2 0’

we get that the existence of theorem can be ensured when proving the following in-
equality

() = (m —260)(1 +25in 6) — 2cos B(2 + sin B) < 0,6 € [0, ’—;). (5)

In fact,
g'(0) =2cosO(m — 260 —2cos 0) =: 2cos Op(0),
where, p(0) = w1 —26 —2cos 6. Since p'(0) = —2+42sin6 < 0 for 6 € [0,5), we
obtain that the function p(0) strictly decreases as 6 increases on [0, 7). At the same
time, p(3) = 0,then p(6) > 0 and g'(6) > 0. Now, g(5) = 0,we have g(0) < 0 for
0 € [0,%). Thatis, (5) holds.

3. A new proof of Theorem 2

3x

244/ 1—x7

can be completed when proving the following result.

In view of the fact that

= arcsinx for x = 0, the proof of Theorem 2

COROLLARY 1. If 0 < x < 1,then

3x . X
—————— < arcsinx <

24V1—x2 2+V1—x2

Furthermore, 3 and T are the best constants in (6).
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Proof of Corollary 1. Now, 0 < x < 1. Let x =cos0,then 6 € [0,%) and (6)
is equivalent to
3cos6 ) mcos 0

2+ sin 6 2 2 +sin6

(m—20)(2+sin0)
cos 0

or
6 <

< 27 (7)
_ (m—20)(2+sin 0) . . T
In fact, f(0) = ——— 53— strictly decreases as 0 increases on [0, 7) by Lemma 1,

cos O
then

f(5 =0 <£(0) <F(0).

Since f (5~ ) = 6 and f(0) = 27, we have that (7) holds. At the same time, 3 and 7
are the best constants in (6).

4. The proof of Theorem 4

In view of the fact that jiié%; V\/ll%i) = arcsinx for x = 0, the existence of
Theorem 3 is ensured when proving the result as follows.
COROLLARY 2. If 0 < x < 1,then
6(v1+x—+1—x) e sing < (V2 + H(VT+x—VI—x)
44+ VTH+x+V1—x DR e

Furthermore, 6 and m(v\/2 + %) are the best constants in (8).

Proof of Corollary 2. Now, 0 < x < 1. Let I+ x = v2cosa, /T —x =
V2sin o then « € [0, Z),x = cos2a and (8) is equivalent to

(8)

6v/2(cos o — sin &) T e n(vV2+ 1)v2(cos o0 — sin )
44+2(coso+sina) 2 T 44 v2(cosa + sin )
or 1
T T
6.2c0's(oc+zﬂ) - E—Za\ (V2 + 7)'2cos(aﬂ+ 7 ©)
4+2sin(a+7%) 2 4+ 2sin(a + §)
Now, let @ + 7 = 0, then 6 € [, 5) and (9) is equivalent to
6cos 0 n(v2+1)cos 0 T
e <m-20< —————,0¢€[;, >
2¢sin0 " 2rsno 0137
. (7T — 20)(2 + sin 6) I
T — ~+ sin T T
6 <n(v2+2),0el D 10
= cos 0 m(V2+3).0€3:3) (10)
In fact, f(0) = W strictly decreases as 0 increases on [F, %) by Lemma
1, then

n n
f(E —0) <f(0) <f(z)-



574 LING ZHU

Since f(27) =6 and f(Z) = m(v2 + 1) ,we obtain (10). At the same time, 6 and
(V2 + 1) are the best constants in (8).
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